
Random multipolar driving

Tunably slow heating
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What do we know already?

• Time dependence → no time symmetry → no energy conservation → no (“infinite”) temperature

• With periodic time dependence:

• Discreet time symmetry

• Floquet systems

• Many-body localized states

• Prethermalization

• Does it have to be fully periodic?
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Interlude: where does the prethermal phase come from?

• Floquet’s theorem: there is a static (fictitious) Hamiltonian that stroboscopically describes the time 
evolution of a periodically driven system: 𝑼𝟏 = 𝑼−𝑼+ = 𝒆−𝒊𝟐𝑻𝑯𝑭𝑴

• Floquet-Magnus expansion: 𝑯𝑭𝑴 = σ𝒏=𝟎
∞ (𝟐𝑻)𝒏𝑯𝑭𝑴

(𝒏)

• Low order 𝑯𝑭𝑴
(𝒏)

–> local operators

• FM-expansion of most physical systems diverge –> No local conserved observables left

• When does this divergence become relevant?

• Loose bound: 𝑼−𝑼+ − 𝒆−𝒊𝑯𝑭𝑴
(𝟎)

𝟐𝑻 ≤ 𝒄𝒐𝒏𝒔𝒕.+𝝀𝑻 𝟐𝑻

• (𝑈−𝑈+)(𝑈−𝑈+)…− 𝑒−𝑖𝐻𝐹𝑀
(0)

𝑡 ≤ 𝒄𝒐𝒏𝒔𝒕.+𝝀𝑻 𝒕
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Simulating random drives

• Spin chain Ising model Hamiltonian, periodic boundaries:

• 𝐻± = σ𝑖 𝐽𝑥 σ
𝑥
𝑖σ

𝑥
𝑖+1 + 𝐽𝑧σ

𝑧
𝑖σ

𝑧
𝑖+1 + (𝐵0±𝐵𝑥)σ

𝑥
𝑖
+𝐵𝑧 σ

𝑧
𝑖

• Unitaries:

• 𝑈± = exp −𝑖𝑇𝐻±

• Floquet Operator 𝑈1 = 𝑈+𝑈− = exp −𝑖2𝑇𝐻𝐹

• Local 𝐻𝐹
0 = 𝑈+ + 𝑈− /2

• Identical for 𝑈+𝑈− and 𝑈−𝑈+

• Deviation from time evolution with exp −𝑖𝐻𝐹
0𝑡 linear in t, T

• Long-lived prethermal plateau!

• Look at 𝑯𝑭
𝟎 and at left-chain entropy for diagnostics



Random multipolar driving
MPI-PKS/ König, Lukas
QMBD// 18. January 2022

Folie 5

• Quasiperiodic driving already shown to produce prethermalization

• Now: Random discreet driving (but with correlation)

• Use time-evolution unitaries 𝑈± with period T

• Put them together to n-poles
• 1-pole: 𝑈−𝑈+ or 𝑈+𝑈−
• 2-pole: 𝑈−𝑈+𝑈+𝑈− or 𝑈+𝑈−𝑈−𝑈+
• …
• ∞-pole: Thue-Morse sequence

• Apply random sequence of these unitaries

What random drives?
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Infinite-poles

Calculation trick: 

• Introduce ෪𝑼𝟏 = 𝑼−𝑼+

• Then, (with ෪𝑈𝑛 = 𝑈𝑛−1෫𝑈𝑛−1) n-pole is 𝑼𝒏 = ෫𝑼𝒏−𝟏𝑼𝒏−𝟏

• Therefore, ۧ|𝝍 𝟐𝒏𝑻 = 𝑼𝒏 ۧ|𝝍(𝟎)

• Only linear increase in computation resources for exponential increase in time

• However: need time evolution matrix, cannot use quspin’s parallelized matrix exponential

• RAM size limits chain size
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Prethermal lifetime
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n=3

n=2

n=1

n=0

What about less structure?

Consider up to octopoles

• Using full exponential matrix still faster than parallelized matrix exponential (for more than 0-poles)

• Algebraic relationship between period and lifetime 𝝉𝑬 ∝
𝟏

𝑻

α
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Where does the scaling come from?

• In periodically-driven systems: driving with Fourier-series decomposition: 𝑔 𝑡 = σ𝑚𝑔𝑚 sin 𝑚
2𝜋

𝑇
𝑡

• Thermalization rate Γ proportional to energy absorption rate over all modes 

• Within linear response, this is constant, its inverse is the prethermalization time

• Energy absorption rate is exponentially suppressed, proportional to 𝑔𝑚
2: Γ = σ𝑚𝑔𝑚

2𝐴𝑒−𝑥
2𝜋

𝑇
/𝜖
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• For our n-RMD system: continuous spectrum instead of Fourier-series: 𝑔 𝑡 = 𝑑𝑥 𝑔𝑥 sin 𝑥
2𝜋

𝑇
𝑡

• 𝑔𝑥 ∝ 𝑥𝑛 (from Fourier decomposition of noise signal)

• Algebraic or exponential lifetime behavior follows from Γ ∝ 0
∞
𝑑𝑥 𝑥2𝑛𝐴𝑒−𝑥

2𝜋

𝑇
/ϵ ∝ ቐ

(
2𝜋

𝑇
)−(2𝑛+1)

𝑒−𝑥0Ω/ϵ

• By agreement of numerics and analytical calculation: 

Thermalization caused by absorption of single low energy modes

Where does the scaling come from?
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Modifying the Fourier spectrum

Fourier transform of noise signal

𝜔/𝜋
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Conclusion

• Correlated random drives also create a prethermal regime

• Non-equilibrium phase completely without time-transversal symmetry

• Numerical (and analytical) confirmation of algebraic dependence on period

• Spectral engineering of plateau length

• Difficult to work from Fourier signal
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Paper graphs: inifity poles
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Paper graphs: n-poles
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Less Dipoly stuff (U+U+U- and U-U-U+)
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