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We review some important aspects of the doping dependence of many physical properties of the
high-Tc cuprates based on a Fermi liquid-like approach. In particular, we show that the spin-
fluctuation mechanism of superconductivity on the basis of a microscopic Eliashberg approach
supports the idea that the symmetry of the superconducting order parameter is of the dx2−y2

-wave type. Furthermore, the renormalization of the quasiparticle spectrum caused by the scatter-
ing on spin fluctuations results in the so-called kink feature seen in ARPES. The peculiar mo-
mentum dependence of the spin fluctuations will result in a strong anisotropy of the renormaliza-
tion at different parts of the first Brillouin zone and thus will lead to a strong anisotropy of the
kink. Another important achievement of the microscopic Eliashberg approach is that the spin
excitation spectrum renormalizes strongly below Tc due to the occurrence of superconductivity
with a dx2−y2 -wave order parameter, which yields to the formation of the so-called resonance
peak that can be viewed as a spin exciton. The topology of the Fermi surface and the momentum
dependence of the superconducting gap explains the peculiar dispersion of the resonance peak, in
good agreement with experiments. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2215367�
I. INTRODUCTION

A. Generic phase diagram

In the last decade significant achievements in the under-
standing of the high-Tc superconductivity phenomenon have
been made on the basis of spin-fluctuation-mediated Cooper
pairing. Over the years a large amount of experimental data
has been collected which suggest that an anisotropic super-
conducting order parameter is realized in the cuprate super-
conductors. Moreover, there are strong experimental indica-
tions that the superconducting order parameter is of the
d-wave type. A natural explanation of this symmetry origi-
nates from the concept of Cooper pairing due to exchange of
antiferromagnetic spin fluctuations.1 This hypothesis is sup-
ported by the fact that the parent compounds of cuprate su-
perconductors �like La2CuO4 or YBa2Cu3O6� are quasi-two-
dimensional antiferromagnetic insulators. Doping these
systems with holes �for example, La2CuO4 with strontium or
YBa2Cu3O6 with oxygen� results, first, in a transition into the
metallic phase and, second, in the formation of unconven-
tional superconductivity below a certain transition tempera-
ture Tc that increases with increasing doping content towards
its maximum value. Further doping of the system, however,
results in a decrease of Tc and ultimately in the disappear-
ance of superconductivity at some high doping level. Despite
of the characteristic differences between the corresponding
phase diagrams of various hole-doped cuprates, one can map
all of them onto the so-called generic phase diagram. This is
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possible if one assumes that the processes relevant for the
Cooper pairing and normal state dynamics already occur in a
single CuO2 plane, which is an important element of the
crystal structure of the cuprates. In such a picture, the physi-
cal properties of each cuprate compound depend on the num-
ber of carriers within the CuO2 plane.

In Fig. 1 we show an illustration of the corresponding
generic phase diagram for hole-doped cuprates that reveals
the main features of the cuprates. One sees that superconduc-
tivity occurs in cuprates in a close vicinity to antiferromag-
netism. Although antiferromagnetism and superconductivity
seem not to coexist in cuprates, several experimental
techniques2–4 indicate the presence of short-range antiferro-
magnetic spin fluctuations even at optimal doping �i.e., maxi-
mum of Tc� and in overdoped samples. This suggests their
possible importance for the Cooper pairing as well as for the
anomalous normal-state properties, in particular, close to the
antiferromagnetic transition. Certainly Landau’s simple
Fermi-liquid theory cannot be applied in the underdoped re-
gion. Moreover, there are two other curves on the phase dia-
gram that do not refer necessarily to real phase transitions,
but rather represent an anomalous crossover behavior of the
cuprates in these regions. The first curve, T*�x�, refers to the
so-called pseudogap formation temperature. As indicated in
many experiments,5 below T* the spectral weight at the
Fermi level strongly decreases with decreasing temperature
which is represented in gap-like features in the charge and
spin responses. Another characteristic temperature, T*, repre-
c
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sents some experimental findings interpreted in terms of the
so-called formation of �local� Cooper pairs without phase
coherence.6 There are further reports of a strong Nernst sig-
nal which is interpreted in terms of existing vortices.7 Note
that the behavior of the normal state spin and charge dynam-
ics in the underdoped regime are far from being understood
after twenty years of intensive research.

At the same time, on the other part of the phase diagram
�so-called overdoped regime� the behavior of cuprates in the
normal state can be well described within the concept of the
Fermi liquid. This indicates that the system is characterized
by a presence of the well-defined quasiparticles well above
Tc, presence of a rigid band whose width does not change
significantly upon the changing of the dopant concentration.
In such a situation the interaction between quasiparticles can
be to a large extent described within perturbation theory.
Moreover, the relative simplicity of the normal state seems to
make an understanding of the superconducting properties of
cuprates easier both theoretically and experimentally in the
region of overdoped cuprates.

B. Superconducting state

Symmetry of the order parameter. In Fig. 1 we also show
the Tc�x� curve, which has a characteristic shape
Tc�x� /Tc

max=1− �x−0.16�2, as was pointed out in Ref. 8. Be-
low Tc superconductivity occurs and it is believed to possess
dx2−y2-wave symmetry of the superconducting order param-
eter, i.e., � =� �cos k −cos k � /2. The evidence for

FIG. 1. Schematic phase diagram of hole-doped cuprates. High-Tc super-
conductivity occurs in the vicinity of an antiferromagnetic phase transition.
The corresponding superconducting order parameter below the supercon-
ducting transition temperature Tc is of d-wave symmetry. In the overdoped
region, i.e., x�0.15, the cuprates behave like a conventional Fermi liquid,
whereas in the underdoped regime below the pseudogap temperature T* one
finds strong antiferromagnetic �AF� correlations. As we will discuss below,
Cooper pairing can basically be described by the exchange of AF spin fluc-
tuations �often called paramagnons�. The doping region between Tc and Tc

*

�shaded region� may be due to local phase-incoherent Cooper-pair forma-
tion. Only below Tc do these pairs become phase coherent.
k 0 x y
dx2−y2-wave pairing comes from several sources, and in par-
ticular from phase-sensitive measurements.9 Another remark-
able feature of the superconducting state of high-Tc cuprates
is that they differ from conventional superconductors by hav-
ing a small coherence length �. This length is usually asso-
ciated with the average size of a Cooper pair, which is for
conventional superconductors �500 Å. Therefore, the size
of the Cooper pair is larger than the average distance be-
tween pairs, resulting in a strong overlap of the correspond-
ing wave functions. On the other hand, superconducting cu-
prates only have ��12–15 Å. Thus it is possible to find
local pairs without long-range phase coherence. Another un-
usual feature relates to the ratio 2�0 /kBTc�5, which is
larger than the BCS ratio of 3.52. At the same time, such a
ratio points towards a possible applicability of the strong-
coupling Eliashberg-like theories for high-Tc cuprates, at
least in the overdoped and optimally doped cuprates. How-
ever, the unconventional symmetry of the superconducting
order parameter requires another mechanism than the ex-
change of phonons for the Cooper pairing.

