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(Tao-Thouless (TT) states [7])
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Gapless phase at half-filling 
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Solvable! Solvable!
Luttinger liquid

(Overlap) 

High overlap with Rezayi-Read wf for all L1 ≥ 5.3

ÔFermi seaÕ

(Note the contrast to the 
1/3 state 100100100... )

↑≡ 10 , ↓≡ 01

H !
∑

i

(s+
i s!

i+1 + H.c.)

¥ Standard theory [2,3] is amazingly successful.... 

¥ ...but, mainly based on inspired guess work.

Non-Abelian states

The TT patterns encodes the topological data (fusion rules, 
quantum numbers, degeneracies etc) of non-abelian QH states in 
a simple and efficient way [23]. 

101010101010101010101010
110011001100110011001100

1010101010
0110011001100

100110011001100

or 1010101010

ÒBratteli diagramÓ (here for the k=4, M=0 bosonic Read-Rezayi state)
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FIG . 5: Brat elli diagram used to illustrate that for k even quasiparti cles can only be inserted in pairs.

un- [40][31][40] = (40)(31)30(40) Nφ ≡ (k − 1)M + 2
twisted [04][13][04] = (04)03(13)(04) ≡ −M (mod kM + 2)

[31][22][31] = (31)(22)21(31) Ne ≡ k − 1 ≡ −1 (mod k)
...

twisted [31][22][13] = (31)(22)(13)1 Nφ ≡
!

k
2 − 1

"
M + 1

[13][22][31] = (13)1(22)1(31)3 (mod kM + 2)
... Ne ≡ k

2 − 1 (mod k) .

(12)

Each unit cell will in itself necessarily satisfy (??) whereas for the sandwiched sites in boldface numbers taken together,
Nφ and Ne might di! er from (??), as is the case in (12). Inspection of these few typical cases makes it straightforward
to generalize to arbitrary even k. Then, the map (??) allows us to generalize to arbitrary M . The general result is
given to the right in (12). These results are consitent with the consistency results (??) and (??) with n = 2.

Some vacuum compositions of multiple pairs can be combined from the single pair vacuum compositions. What
we will see is that taking two untwisted or two twisted vacuum compositions give an untwisted composition whereas
combining one untwisted with one twisted gives a twisted vacuum composition. The modular results for Nφ and Ne

will sum in an analogous way. Examples of this and also of a vacuum composition that can not be derived from the
single pair compositions but nonetheless still conform to the same untwisted or twisted modular results are given in

eq:keven4holes

[31][22][31][40][31] = (31)(22)21(31)30(40)(31) Nφ ≡ −2M
(mod kM + 2)

[40][31][22][31][40] = (40)(31)(22)21(31)30(40) Ne ≡ −2 (mod k)
...

[31][22][31][22][13] = (31)(22)21(31)(22)(13)1 Nφ ≡
!

k
2 − 2

"
M + 1

(modkM + 2)
[40][31][22][13][04] = (40)(31)(22)(13)(04)0 Ne ≡ k

2 − 2 (mod k) .
...

(13)

In general on will have that for p pairs of quasiholes

untwisted Nφ ≡ −pM (mod kM + 2)
Ne ≡ −p (mod k)

twisted Nφ ≡ −(p− 1)M + (k
2 − 1)M + 1 (mod kM + 2)

Ne ≡ −(p− 1) + k
2 − 1 (mod k)

(14)

¥ Identify (two dual) solvable limits of the many-body problem.

¥ Analyze possible universality classes.

¥ Provide explicit connections to 1D phenomena.
 
¥ Show/argue that the solutions are adiabatically connected 
to the experimental regime.

¥ Provide a framework for proposing new topological phases.

System:
The quantum Hall (QH) system - cold 
electrons in two dimensions in a 
perpendicular magnetic field - is a striking 
example of a system where unexpected 
phenomena emerge at low energies [1].

¥ Only experimentally realized system 
exhibiting topological order!
¥ Extremely rich system: precision and 
universality, fractional charge and statistics, 
topological q-bits (?), ...

Challenge:

Our approach:

The most central problem in the understanding of the fractional QH 
system is that of how (strongly) interacting electrons organize 
in a spin-polarized Landau level

...aims to...

¥ Connection to integrable 1D models.

¥ Candidate ground states a la Laughlin for all filling fractions.

