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Abstract

A direct link between the topological complexity of ferromagnetic media and their dynamics has recently been established
through the construction of unambiguous conservation laws as moments of a topological vorticity. In the present paper we
carry out this program under completely realistic conditions, with due account of the long-range magnetostatic field and related
boundary effects. In particular, we derive unambiguous expressions for the linear and angular momentum in a ferromagnetic
film which are then used to study the dynamics of magnetic bubbles under the influence of an applied magnetic-field gradient.
The semi-empirical golden rule of bubble dynamics is verified in its gross features but not in its finer details. A byproduct
of our analysis is a set of virial theorems generalizing Derrick’s scaling relation as well as a detailed recalculation of the

fundamental magnetic bubble.

1. Introduction

Magnetic bubbles have been known to exhibit some
distinct dynamical features due to their nontrivial topo-
logical structure. The inherent link between topology
and dynamics was already apparent in the early work
of Thiele [1] as well as in many investigations that
followed [2,3]. The essence of the early work is best
summarized by the experimentally observed skew de-
flection of magnetic bubbles under the influence of an
applied magnetic-field gradient. The so-called golden
rule of bubble dynamics relates the deflection angle 8
to the winding number Q by
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where g is the strength of the applied field gradient, r
is the bubble radius and V its speed. This relation is

siné = Q, (1.1)
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remarkable in two respects. First, it suggests that only
topologically trivial (Q = 0) bubbles move in the di-
rection of the gradient (§ = 0), even though such a
behavior would naively be expected for all magnetic
bubbles; in fact, bubbles with a nonvanishing winding
number (Q = %1, £2, ...) tend to the be deflected in
a direction nearly prependicular (§ ~ 90°) to the ap-
plied gradient. Second, Eq. (1.1) implies some sort of
a topological quantization in that it relates the integer-
valued winding number to experimentally measured
quantities that can, in principle, assume any values.
Although the golden rule has been employed with
considerable success in the analysis of actual exper-
iments, especially for hard (J@| > 1) bubbles, it is
still a semi-empirical relation whose precise mean-
ing and domain of validity must be specified. For
instance, the meaning of the various gquantities enter-
ing Eq. (1.1) needs to be explained because magnetic
bubbles are extended structures rather than point-like
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particles. Furthermore the usual derivations of (1.1)
are based on the assumption that the bubble reaches a
steady state, in the presence of dissipation, in which
the deflection angle &, the radius r and the speed V
approach constant values. But such an assumption was
never justified and is actually incorrect. In practice,
experiments are analyzed by applying Eq. (1.1) with
average values for the deflection angle and the speed
and by assuming that the radius does not change sig-
nificantly during the application of the gradient.

In some recent work on this subject [4] the link
between topology and dynamics was made explicit
through the construction of unambiguous conservation
laws as moments of a suitable topological vorticity.
The important qualitative features of bubble dynam-
ics became then apparent. Thus, in the absence of ex-
ternal magnetic-field gradients or other perturbations,
bubbles with a nonvanishing winding number cannot
move freely but are always spontaneously pinned. On
the other hand, in the absence of dissipation, a bubble
would be deflected at a right angle (§ = 90°) with re-
spect to an applied magnetic-field gradient, with a drift
velocity that can be calculated analytically in some
important special cases [4] and is generally consistent
with Eq. (1.1). The emerging picture is analogous to
the Hall motion of an electron as well as to the Mag-
nus effect of fluid dynamics. These analogies further
suggest that the deflection angle should deviate from
90° in the presence of dissipation. However an exact
calculation of the deflection angle, i.e., a derivation of
the golden rule, is no longer possible on the basis of
conservation laws alone.

Therefore the semi-quantitative picture derived
from the conservation laws must be supplemented by
some results from a numerical solution of the under-
lying Landau-Lifshitz equation. Such a solution is
not straightforward under completely realistic con-
ditions; calculation of the long-range magnetostatic
field is always a problem and the finite thickness
of actual magnetic films forces one to work with
a three-dimensional (3D) grid, even though the es-
sential topological structure of magnetic bubbles is
two-dimensional (2D). Hence our numerical efforts
have thus far been restricted to strictly 2D models of
increasing complexity [5,6].

It is the purpose of the present paper to provide a
precise formulation within the quasi-2D geometry of
realistic ferromagnetic films, taking into account the
effects from the film boundaries and the magnetostatic
field. In Section 2 we review some basic facts about the
Landau-Lifshitz equation and introduce convenient
(rationalized) physical units. In Section 3 we discuss
the two ingredients that are important to establish a di-
rect link between the topological complexity of mag-
netic structures and their dynamics, the gyrovector and
the stress tensor. The derivation of unambiguous con-
servation laws is then carried out in Section 4 in the
presence of film boundaries. A byproduct of our study
of conservation laws is a set of virial theorems that
generalize the well-known scaling relation of Derrick
[71, an issue taken up in Section 5. A detailed numer-
ical calculation of the fundamental (Q = 1) bubble
is presented in Section 6 which is consistent with the
virial theorems. The issue of skew deflection in an ap-
plied magnetic-field gradient is studied in Section 7
where we find that the semi-empirical golden rule is
verified in its gross features but not in its details. Our
conclusions are summarized in Section 8 together with
some suggestions for further work.