Magnetic excitations. The idea of a spin-fluctuation
mechanism of superconductivity conceptually is not new and
was originally proposed10 to describe the superfluid proper-
ties of 3He. In application to cuprates it was first developed
on the basis of a phenomenological approach which is based
on the analysis of the experimental data.11,12 In fact, the phe-
nomenological approach was proposed before the full devel-
opment of the microscopic description of high-Tc supercon-
ductivity, when a description based on self-consistently
solving the equations of the electron self-energy and the
magnetic spin susceptibility in the framework of the Hub-
bard model was made. A detailed study of the temperature
behavior of nuclear magnetic resonance �NMR� characteris-
tics, such as the Knight shift and the spin–lattice relaxation
time, and the inelastic neutron scattering �INS� intensity has
shown that the detected anomalies can be explained by the
presence of strong antiferromagnetic fluctuations near the an-
tiferromagnetic wave vector Q= �� ,��. Originally, Millis,
Monien, and Pines12 proposed a so-called Ornstein–Zernike
form for the low-frequency magnetic susceptibility, ��q ,��,
in the normal state of hole-doped cuprates that allows for a
sharp enhancement of fluctuations near Q:

��q,�� =
�Q

1 + �2�q − Q�2 − i�/�sf
. �1�

Here �Q is the value of the static spin susceptibility at the
wave vector Q, � is the magnetic correlation length, and �sf

is the characteristic frequency of spin fluctuations. For dif-
ferent materials these parameters have been found by fitting
experimental data on NMR, since the general relationship
relating the data to the dynamic spin susceptibility are well
known. The susceptibility determined in this manner was
then used to calculate various quantities in the superconduct-
ing and normal phases of this compound, and the results of
such calculations can be compared with the experimental
data. In this way the main idea that antiferromagnetic spin
fluctuations are important for the pairing process can be veri-
fied. In the past, one of the biggest achievement of the spin-
fluctuation-mediated Cooper-pairing mechanism was a suc-
cessful prediction of a correct symmetry of the
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superconducting order parameter in cuprates. In particular, in
the phenomenological approach one first sets up an effective
Hamiltonian. It must consist of two parts: H=H0+Hint,
where

H0 = �
k�

��k�Ck�
+ Ck�

is the bare electron �hole� spectrum in the Cu–O plane, and
Hint represents the interaction of electrons and spin fluctua-
tions:

Hint = �
q

g�q�s�q�S�− q� . �2�

Here s�q� is the electron spin operator,

s�q� =
1

2�
k

�
���

Ck+q�
+ 	���Ck��, �3�

where 	 represents the Pauli matrices, and S�q� is the spin
fluctuation operator, whose properties are determined by the
spin–spin correlation function �the dynamic spin susceptibil-
ity tensor, defined by Eq. �1��. The interaction is assumed to
be of short-range type, with the result that g�q� is weakly
momentum dependent and may be set to a constant. In the
phenomenological theory by Pines and coworkers, the cou-
pling constant remains a free parameter of the theory and can
be fixed by a comparison with experiment. In second-order
perturbation theory, the interaction of the electrons and spin
fluctuations leads to the following effective electron–electron
interaction shown in Fig. 5 and the corresponding expression
for the self-energy of the one-particle Green’s function in the
normal state:


�k,i�n� = g2T�
m

�
k�

��k − k�,i�n − i�m�G�k�,i�m� ,

�4�

and superconducting state

��k,i�n� = − g2T�
m

�
k�

��k − k�,i�n − i�m�

� G�k�,− i�m�G�− k�,i�m���k�,i�m� . �5�

Equations �4� and �5� have to be combined with the Dyson
equation,

G�k,i�n� =
1

i�n − ��k� + 
 − 
�k,i�n�
, �6�

which produces a closed system of equations for finding the
self-energy corrections for the normal and superconducting
state. Here ��q , i�l� is the Matsubara Green’s function of
spin fluctuations, which is related to the dynamic magnetic
susceptibility by

��k,i�l� = − �
−�

+� d�

�

Im ��q,��
i�l − �

. �7�

As one could see within this approach the dynamic spin
susceptibility determines the properties of the normal and
superconducting state. In order to discuss the symmetry of
the superconducting order parameter it is enough to look at
the weak-coupling limit, namely BCS gap equation, which
has the following form at T=0 �Ek=�k

2 =�k
2�:

��k,�� = − g2�
m

�
k�

��k − k�,��
2Ek�

��k�,�� . �8�

One of the immediate consequences of the Cooper pairing
due to spin fluctuations is their repulsive nature in the singlet
s-wave channel. Therefore, to overcome the minus in front of
Eq. �8�, the order parameter has to change sign. In high-Tc

cuprates the dynamic spin susceptibility is peaked at the an-
tiferromagnetic wave vector, Q, which connects the elec-
tronic states at the Fermi surface close to �±� ,0�, �0, ±�� in
the first Brillouin zone �BZ� �see Fig. 2 for illustration�.

Then, one could see that the natural solution of the gap
equation for the particular topology of the Fermi surface and
effective pairing interaction is the dx2−y2-wave one. In par-
ticular, due to the change of sign of the order parameter the
total minus in front of the gap equation is overcome and
solution of the gap equation is possible. Moreover, based on
this phenomenological form of the spin susceptibility one
can further determine Tc and the phase diagram, which to a
large extent agrees with experiment. Note that such a solu-
tion does not exclude a possible subdominant contribution of
the electron–phonon interaction if the latter is peaked at mo-
menta �±0.4� ,0�, or �0, ±0.4��, for example. The sign of
the order parameter for electronic states in the first BZ con-
nected by those vectors still will be the same, and thus a
further enhancement of Tc is possible.

Despite the success of this phenomenological form of
the spin susceptibility in describing the normal-state spin dy-
namics, it fails to explain the changes in the spin excitation
spectrum in the superconducting state. In particular, in Fig. 3
we show the INS results13 for slightly underdoped
YBa2Cu3O6.7. The intensity in INS is proportional to the
magnetic structure factor, which contains the imaginary part
of the dynamic spin susceptibility. Thus, INS provides a di-
rect probe of the spin susceptibility. As one sees, at the an-

FIG. 2. Picture of the Fermi surface for the layered cuprates in the first BZ.
The arrows show the electronic states connected by the antiferromagnetic
wave vector QAF. The dotted lines and signs refer to the dx2−y2-wave sym-
metry of the superconducting gap.
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tiferromagnetic wave vector Q the normal state spin dynam-
ics follows the Ornstein–Zernike behavior, reflected by the
rapid and linear increase of Im ��Q ,�� and a maximum at
�sf. However, the behavior of Im ��Q ,�� in the supercon-
ducting state is much different. The spin excitation spectrum
strongly renormalizes and, first, becomes gapped at lower
frequencies and then a sharp peak develops at �res

�33 meV �it shifts to 41 meV in optimally doped cuprates�.
The appearance of the resonance peak first reported in Ref.
14 suggests a strong renormalization of the spin fluctuation
spectrum in the superconducting state that cannot be ac-
counted for by the simple phenomenological form of the spin
susceptibility. In a recent experimental work15 INS measure-
ments have found also a resonant spin excitation in the over-
doped and optimally doped Bi2Sr2CaCu2O8+y �BSCCO� with
mode energies Eres=38 and 43 meV, respectively. This ob-
servation, together with the previous measurements in under-
doped phase of YBCO, indicates an approximately constant
ratio Eres /kBTc=5.4 through the whole doping range. Very
recently, the resonance peak emerged as a key factor in the
phenomenology of the copper oxide superconductors and, in
particular, of a single CuO2 plane due to the observation of
the resonance-like feature in the superconducting state of the
single CuO2 layer cuprate superconductor Tl2Ba2CuO6+x

near optimal doping.16

One of the most appealing results concerning the reso-
nant spin excitations is their dispersion away from �� ,��. In
particular, as one moves away from Q, the peak disperses
downwards nearly quadratically and its intensity decreases
rapidly, vanishing around Q0= �0.8� ,0.8��. Recent INS ex-
periments in the superconducting state of YBCO17–19 have
detected a new resonant magnetic excitation at incommensu-
rate momenta, but at frequencies larger than �res�Q�. More-
over, the high and low-energy excitations are separated from
each by a region �so-called “silent bands”� where no inten-
sity has been observed. The whole dispersion of the resonant
excitations is shown in Fig. 4.

