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Problem to understand:

What are they?

Groundstate and low energy excitations 
determine everything. 

Cold electrons moving on a surface in a perpendicular 
magnetic Þeld. 

(+disorder)

Is the system gapped?



ONE ELECTRON IN A MAGNETIC FIELD B
(two dimensions)
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Kinetic energy quantized

Landau levels

0

3

2

1

Rxy =
1
s

h
e2

Rxx = 0

s = 1, 2, 3, ...

s =
1
3

,
1
5

,
2
5

, ....

Rxx

Rxy

s ≈ ν ∝ 1/B

ν

ν =
1
2

,
1
4

, ....

En = (n +
1
2

)øhωc

n = 0, 1, 2, 3...

ωc =
eB
mc

E/ øhωc

1

Rxy =
1
s

h
e2

Rxx = 0

s = 1, 2, 3, ...

s =
1
3

,
1
5

,
2
5

, ....

Rxx

Rxy

s ! ν " 1/B

ν

ν =
1
2

,
1
4

, ....

En = (n +
1
2

)øhωc

n = 0, 1, 2, 3...

ωc =
eB
mc

E/ øhωc

#

1

spin

Each Landau level (LL) is highly degenerate.

One state per ßux quantum
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(within a Landau level)

Quantized area of electron state
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= number of Þlled LL (filling factor)

The crucial parameter!
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Þlled one electron state

Fixed area per state
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(Real samples much bigger)
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Each electron state has Þxed area 

(any shape is OK)

choose
                          (ÔLandau gaugeÕ)

Consider sample with lenghts 
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Two dim electron gas

Our approach: a one-dimensional view 
(and a solvable limit)
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One-dimensional lattice model

Each box is either empty 0 or Þlled 1

A possible state at 
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(all  ee-terms that preserve position of CM)

Hamiltonian (ee-interaction) (eg Coulomb V(r)=e /r)2 No kinetic energy!
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Exact mapping of a single Landau level!



Idea: physics as     varies
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Experimental situation

Long range 1D interaction Short range 1D interaction

Solvable limit
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Exact solution

Hopping 
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makes ground state complicated.
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But,  when 

hopping vanishes and only electrostatic repulsion remains: 
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This is a simple classical electrostatics problem!

States with electrons in Þxed positions are the energy eigenstates - 
groundstate obtained by separating the electrons as much as possible:
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Unit cell
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(Tao-Thouless (TT) states)

At               ground state is TT-state with p electrons in unit cell of length q.
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V21

V10

V20

ν = p/q

6

‘gapped crystal’

Paper  III,  VII



100100100100100100100100100   groundstate
10010010100100100100100100        -e/3

(domain wall separating degenerate groundstates)

(At              , quasiparticles with charge                   )
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Quasielectrons with charge -e/3 are obtained by inserting a 10:

e! = ! e/3



Parents and daughters - the hierarchy

Add many quasielectrons 10 to 1/3,  lowest energy states:

100101001010010100101001010010100101001010010100101001010010....

(102)510, ! = 6/ 17

(102)310, ! = 4/ 11

10210, ! = 2/ 5

2

10010010010100100100101001001001010010010010100100100....

(102)510, ν = 6/ 17

(102)310, ν = 4/ 11

10210, ν = 2/ 5

2

100100100100100100100100100100100100100100100100100100....

! = 1/ (2m + 1) = 1/ 3, 1/ 5, . . .

! = 1/ (2m + 1)

! = 2/ 5, 4/ 11, 10/ 21, . . .

! =
1

2m + 1

! =
2
5

,
4
11

,
10
21

. . .

e! = e/ (2m + 1)

! = 1/ 2, 1/ 4, 3/ 8, . . .

! = p/q

! = p/q, q

! = p/ (2mp + 1)

1..0.....0..1 ! 0..1.....1..0

1......1

! = 1/ 3

e! = ± e/q

100 = 102, ! = 1/ 3

1
100100100100100101001001001001001001010010010010010010010.... (102)510, ! = 6/ 17

(102)310, ! = 4/ 11

10210, ! = 2/ 5

2

Microscopic calculation: Stability (the gap) decreases with the denominator q
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Paper III,  V, VII
(Haldane ‘83, Halperin ‘84)



The observed states:

Stability ~ 1/q agrees with experiment
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Pan et al (2003)



TT-states 100, ... develop smoothly into bulk QH-states Surprising - but true!

Same qualitative properties (gap, quasiparticles, ...)

Gives TT-states as 
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Gives Laughlin/Jain wave functions where these exist

Going to the bulk
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–the crucial question

Numerical studies (exact diagonalization and DMRG)

Supported by numerics for simplest non-L/J state
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Overall picture. (Read the thesis... ;-) )

Same structure from a different perspective

     Proven for Laughlin states assuming pseudopotential interaction 

New unique bulk wave function for any state that is obtained by 
successive condensation of quasielectrons. (conformal field theory construction)

Paper  V, VII,  VIII



Non-abelian states: Moore-Read pfafÞan

Six ground states

101010101010101010101010

110011001100110011001100

Three-body interaction---never three 
electrons on four sites

ÔHalfÕ quasiholes as domain walls

101010101010101010101010101010101010101010101010

101010100110011001100101010101001100110011001010 e
e/4 e/4 e/4 e/4

e∗ = e/4

Paper  IV, IX

Can be generalized....

Supposedly describes the state! = 5/ 2 (! 1/ 2)
(Moore and Read ’91,

Greiter, Wen and Wilczek ‘91)



Gapless states Ð ! =1/2 

TT-state 10101010.... ground state when (has a gap )
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                          Leading terms                     free neutral particles in1D

composite fermions!?

Phase transition to gapless state at Þnite L

(valid at small but finite L)- exact solution for gapless state

Paper  I, II, III,  VII

But: metallic, ie gapless state as              (experiment & theory)
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L " #

$ 10 nm
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2

?!

Corrections             Luttinger liquid (RG and numerics)

(Jiang et al ’89, Halperin, Lee and 
Read ‘93)



Towards the bulk...
L ! "( )
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1

1

7.9

10101010....

  0.999

L
5.3

 (4,2)

1

Solvable!
Luttinger liquid

Solvable!

Smooth transitions

Overlap1.000

Exact diagonalization:

Bulk state believed to be described by the Rezayi-Read wave function

      Òfree 2d composite fermionsÓ! (Rezayi and Read ‘94)



Conclusions

The quantum Hall problem is exactly solvable in a limit 
that accommodate the rich structure of the system. 

The solutions are smoothly connected to the 
experimental regime.  

(Conformal Þeld theory construction gives promising wave functions 
for the bulk.)