¥ Exact particle-hole conjugates - also for the bulk! [38]

Further applications:

e∗ = −e/3

(domain wall separating 
degenerate groundstates)
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-2e
-3e

100100100100100100100100100   groundstate
10010010100100100100100100        -e/3

Adding a finite number of quasiparticles (or holes) gives 
sequences of new ground states, where the excitations 
condense and stay as far apart as possible. This can be 
done at any filling and provides a fractal structure (complete 
devilÕs staircase) of states and a microscopic derivation 
[8] of the Haldane-Halperin hierarchy [11,12]. Moreover, one 
can calculate the gap at any filling - it depends only on the 
denominator and motivates the phase diagram [13,14], and 
the stability of states in agreement with experiment [15], as 
shown below.

Add many quasielectrons 10 to 1/3,  lowest energy states:
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Fractional charge

Abelian hierarchy

But: this holds only for odd q!   (and the lowest LL)

–the crucial question(! = 1)

Nb:   The TT limit can also be taken in other geometires - eg by squeezing a sphere!

Idea: vary L1! [4-6]

TT limit:

States:

Hamiltonian:
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FIG. 1: Sketch of the Hall experiment. The 2DEG is exposed to a strong perpendicular magnetic Þeld Bz . A current Ix is

passed through the sample along thex-direction, and the resulting transverse voltage Vy measured for varying values of the

magnetic Þeld.

FIG. 2: Sketch of the (integer) quantum Hall e ffect. The Hall r esistance as function of the magnetic Þeld is quantized,i.e.

exhibits plateaux. (The result predicted by the classical Hall effect corresponds to a straight line through the centres of the

plateaux.) The longitudinal resistivity is zero except at t ransitions between plateaux. Courtesy of D.R. Leadley, War wick

University 1997.

(bulk) excitations. The integer effect was discovered in 1980 by von Klitzing et al[15]; two years later, using even

cleaner samples, Tsui and collaborators reported the discovery of the fractional effect[16] at ν = 1/ 3. Since then, with

the fabrication of ever-higher mobility samples, a large number of fractions have been observed[17]. The quantization

of the Hall resistance turned out to be extremely exact (to at least ten parts in a billion), which has led to the

introduction of a new standard of resistance, with the so-called von Klitzing constant RK = h/e 2, roughly equal to

25812.8 ohms, as the fundamental unit.

Physically, the number ν in (1) corresponds to the Landau level filling fraction at the center of the corresponding

plateau[18]. In other words, the IQHE occurs when an integer number of Landau levels is filled, while the FQHE

A possible state at 

ν = 1

ν = 1/ 3

ν ≤ 1

L1, L2

2

! = 1

! = 1/3

! ! 1

L1, L2

1 0 0 1 1 0 0 0 1 0 0 0 0 1 0

2

! = 1/ (2m + 1) = 1/ 3, 1/ 5, . . .

! = 1/ (2m + 1)

! = 2/ 5, 4/ 11, 10/ 21, . . .

! =
1

2m + 1

! =
2

5
,

4

11
,
10

21
. . .

e! = e/(2m + 1)

! = 1/ 2, 1/ 4, 3/ 8, . . .

! = p/q

! = p/q, q

! = p/ (2mp + 1)

1..0.....0..1↔ 0..1.....1..0

1......1

! = 1/ 3

e! = ± e/q

100 = 102, ! = 1/ 3

1
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(eg Coulomb V(r)=e /r)2

No kinetic energy!

k+m k-m

Vk,m

A Landau level (LL) is 1D ! With periodic b.c. using Landau gauge 
this is explicit:

Nb:   Exact mapping of a single Landau level!

¥ Hopping amplitudes become exponentially suppressed.

¥ Only ‘electrostatic’ terms remain! [5,6].

¥ The occupation number basis diagonalize the interaction! 

¥ Ground states obtained by separating the electrons as 
much as possible:

For small enough L 1, the overlap between the 
single particle states vanish and... 

Condensates and phase diagram
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Quasielectrons with charge -e/3 (at           ) are obtained by inserting 10 :

Charge is detremined by the Su-Schriefer argument [10]:

Adiabatic continuity

The abelian hierarchy emerge as the solution of a generic 
repulsive two-body interaction in the TT limit [6,8,9].
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¥ At                 minimal domain walls carry charge 
¥ Fractionally charged particle-hole pair excitations have lowest 
energy, which depends on the size of the charge (ie only on q).

Example:

Claim:   TT-states 100, ... develop smoothly into abelian bulk 
QH-states for all odd q! [6] (No phase transition as L 1 increases)

¥ Same qualitative properties (gap, excitation structure etc.) [16,6,9]

¥ Proven for Laughlin states and pseudopotential interaction! [4,9,17]

¥ Numerical studies (exact diagonalization and DMRG). 