Furthermore, recent experiments on the untwinned
YBCO reveal a strong anisotropy of the resonant excitations
below �res�Q�. In particular, in the momentum space with a
fixed energy, the resonant excitation form a so-called ring
structure with four pronounced peaks along the bond direc-

FIG. 3. INS results for optimally doped YBa2Cu3O6.7 taken from Ref. 13 at
the antiferromagnetic wave vector Q= �� ,�� for the normal and supercon-
ducting states.
tions. In the untwinned samples two of these peaks are sup-
pressed, while two others remain.20 All recent experimental
facts are confirmed by various groups, and the observation in
a different family of cuprate compounds indicates the neces-
sity of correct analysis of the spin fluctuation spectrum and
its doping dependence in high-Tc cuprates. This is a signifi-
cant ingredient that a microscopic theory of cuprates must
contain.

Elementary excitations. Another important question
which one has to understand concerns the behavior of the
elementary excitations in a CuO2 plane. Assuming the pres-
ence of strong antiferromagnetic spin fluctuations one ex-
pects, following Eqs. �4�–�7�, a strong renormalization of the
quasiparticle scattering rate and the corresponding energy
dispersion. �The corresponding self-energy is illustrated in
Fig. 5.� The effects of the scattering of the quasiparticles by
the spin excitations can be seen by various experiments such
as resistivity, optical conductivity, angle resolved photoemis-
sion �ARPES�, tunneling and some others.21 In particular,
these days the development of ARPES experiment allows to
get detailed information about the elementary excitations in
the cuprates. This, for example, concerns a so-called “kink”
feature, observed recently in various cuprate
compounds.22–25 Let us consider these experiments in more

FIG. 4. Measured dispersion of the resonant excitations away from the
antiferromagnetic wave vector QAF=0.5�H,H� along the diagonal of the
first BZ as taken from Ref. 17. The vertical dashed region indicates the
position of the silent bands.

FIG. 5. Cooper pairing in the cuprates due to coupling of carriers �holes or
electrons� in CuO2 planes to antiferromagnetic spin fluctuations character-
ized by the spin susceptibility ��q ,�� �G refers to the matrix Green’s func-
tion of quasiparticles�.
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detail. Under well-defined assumptions it is believed that
ARPES measures the spectral density of the electrons in the
CuO2 planes:

A�k,�� = −
1

�

Im 
�k,��
�� − ��k� − Re 
�k,���2 + �Im 
�k,���2 ,

�9�

where

��k� = − 2t�cos kx + cos ky� + 4t�cos kxcos ky

− 4t��cos 2kx + cos 2ky� − 


is the unrenormalized tight-binding energy dispersion with
hoping integrals between nearest, next-nearest, and so on
sites. Due to recent developments in ARPES, A�k ,�� can be
studied with high accuracy versus frequency at fixed mo-
mentum �so-called EDC� and as a function of momentum at
fixed frequency �so-called MDC�. Among the most important
information that one gets by analyzing MDC and EDC is the
renormalized energy dispersion �k. In particular, the latter is
obtained by studying the maximum of Eq. �9�, which is sat-
isfied if

� − ��k� − Re 
�k,�� = 0. �10�

Note that MDC curves suit the purpose of determining the
energy dispersion much better due to the weaker momentum
than frequency dependence of the self-energy 
�k ,��.

In Fig. 6 we reproduce the results of Lanzara et al.22 for
the measured �k along the �0,0�→ �� ,�� direction in the
first Brillouin zone. One clearly sees that the curve shows a
change in its slope around 50±15 meV. This is a so-called
kink feature which was observed by several groups. As was
argued in Ref. 26, the kink feature is seen along all directions
in the BZ, although its doping and temperature dependences

FIG. 6. ARPES results for the renormalized energy dispersion along the
�0,0�→ �� ,�� direction of the first Brillouin zone, taken from Ref. 22. The
horizontal axis shows the distance �k−kF� in the normalized units k�=k
−kF.
are different. Originally, the kink feature was investigated
along the �0,0�→ �� ,�� direction. This is connected with
the fact that along the �0,0�→ �� ,0� direction there are ad-
ditional effects such as matrix elements and bilayer splitting
which complicate the analysis of the experimental data. At
the same time, as we will argue, the main kink feature which
could be related to the feedback of superconductivity occurs
along �0,��→ �� ,�� due to the coupling to the resonant spin
excitations. Originally the kink feature was attributed to a
coupling of the itinerant carriers to phonons, in particular, to
a longitudinal optical phonon mode at 60 meV which was
found to behave anomalously in several experiments.22 On
the other hand, the changes in the elementary excitations
spectrum due to coupling of the carriers to spin fluctuations
are also expected. Moreover, spin fluctuations would result
in rather different frequency and momentum dependences of
the self-energy that will be reflected in the experiment than
in phonon case. The latter seems to be confirmed by recent
experimental results.26

To conclude our Introduction, the intensive studies of
high-Tc cuprates in recent years have indicated that there is a
strong interplay between strong electronic correlations and
superconductivity in these materials which changes upon
doping. In particular, a crossover from Fermi-liquid towards
non-Fermi-liquid behavior occurs if one goes from the over-
to underdoped regime, and also an asymmetry with respect
to hole or electron doping is found.

Superconducting properties in cuprates reveal the
d-wave superconducting order parameter and cannot be de-
scribed in the framework of the standard BCS theory. De-
spite of the variety of theoretical and experimental problems
that exist at the moment, in our review we will concentrate
on the study of the spin excitations in the high-Tc cuprates
and their feedback on the elementary excitations. We will
show that spin-fluctuation-induced Cooper pairing allows
one to get a consistent and self-contained explanation of
many experimental facts and to describe qualitatively the
phase diagram of cuprates upon doping.

II. THEORY: GENERALIZED ELIASHBERG EQUATIONS

As we have mentioned in the Introduction the phenom-
enological approach based on the Cooper pairing via ex-
change of antiferromagnetic spin fluctuations explains some
important facts on superconducting properties of cuprates.
However, the complete picture requires a developing of a
microscopic theory. A successful attempt in this direction
was done independently by several groups27–30 in the frame-
work of the so-called FLEX approximation. Since the details
of this method have already been discussed in several
reviews,1,31,32 let us just briefly discuss the theoretical as-
pects of FLEX.

The simplest model that may describe the physics of a
single CuO2 plane is a two-dimensional one-band Hubbard
model, which is an appropriate starting point for our calcu-
lations:



524 Low Temp. Phys. 32 �6�, June 2006 I. Eremin and D. Manske
H = �
k�

�kck�
+ ck� +

U

2N
�

kk�q�

ck,�
+ ck�,−�

+ ck�+q,−�ck−q,�. �11�

Here, ck�
+ �ck�� are creation �annihilation� electron or hole

operators on site i with spin �, U corresponds to the on-site
effective Coulomb repulsion, and �k is the tight-binding en-
ergy dispersion of the form

�k = − 2t�cos kx + cos ky� + 4t� cos kx cos ky − 
 , �12�

where t and t� refer to the hopping of a hole �electron� be-
tween nearest and between next-nearest sites on the square
lattice, and 
 is the chemical potential that defines the dop-
ing. Here and in the following we set the lattice constant to
unity. The description of the electron- and hole-doped cu-
prates within a one-band approximation is possible if one
takes into account different quasiparticle dispersion as ob-
served in experiment.33

In the one-band model, the same electrons participate in
the formation of antiferromagnetic fluctuations and in the
Cooper pairing due to the exchange of such fluctuations. In
this many-body problem both the magnetic susceptibility and
the quasiparticle self-energy must be calculated self-
consistently. We begin by writing the electron self-energy in
the normal state, 
�k , i�n�. In the Nambu representation, the
2�2 matrix 
�k , i�n� is given by the following expressions:


�k,i�n� = �
k�,i�n�

�VS�k − k�,i�m� − U2�s0�k − k�,i�m��

� 	0G�k�,i�n��	0

+ �
k�,i�n�

Vc�k − k�,i�m�	1G�k�,i�n��	1. �13�

Here, 	i �i=0,1 ,2 ,3� are the Pauli matrices, G�k� , i�n�� is an
electron Green’s function, and i�n= i�n− i�n�. The term
U2�s0�k−k� , i�m� removes a double counting of diagrams in
second order. Vs and Vc are the matrix elements of the
electron–electron interaction due to spin and charge fluctua-
tions:

Vs�q,i�m� =
3

2
U2�s�q,i�m� ,

Vc�q,i�m� =
1

2
U2�c�q,i�m� , �14�

where �c�q , i�n� and �s�q , i�n� are the dynamic parts of the
charge and spin susceptibility, respectively. In the random
phase approximation �RPA� they are given by well-known
diagrams corresponding to summation of loop diagrams:

�s�q,i�m� =
�s0�q,i�m�

1 − U�s0�q,i�m�
,

�c�q,i�m� =
�c0�q,i�m�

1 + U�c0�q,i�m�
. �15�

Here �s0�q , i�m� and �c0�q , i�m� are irreducible parts which
in the single-loop approximation are given by the following
formulas:
�s0�q,i�m�=−
1

2
T �

k,i�n

tr�G�k + q,i�n + i�m�	0G�k,i�n�	0� ,

�16�

�c0�q,i�m�=−
1

2
T �

k,i�n

tr�G�k + q,i�n + i�m�	3G�k,i�n�	3� ,

�17�

where tr denotes the trace of a two-row matrix. The Green’s
function G�k , i�n� and the self-energy 
�k , i�n� are con-
nected by Dyson’s equation:

G�k,i�n� = �G0
−1�k,i�n� − 
�k,i�n��−1, �18�

where in the case of singlet pairing the zeroth-order Green’s
function is given by

G0
−1�k,i�n� = i�n	0 − �k	3. �19�

We expand the self-energy matrix in the standard form:


�k,i�n� = i�n�1 − Z�k,i�n��	0 + ��k,i�n�	3

+ ��k,i�n�	1. �20�

Here Z is the mass renormalization factor that determines the
renormalization frequency

�̃�k,i�n� = �nZ�k,i�n� , �21�

��k , i�n� specifies the energy shift due to interaction of qua-
siparticles, and the function ��k , i�n� determines the super-
conducting gap:

��k,i�n� =
��k,i�n�
Z�k,i�n�

. �22�

Equations �13� and �20� determine simultaneously three
coupled nonlinear equations for these three quantities:

�̃�k,i�n� = �n + �
k�,m

�Vs�k − k�,i�n − i�m�

+ Vc�k − k�,i�n − i�m��
�̃�k�,i�m�
D�k�,i�m�

, �23�

��k,i�n� = − T �
k�,m

�Vs�k − k�,i�n − i�m�

+ Vc�k − k�,i�n − i�m��
�k� + ��k�,i�m�

D�k�,i�m�
, �24�

��k,i�n� = − T �
k�,m

�Vs�k − k�,i�n − i�m�

+ Vc�k − k�,i�n − i�m��
��k�,i�m�
D�k�,i�m�

, �25�

where D�k� , i�m� is the denominator of the matrix electron
Green’s function:

D�k�,i�m� = ��̃�k�,i�m��2 + ���k�,i�m��2

+ ���k�,i�m��2. �26�

These three equations must be augmented by an equation for
the chemical potential
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n =
1

2
+ 2T�

n�0
�
k

�k + ��k�,i�m�
��k�,i�m�

. �27�

Equations �23�–�27� and �14�–�17� constitute a system of
coupled equations for the electron Green’s function and the
dynamic susceptibilities of the superconductor and must be
solved numerically for given values of the parameters t, T,
U, and n by iteration. For instance, we can plug the approxi-
mate values of the magnetic and dielectric susceptibilities
into Eqs. �23�–�27� and calculate the values of �̃�k� , i�m�,
��k , i�n�, and ��k , i�n� which are functions that characterize
the electron self-energy. Then, inserting these values into
Eqs. �14�–�17�, we calculate new values of the susceptibili-
ties and plug them into Eqs. �23�–�27�, being kernels of in-
tegral equations, which are then used to calculate new values
of �̃�k� , i�m�, ��k , i�n�, and ��k , i�n�. This procedure is
repeated many times, as long as it is necessary to obtain a
stable result. This scheme allows one to calculate all proper-
ties of the system self-consistently, such as the superconduct-
ing phase diagram, superconducting order parameter, energy
dispersion, and dynamic spin susceptibility, which then have
to be compared with experiment. An important remark which
we would like to stress is that in contrast to the electron–
phonon interaction, the spin-fluctuation-mediated pairing in-
teraction is repulsive �in k space� and strongly momentum
dependent. Therefore, as argued in connection with Eq. �8�,
the symmetry of the superconducting order parameter will be
dx2−y2-wave type. As already mentioned, the theory presented
above can explain the symmetry of the superconducting gap
and also the main parts of the phase diagram of hole- and
electron-doped cuprates. Thus, in the following we will
mainly analyze the behavior of the spin excitations and their
feedback on the quasiparticle dispersion.