¥ New unique bulk wave function (CFT construction) for any state that is 
obtained by successive condensation of quasielectrons [8,18].

L 1 → 0¥ Gives TT-states in as 
¥ Gives Laughlin/Jain wave functions where these exist
¥ Supported by numerics for simplest non-L/J state (at 4/11). 
¥ Same structure from a different perspective.

Depending on the interaction and the filling transitions from the TT 
states may occur. One possibility is a transition to non-abelian states 
with an enhanced ground state degeneracy . These can be 
understood as...

¥ Instabilities at finite L1 (for a two-body interaction) [19].
¥ Ground states of multi-particle interactions [20-24].
¥ L1! 0 limits of the bulk wave functions [20].

Moore-Read state [25]

H =
1
2

! 2!

0
dϕdϕ′ : ρ(ϕ)Ṽ (ϕ ! ϕ′)ρ(ϕ′) :

Consider QH problem on a cylinder and let L 1! ! while keeping 
N fixed. The direction along the cylinder can then be integrated 
out and one Þnds [36]: 

Circle limit:

Phases:

|ΨE〉 =
!

i

ψ̂†(ϕi)|0〉, E =
1
2
{
"

j,k

Ṽ (ϕk − ϕj)−
"

j

Ṽ (ϕj)}

¥Wigner crystals for small filling fractions [36,37].

¥ Gapped QH states (abelian and non-abelian) at  
intermediate fillings - these are adiabatically connected to 
the bulk [36].

This is interacting electrons on a circle without a kinetic term, 
and is trivially solved :

But , non-trivial physics appears as implementing a filling 
fraction implies a  constraint on the allowed momenta.

Another possible instability is to gapless states - at half-filling this 
is well understood [5,6,9].

Generalizations

Ground states:

Crucial for non-abelian statistics!

 ~ 2 n/2  degenerate states for 
n qh Ôs at fixed positions.

Cf. 3-body interaction 
[26]: Never 3 particles 
on 4 consecutive sites.

e
101010101010101010101010101010101010101010101010
101010100110011001100101010101001100110011001010

ÔHalfÕ quasiholes 
as domain walls:

e/4 e/4e/4e/4

Quasihole 
degeneracies:

¥ Six-fold degenerate ground state.

¥ ÕSecond generationÕ of charge fractionalization [20,21].

¥ Inequivalent ways of forming 
   domain wall excitations [20,21]

(This model was introduced as a toy model of the FQHE in 
Ref. 37, and derived as a limit thereof in Ref. 36.)
 

¥ The TT-states serve as input in the recent Jack polynomial constructions  
[30] of (old and new) QH states. Related to this there is a squeezing rule 
[31,30], where the TT states play the role of highest weight configurations, from 
which all other configurations are obtained via inward squeezing (this gives a 
non-trivial selection rule that reduces the Hilbert space size [30-32]). 

¥ In the Ópattern of zerosÓ approach [33,34], the TT patterns are interpreted in 
terms of the vanishing properties of the wave functions as (clusters of) particles 
approach each other. This gives a way of finding new classes of states, and a 
framework to calculate many properties thereof. (On a technical level, 
extracting the pattern of zeros is analogous to taking the TT limits of wave 
functions [6,18,35].)  

¥ The results for the Moore-Read 
state generalize directly to more 
complex non-abelian states [22,23], 
such as the Read-Rezayi states [27].  

¥ ...and suggest a route to finding 
new non-abelian phases , see eg 
Ref 24.

¥ The ground state patterns are 
naturally organized in Bratteli 
diagrams (see Fig), which reveal the 
fusion structure of the states and 
their excitations.

Towards the bulk

¥ TT-state 10101010.... ground state for very small L1.
¥ But: metallic, gapless state in the bulk (experiment and theory [28]) !?

Luttinger liquid phase
¥ 10101010.... is annihilated by the shortest range 
    hopping, V21:   1001         0110

¥ The TT state melts at finite L1 (for sufficiently short range interactions).

¥ Low energy sector contained in Ôspin spaceÕ

¥ After the melting a gapless Luttinger liquid phase is realized.

¥ Our microscopic solution has striking similarities (weakly interacting neutral dipoles 
etc) with the composite fermion [3] description of this state [28]. 

By comparing to the Rezayi-Read 
[29] wave function we establish that 
the Luttinger phase is smoothly 
connected to the bulk state.
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