III. RESULTS AND DISCUSSION

A. Spin excitations

The investigation of the spin fluctuation spectrum is a
key problem for understanding the physics of cuprates. Many
researchers believe that the most significant problem that one
has to clarify is the feedback of superconductivity on the
spin excitation spectrum. This is of general interest, since in
contrast to the phonon spectrum in conventional supercon-
ductors, spin excitations are strongly renormalized in the su-
perconducting state, which allows one to identify “finger-
prints” of the spin-fluctuation scenario of superconductivity.
For example, in many heavy-fermion compounds and also
recently discovered ferromagnetic superconductors the un-
derlying pairing mechanism is not known, but very likely it
is due spin fluctuations. Thus knowledge about the finger-
prints of a spin-fluctuation scenario in cuprates is highly de-
sirable.

Noninteracting part of the spin susceptibility. Let us first
analyze the susceptibility of the noninteracting electron gas
on a square lattice when we switch off the interaction be-
tween quasiparticles. To recall the behavior of the bare �non-
interacting� susceptibility in the normal state we have to
mention that in general on the square lattice there are eight
characteristic scattering processes from k to k� in the first
BZ if a tight-binding band is used. The momenta k involved
are those in which the boundary of the magnetic zone �de-
fined by cos kx=−cos ky� crosses the Fermi surface �FS�.
Two of these scattering processes are direct, involving mo-
menta k−k�=Q, two involve umklapp scattering with k
−k�=Q− �2� ,2��, and four involve umklapp scattering with
k−k�=Q− �2� ,0� and k−k�=Q− �0,2��. All these pro-
cesses are degenerate at the antiferromagnetic wave vector
and, thus, all eight processes contribute equally to the spin
susceptibility, yielding Im �0�Q ,���−i��, where �, is the
Landau damping rate. These transitions are illustrated in Fig.
7. In the superconducting state the susceptibility expression
has a standard BCS form:

�0�q,��

=�
k
	1

2

1 +

�k�k+q + �k�k+q

EkEk+q
� f�Ek+q� − f�Ek�

� − �Ek+q − Ek� + i�
�

+
1

4

1 −

�k�k+q + �k�k+q

EkEk+q
� 1 − f�Ek+q� − f�Ek�

� + �Ek+q − Ek� + i�

+
1

4

1 −

�k�k+q + �k�k+q

EkEk+q
� f�Ek+q� + f�Ek�

� − �Ek+q − Ek� + i�
. �28�

The imaginary part at T=0 and positive frequencies
reads:

Im �0�q,��

=
1

4�
k
	
1 −

�k�k+q + �k�k+q

EkEk+q
���� − Ek − Ek+q�� . �29�

Here, f�Ek� denotes the Fermi function and Ek=
�k
2 +�k

2 is
the dispersion of the Cooper pairs in the superconducting
state. As one sees from Eq. �29�, the imaginary part of the
BCS spin susceptibility is zero below the characteristic fre-
quency �c�q�= ��k � + ��k+q�, which is the same for all eight
scattering channels at Q. Moreover, due to the dx2−y2-wave
symmetry of the superconducting gap one finds for the anti-
ferromagnetic wave vector �k+q=−�k. As a result, the
anomalous coherence factor gets enhanced, and Im �0�Q ,��
has a discontinuous jump at this frequency, as shown in Fig.
8. The height of the jump depends on the coherence factor,
which would be equal to 2 if perfect nesting �� =−� �

FIG. 7. Calculated Fermi surface for the for the first few BZs using a
tight-binding energy dispersion from Eq. �12� with t / t=0.4 and optimal
doping. The arrows indicate three different scattering processes as described
in the text.
k+Q k
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were be present. Note that this is in strong contrast to the
conventional superconductors with s-wave symmetry of the
superconducting gap. The latter will show a continuous en-
hancement of Im �0�Q ,�� above the threshold frequency,
but not a discontinuous jump. The jump in d-wave supercon-
ductors is important because simultaneously Re �0�Q ,��
will display a logarithmic singularity at the threshold fre-
quency and, moreover, will be enhanced in comparison to the
normal-state behavior.

RPA corrections. As a next step, within a conventional
RPA, the imaginary part of the spin susceptibility can be
written as:

Im ��Q,�� =
Im �0�Q,��

�1 − Re �0�Q,���2 + U2�Im �0�Q,���2 .

�30�

One can immediately see that for any positive U, a resonance
condition is fulfilled if 1=U Re �0�Q ,��, i.e., there is a pole
in the RPA spin susceptibility which occurs for energies
lower than the threshold. Therefore, a so-called spin exciton
�or spin-density collective mode� forms. With increasing U
the resonance shifts towards lower values of energy and in-
creases its intensity, as is shown in Fig. 9.

The self-consistency effects within the generalized
Eliashberg formalism do not change the picture significantly,

FIG. 8. Frequency dependence of Im �0�Q ,�� at the antiferromagnetic
wave vector q=Q. It reveals a jump because of the d-wave symmetry of the
superconducting gap.

FIG. 9. Numerical results for the resonance peak in the weak-coupling limit
from Ref. 34 for optimal doping. Imaginary part of the RPA spin suscepti-
bility �in units of states/eV� at wave vector Q= �� ,�� for U / t=1, 2, 3, and
4 �from bottom to top�. The resonance frequency was found at �res

=41 meV.
although deeper knowledge of the pairing interaction and its
frequency dependence can be achieved. In Fig. 10 we dem-
onstrate the results for Im �RPA�Q ,�� calculated within the
FLEX approximation. In the superconducting state the reso-
nance peak forms in an manner similar to the weak-coupling
results. However, one has to remember here that the super-
conducting gap ��k ,�� has been obtained in a self-
consistent manner. For example, one notices that the reso-
nance peak evolves very fast below Tc, which agrees well
with experimental data. The underlying reason is that within
the Eliashberg theory the superconducting gap increases rap-
idly below Tc and stabilizes the superconducting phase. Fur-
thermore, a self-consistent scheme also allows one to analyze
the behavior of the resonance peak position with doping. In
Fig. 11 we show the doping dependence of resonance peak
position for various doping concentrations. One finds that
�res�kBTc in the optimally and overdoped region, in good
agreement with experiment. Another interesting fact is a
comparison with the normal state. Note that in the normal
state the spin excitations spectrum within FLEX is character-
ized by a broad maximum at the energies of about �sf

=0.1t at the antiferromagnetic wave vector Q. Therefore, the
spin excitations are paramagnons, i.e., overdamped spin
waves with a characteristic upward dispersion �q2. In the
superconducting state one finds that the paramagnon feature
disappears, and the whole spectrum will be dominated by the

FIG. 10. Imaginary part of the RPA spin susceptibility at Q= �� ,�� calcu-
lated within the FLEX approximation, taken from Ref. 34 for optimal dop-
ing. For the normal state one gets �sf =0.1t and in the superconducting state
�res=0.15t. Assuming t=250 meV, one finds that �res=41 meV.

FIG. 11. Calculated results taken from Ref. 34 for the resonance frequency
�res versus doping. In the overdoped regime one finds a constant ratio of
� /T .
res c
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dependence of the superconducting gap as a function of q on
the Fermi surface. We will analyze this further by discussing
the dispersion of the resonant excitations.

Dispersion of the resonance excitations. In the supercon-
ducting state away from �� ,�� the degeneracy in
Im �0�Qi ,�� is lifted. In particular one has three critical fre-
quencies, �c

�i��q� �i=1,2 ,3�. �c
�1��q� is associated with direct

processes, �c
�2��q� with umklapp processes q− �2� ,0� and

q− �0,2��, and �c
�3��q� with an umklapp process q

− �2� ,2��. For all of these processes the gap is still changing
sign, and therefore Im �0�Qi ,�� demonstrates three discon-
tinuous jumps, as illustrated in Fig. 12, and Re �0�Qi ,��
yields a logarithmic singularity.

However, Im �0�Qi ,�� is still zero only below the low-
est jump, and therefore the true resonance is only possible
below the lowest jump, which in this case describes the di-
rect scattering. On approaching Q0= �0.8,0.8�� the jump due
to the direct scattering approaches zero, because the states
close the diagonal of the BZ are connected. The supercon-
ducting gap is zero there, and thus Im �0�Qi ,�� is gapless
there �see Fig. 12c�. Therefore, away from �� ,�� the reso-
nance will disperse downwards, following the momentum
dependence of the superconducting gap at the Fermi surface.
Due to the nodes of the superconducting gap, the downward
dispersion should be completely eliminated for momenta
close to Q0= �0.8,0.8��, which explains the formation of the
silent bands in the experiments. However, for smaller mo-
menta q�Q0 the nodal points cannot be connected, and a
direct gap opens for the excitations into the p–h continuum.
This gap is not related to the superconducting gap and is
determined by �c

d�q��vF�q−Q0�. Due to the large Fermi
velocity along the diagonal of the BZ the direct gap rapidly
reaches the position of the second jump in Im �0�Qi ,��,
which occurs due to umklapp processes. As a result, the
damping is removed and a true pole in Eq. �32� is again
possible, yielding a new resonance formation separated from
the original resonance excitations by the silent band. This is
clearly visible from Fig. 13, where we present our results for
Im �0�Qi ,�� within the RPA. It is perhaps interesting to note
that away from Q0 the second “umklapp” resonance is again
possible due to the fact that a coincidence of the both the
direct gap and a second jump is required in order to see the

FIG. 12. Schematic behavior of Im �0�Qi ,�� and within the RPA,
Im ��Qi ,��, for various momenta q=��� ,��.
resonance. Furthermore, both modes are well separated in
energy and momentum. We would like to stress that within a
spin exciton and Fermi liquid-like scenario for the resonance
peak for a given momentum only one single real pole is
possible. Moreover, the intensity of the umklapp resonance is
about 5 times smaller that the original resonance at �� ,��,
which is due to the fact that the new resonance excitations lie
closer to the continuum than the original resonance at wave
vector Q. Furthermore, the dispersion of the umklapp reso-
nance is nearly vertical and disappears upon reaching the
continuum. The origin of such a steep dispersion is governed
by the Fermi velocity along the nodal direction.

Another interesting fact which further separates the two
resonance excitations is their intensity patterns in momentum
space for fixed frequencies. In Fig. 14 we show the intensity
pattern for the �=30 meV ����res�Q�� and �=57 meV
����res�Q��. While for the original resonant excitations
�so-called Q-mode in notation of Ref. 35� the maxima are
certainly along the bond directions, for the novel mode �so-
called Q*-excitations� are along the diagonal of the BZ. The
rotation of the maxima reflects the qualitative difference in
the origin of the two modes. In the first case the electrons
which scatter along the bonds are located farther away from
the nodes than those which scatter along the diagonal. Thus,
the intensity of the resonance is stronger for the bond direc-
tion. In contrast, the resonance arises due to a rapid opening
of the direct gap in the p–h continuum and its coincidence
with the discontinuous jump due to umklapp scattering. The
latter is only possible along the diagonal of the BZ. In Ref.

FIG. 13. RPA results for magnetic excitations in a dx2−y2-wave supercon-
ductor. Im ��q ,�� is obtained from Eq. �36� as a function of momentum
�along the diagonal q=��� ,��� and frequency in the superconducting state,
taken from Ref. 35. The arrows indicate the positions of the resonance
modes.

FIG. 14. Intensity patterns of the resonance excitations for �=30 meV �a�
and �=57 meV �b� taken from Ref. 35.
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35 it was also found that the intensity pattern for the “up-
ward” dispersion of the resonance remains always along the
diagonal direction. However, the situation may change if for
some reason the structure of the p–h continuum modifies in a
certain way. In particular, it may happen that for some spe-
cific band structure parameters the border of the p–h con-
tinuum along the bonds lies higher than the diagonal direc-
tion. Then, the resonance excitations for the Q*-mode will
also be along the bond directions. However, this occurs only
very close to the border of the p–h continuum.

Influence of orthorhombic distortions. An interesting
question is, what will happen to the resonant excitations in
the presence of orthorhombic distortions? This is, in particu-
lar, intriguing due to the recent INS experiments on un-
twinned YBCO.20 Within a Fermi-liquid description the in-
fluence of the orthorhombic distortion can be taken into
account via the modification of the tight-binding parameters
of the model and an additional s-wave contribution to the
superconducting gap. Most importantly, for the hopping
along the bond directions one has to take tx� ty. In YBCO
one finds due to the presence of the underlying CuO-chains
that the lattice constant b�a. Naively, one would expect that
the hopping matrix element should be smaller along the
chains than perpendicular to them. This will be the case for
the pure two-dimensional model. However, in reality the
plane states are hybridized with the chain states. The latter
are metallic and thus enhance the conductivity along the
chain direction in the CuO2 plane. This assumption is further
supported by experimental data.36 Therefore, in order to
model correctly the tight-binding parameters in the two-
dimensional model Hamiltonian one has to assume ta� tb.
This will produce the main effect in the calculations. Since
the resonance excitations are sensitive to the topology of the
Fermi surface, its change will affect the intensity of the
peaks along the bond direction, as shown in Fig. 15. In par-
ticular, due to the change of the hopping parameter, the
Fermi surface around �±� ,0� points will shift away from and
�0, ±�� shrink towards these points, leading in the extreme
case even towards closing of the Fermi surface around these
points. However, this need not necessarily take place. The
important result, however, is that due to the change of the
topology of the Fermi surface, the phase space along x and

FIG. 15. Illustration of the possible drastic changes of the Fermi surface due
to various parameters of the orthorhombicity, �0 �ta= t�1−�0� , tb= t�1+�0��
as adopted from Ref. 37. The arrows show the change of the phase space for
the bond scattering.
 along the y direction is changing. In addition, the supercon-

ducting gap will not be pure d-wave, and an inclusion of a
small admixture of the s-wave component is required.

In Fig. 16 we show the results for the RPA spin suscep-
tibility as a function of momentum for a constant energy of
35 meV. On can see that inclusion of the orthorhombic dis-
tortions results in the suppression of two peaks along the y
axis. This is a direct consequence of the reduction of the
phase space illustrated in Fig. 15. Note this agrees well with
the available experimental data.20

Comparison with experiment. Finally we would like to
note that surprisingly a simple Fermi liquid approach works
rather well in explaining many features of the spin excita-
tions in the superconducting state, like the formation of the
resonance peak at the antiferromagnetic wave vector Q
= �� ,�� and its peculiar dispersion including silent bands
observed away from �� ,��. At the same time one should
note certain difficulties. In particular, within the spin exciton
scenario of the resonance peak there is always only one
single pole at a given momentum as a function of frequency
which yields a resonance peak formation. Therefore, the
resonance dispersion does not form the so-called X-shape
which is often claimed to be observed in experiment.17 This
question has to be further clarified experimentally and theo-
retically. Another problem concerns the behavior of the reso-
nant excitations in the pseudogap region of underdoped cu-
prates. There the spin excitations develop well above Tc and
exhibit slight renormalization in the superconducting state.
Moreover, there is a surprising similarity of the spin excita-
tions in the superconducting cuprates17–19 and their nonsu-
perconducting “striped” counterpart38 indicating a certain
crossover between the two systems. These aspects cannot be
covered within the Fermi-liquid-type theory developed here
and is a subject of future studies.

B. Elementary excitations

For understanding the high-Tc cuprates their low-energy
excitations are of central significance. Thus we start the dis-
cussion of theoretical results by analyzing the spectral den-
sity in the normal state and compare it with available experi-
mental data on ARPES that study in detail the spectral
density and in particular the renormalized energy dispersion.
On general grounds one expects that antiferromagnetic spin
fluctuations exist relatively close to the Fermi energy. There-
fore, if one goes below the Fermi level the quasiparticles

FIG. 16. Calculated normalized two-dimensional intensity plot of
Im �RPA�q ,�� for constant energy of 35 meV taken from Ref. 37, �a� with-
out and �b� with inclusion of orthorhombicity ��0=−0.03�. Note that two of
the four incommensurate peaks are suppressed.
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below some energy will not feel the effect of the scattering
and will behave more like in a conventional Fermi-liquid
picture. A similar effect is expected for electron–phonon in-
teraction, but the behavior of the self-energy in the case
phonons and spin fluctuations qualitatively differ from each
other. This may help to see that the main effects arises from
spin fluctuations.

In Fig. 17 we show results of Ref. 39 for the frequency
dependence of the spectral density for different momenta
along the �0,0�→ �� ,0� and �0,0�→ �� ,�� directions using
the parameters for hole-doped cuprates and calculated as de-
scribed in the previous Section. The curves in Fig. 17 are
analogous to the so-called EDC curves measured in the ex-
periment. One clearly sees that both the width of the curves
�which is proportional to Im 
�k ,��� and position of the
maximum �which represents a renormalized dispersion� are
changing approximately at 65±15 meV. Moreover, one
could also notice that the changes along �0,0�→ �� ,0� are
more pronounced, reflecting stronger nesting of the Fermi
surface in this direction. Remarkably this is also the case in
the experiment, as one sees in Fig. 6. In order to see the
“kink” structure in the dispersion we show in Fig. 18 the
positions of the peaks shown in Fig. 17 as a function of �k
−k f� for different temperatures above and below Tc. The
slopes of all curves change at 65±15 meV, reflecting the
changes in the self-energy, and, most importantly, depend
weakly on temperature. These results are also in good agree-
ment with experimental data; however, note that experimen-
tally the kink feature is more often and more easily extracted
from the MDC curves.

However, this difference relates mainly just to the tech-
nical aspects in the experiment, since it is much easier to
analyze the intensity of MDC Lorentzian curves than the
EDC ones; the resulting dispersion should not differ in the
two cases. In the superconducting state only small changes in
the dispersion are obtained �see inset�, which is also in agree-
ment with experiment.41 It is remarkable that for electron-
doped superconductors with a different dispersion we get no
kink feature up to frequencies about 100 meV. The reason
behind this is that the spin fluctuation spectrum in electron-
doped cuprates has no pronounced structure at low frequen-
cies and a lower density of states.

FIG. 17. Calculated spectral density from Ref. 39 of the quasiparticles in
hole-doped cuprates at T=100 K along �0,0�→ �� ,0� and �0,0�→ �� ,��
�inset� directions of the first BZ. The dashed line denotes the unrenormalized
chemical potential. In both directions at energies of approximately
65±15 meV a kink occurs, since the velocity of quasiparticles changes.
One of the main experimental results is that the kink
feature is more pronounced along the �0,0�→ �� ,0� direc-
tion, i.e., the change of the slope in the dispersion is larger
than along the �0,0�→ �� ,�� direction.25,26 However, the
position is almost the same in all directions of the Brillouin
zone. In the case of scattering of quasiparticles on antiferro-
magnetic spin fluctuations one expects this behavior due to
the pronounced nesting properties of the Fermi surface
around �±� ,0� points of the Brillouin zone. Thus, the
changes of the self-energy and correspondingly in the quasi-
particle damping will be stronger there. In order to see this in
more detail we show in Fig. 19 the evolution of � Im Z�k ,��
versus frequency for different doping and temperatures at
different points of the BZ calculated within the FLEX ap-
proximation in the normal and superconducting states. Note
the strong anisotropy for �→0 for optimal doping between
the nodal point �0.41� ,0.41�� and the so-called antinodal
point �0.15� ,�� of the BZ. In particular, in the normal state
the behavior of the quasiparticle damping is linear at the
antinodal point and more quadratic Fermi-liquid like at the
nodal direction. This further enhances with decreasing tem-
perature. Therefore, the kink should be more pronounced
along the �0,0�→ �� ,0� direction. Moreover, the important
change happens in the superconducting state. While along
the nodal direction the effect of superconductivity is rela-
tively weak, the change at the antinodal point is more pro-
nounced. Therefore, an additional structure is expected in the
dispersion along the �0,0�→ �� ,0� direction of the BZ,
which was found recently.25 This further confirms that the
kink results from spin fluctuations. Other important changes
occurs if one goes towards overdoped compounds, as we
show in Fig. 19b. In this case the anisotropy between nodal
and antinodal direction almost disappears. Therefore, the
kink feature will be the same for the overdoped regime. This
can be further studied in ARPES experiments. As compared
to the overdoped case, in the underdoped regime the aniso-
tropy of the kink should become more visible and also the
Fermi velocity should change along the Fermi line. More-

FIG. 18. Positions of the peaks in the spectral density A�k ,�� versus �k
−k f� �energy dispersion� along the �0,0�→ �� ,0� direction of the BZ, cal-
culated in Ref. 39 for optimally hole-doped cuprates. Inset: change in the
peak positions of A�k ,�� in the superconducting state. Note that in under-
doped cuprates the kink feature shifts to lower frequencies due to decreasing
of �sf. In the overdoped regime the kink feature should become less pro-
nounced and isotropic in different directions of the BZ.
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over, due to the close proximity to antiferromagnetism one
expects a shift of the kink position towards lower values, as
was observed in experiment.25,26

As we have already mentioned, a very naive explanation
for the kink feature is that the quasiparticles below the Fermi
level will not experience scattering on spin fluctuations. In
other words the antiferromagnetic wave vector Qpair will not
connect these holes on different Fermi arcs with each other.
Then, these holes will behave in according to the standard
Fermi-liquid theory. There is a wide discussion of whether or
not layered cuprate superconductors behave like conven-
tional Fermi liquids. Earlier experiments reveal non-Fermi-
liquid properties, in particular a linear resistivity ��T� for
optimal doping, poorly defined quasiparticle peaks above the
superconducting transition temperature Tc, and a strong tem-
perature dependence of the uniform spin susceptibility ob-
served by nuclear magnetic resonance.42 Originally, the phe-
nomenological concepts of marginal Fermi liquid �MFL� and
nested Fermi liquid �NFL� were introduced in order to ex-
plain the deviations in the normal state from the Fermi-liquid
theory.43,44 Our results shed more light on this question. In
agreement with the picture of Ruvalds and co-workers we
obtain the � and T dependence of the self-energy mainly due
to scattering of the quasiparticles on spin fluctuations, which
is strongest for a nested Fermi topology. In order to investi-
gate the effect of the self-energy 
�k ,�� on the dispersion
� we show in Fig. 20 results for Im 
�k ,�� at the wave

FIG. 19. Comparison of the quasiparticle damping �=� Im Z�k ,�� in the
normal state for �a� optimal doping �x=0.15� and �b� the overdoped case
�x=0.22� taken from Ref. 40. The solid curves are calculated at T=2Tc and
the dashed curves refer to T=1.05Tc. The upper curves correspond to the
antinodal wave vector ka= �0.15� ,��, whereas the lower curves correspond
to the nodal one kn= �0.41� ,0.41�� both on the Fermi line. For comparison,
we also show in �a� results for the superconducting state �T=0.75Tc, dashed-
dotted curve�. Note that for both doping concentrations a linear behavior for
larger frequencies and a vanishing anisotropy for �→0 in the overdoped
case.
k n
vector along the nodal line as in the previous paragraph. In
the normal state one clearly sees the transition from

��k ,����2 to 
��k ,���� for low-lying frequencies for
various temperatures. The deviation from Landau’s theory
results in our picture from strong scattering of the quasipar-
ticles on the spin fluctuations and is expected to disappear at
temperatures T→0, see inset of Fig. 20. In particular, the
changes in the velocity of quasiparticles are determined in
EDC as uF

* =uF / �1+d
k� /d�� versus frequency. At frequen-
cies around 65 meV, the real part of 
�k ,�� shows a flat-
tening, as can be seen via a Kramers–Kronig analysis of
Im 
�k ,��. Therefore, at this frequency the effect of the
scattering on spin fluctuations starts to reduce. Then, a more
Fermi-liquid-like behavior can be found.

In Fig. 21 we also demonstrate the feedback of super-
conductivity on 
�k ,��. We expect that it should be stron-

FIG. 20. Calculated frequency dependence of the quasiparticle self-energy
at the nodal point kn= �0.41� ,0.41�� in the first BZ taken from Ref. 39 for
optimally hole-doped cuprates. The solid curves correspond to the normal
state at T=2Tc, whereas the dashed curves to the superconducting state at
T=0.5Tc. In the normal state one clearly sees approximately at 65 meV a
crossover from Fermi liquid behavior �
��k ,����2� to a non-Fermi-liquid
behavior �
��k ,����� for low-energy frequencies as a function of tem-
perature. We show in the inset the behavior of 
�kn ,�� calculated at very
low temperatures without superconductivity �T�0.9 K, dashed curve�. Note
that the behavior of the self-energy will become more Fermi-liquid-like in
the overdoped regime, and thus the kink feature will be less pronounced.

FIG. 21. Calculated frequency dependence of the quasiparticle self-energy
at the anti-nodal point ka= �0.15� ,�� in the first BZ taken from Ref. 41 for
optimally hole-doped cuprates. The solid curve correspond to the normal
state at T=2Tc, whereas the dashed curves correspond to the superconduct-
ing state at T=0.5Tc. Inset: the corresponding superconducting gap function
��k ,�� versus frequency.
a
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gest for the antinodal direction of the BZ, where the super-
conducting gap is maximal. Note that the superconducting
gap ��k ,�� induces changes in the self-energy. Therefore,
the superconductivity will induce an extra structure in the
kink feature �a so-called s-shape� which should be further
verified in the experiment.

To summarize this subsection we have calculated the
pronounced momentum and frequency dependence of the
quasiparticle self-energy for various doping concentrations in
hole-doped cuprates and find that this results in a kink fea-
ture in the renormalized energy dispersion which agrees well
with recent ARPES experiments. The origin of this is the
coupling of the quasiparticles to spin fluctuations that seems
to be the case for cuprates. Another reason for the kink struc-
ture is a change in the frequency dependence of the self-
energy from non-Fermi-liquid to Fermi-liquid-like. Due to a
different spectrum of the spin fluctuations and lower density
of states the electron-doped cuprates do not exhibit a kink
feature.

IV. CONCLUSIONS

In our short review we have covered some important
aspects of the doping dependence of many physical proper-
ties of cuprates based on a Fermi-liquid-like approach. In
particular, we have shown that the spin-fluctuation mecha-
nism of superconductivity on the basis of a microscopic
Eliashberg approach supports the idea that the symmetry of
the superconducting order parameter is of the dx2−y2-wave
type. It has been found that the renormalization of the qua-
siparticle spectrum caused by the scattering on spin fluctua-
tions results in the so-called kink feature seen in ARPES.
Moreover, the spin fluctuations will result in a strong aniso-
tropy of the renormalization at different parts of the BZ and
thus will lead to a strong anisotropy of the kink feature,
which has to be further studied in experimentally and theo-
retically. Another important result is that the non-Fermi-
liquid behavior observed in the experiment that led to the
suggestion of marginal Fermi-liquid approach can be suc-
cessfully explained on the basis of a microscopic theory that
takes into account the strong scattering of quasiparticles on
spin fluctuations.

Another important achievement of the microscopic
Eliashberg approach is that the spin excitation spectrum
renormalizes below Tc due to the occurrence of superconduc-
tivity with a d-wave order parameter and yields the reso-
nance peak. Furthermore, the topology of the Fermi surface
and the momentum dependence of the superconducting gap
explains the peculiar dispersion of the resonance peak ob-
served experimentally. The spin-fluctuation scenario can also
explain many of the properties of cuprates in the underdoped
and overdoped cases due to the nearness to an antiferromag-
netic instability. In the overdoped regime the behavior of
cuprates seems to be more Fermi-liquid-like, since the influ-
ence of antiferromagnetic fluctuations becomes less impor-
tant and all features will mainly depend on the superconduct-
ing gap. Finally, the most important achievement in recent
years has been the understanding of the asymmetry of the
phase diagram between hole- and electron-doped cuprates.
We would like to note that the results of the FLEX approxi-
mation agree to a large extent with the spin-fermion model.45
On the other hand, one has to mention that the whole
problem of high-Tc superconductivity is far from being re-
solved. This concerns, for example, the nature of the
pseudogap observed in underdoped cuprates. We have not
discussed this problem in this review, since despite the sev-
eral scenarios which exist at the moment, none of them is
well accepted. In this connection, one of the main theoretical
problems that remain to be understood is the calculation of
the dynamic spin susceptibility near half-filling and the in-
clusion of the �localized� short-range antiferromagnetic cor-
relations. Even though the concept of Cooper pairing due to
spin fluctuations seems to be in order for describing the
physics of cuprates, many further efforts are needed in order
to provide a complete picture of high-Tc superconductivity
and its phase diagram.
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