2. Landau-Lifshitz equation

A ferromagnetic medium is described in terms of
the density of magnetic moment or magnetization M
which is due primarily to the electron spin but may
include contributions also from the orbital motion. In
general, the vector M = (M, M>, M3) is a function
of position and time except that its magnitude is nearly
constant for a wide temperature range sufficiently be-
low the Curie point:

M? = M? + M3 + M3 = M,
(2.1

M=M(x,1),

where x = (x1, x2, x3) is the position vector, ¢ is the
time variable, and the constant M is the saturation
magnetization.

Static as well as dynamical properties of the magne-
tization are governed by the Landau-Lifshitz equation
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o7 +yM x F) Mo( x a;) (2.2)

which describes precession around an effective field

F with the constant y given by

_ elel
2mec’

(2.3)

where ge ~ 2 is the gyromagnetic ratio, e the elec-

tron charge, m. the electron mass, and c the velocity

of light. Eq. (2.2) also includes a phenomenological

(Landau-Gilbert) dissipative term where the dissipa-

tion constant X is dimensionless. This choice of dissi-

pation preserves the magnitude of magnetization.
The effective field F may be written as

F=F.+F,+H,+H. (2.4)

Here F. is the exchange field

Fe=—AM (2.5)
2 bl
i
where A is the exchange stiffness constant and A the
Laplace operator. F, is the anisotropy field

2K
M,
0
where K is a positive constant leading to an easy axis
in the third direction. In ferromagnetic films made out
of bubble materials the easy axis is perpendicular to
the film surface [2]. Hy, is a uniform bias field,

H, = (0,0, Hy), Hy = const, 2.7

applied along the easy axis. Finally H is the magnetic
field produced by the magnetization itself and thus
satisfies the magnetostatic equations

VxH=0, V-B=0 B=H+4nM,

(2.8)

where B is the corresponding magnetic induction.
The use of the magnetostatic instead of the complete
Maxwell equations is justified by the fact that time
variations of magnetic structures of practical interest
are slow.

Numerical values of the various constants intro-
duced above may be found in Ref. [2] for a number of

ferromagnetic materials. However using all these con-
stants within a theoretical development clouds the un-
derlying simplicity of the Landau-Lifshitz equation.
Hence we introduce rationalized physical units as fol-
lows. First, we work with the normalized magnetiza-
tion

m=M/M,, m?=1. (2.9)

Second, we measure distance, time and magnetic field
(induction) in units of

A 1
) , and 47 My,
V2rME 4y Mo ’

respectively. We further define the dimensionless
anisotropy constant

(2.10)

K

K = ———, 2.11
ZJTM(% ( )

which is usually referred to as the quality factor. Fi-
nally, we introduce new sympols for dimensionless
magnetic fields such as & = H /4m My, but maintain
the same symbols x and ¢ for the rationalized space
and time variables.

The Landau-Lifshitz equation is then written as

2

m+mxf)=ilmxm), m°-=1, (2.12)

where the dot denotes differentiation with respect to
time, a convention that will be adopted from now on.
The effective field f is given by

f=A4am—«(my,mz,0)+hy +h, (2.13)

where hy, = (0, 0, hp) is the bias field and A satisfies
the magnetostatic equations

V xh =0, V.b=0, b=h+m. (2.14)

The only free parameters are now the quality factor «,
the dissipation constant A, and the bias field hy. One
should add that Eq. (2.12) differs from the Landau—
Lifshitz equation studied in our earlier work [4] by the
overall replacement n — —m that originates in a sign
difference between magnetization and spin introdaced
by the negative electron charge and is only a matter of
convention. The resulting sign differences at various
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stages of the calculation will be incorporated without
further notice.

The remainder of this section is devoted to a dis-
cussion of the hamiltonian structure associated with
the Landau-Lifshitz equation at vanishing dissipation
(A = 0). Then we write

m+mxf)=0 m?=1, (2.15)

where the effective field f is still given by Eq. (2.13)
and may be expressed entirely in terms of the magne-
tization once the magnetostatic field A is determined
by solving the linear system (2.14). Now a conserved
energy functional W = W(m) exists such that the ef-
fective field is obtained through the general relation

=5 (2.16)

where the symbol & denotes the usual functional
derivative. Eq. (2.16) together with Eq. (2.15) im-
ply that the functional W is indeed conserved, and
that (2.15) is the Hamilton equation associated with
the hamiltonian W endowed with the Poisson bracket
relations

{mi(x), mj(x")} = e;jxmp(x)8(x — x'), (2.17)

which are reminiscent of the spin commutation rela-
tions. Here &;j; is the 3D antisymmetric tensor and
the usual summation convention for repeated indices
is invoked.

In order to display the explicit form of the energy
functional we write

W =W, + W, + W, + Wy, (2.18)

where the four terms correspond to the exchange,
anisotropy, bias, and mangetostatic field. The more or
less obvious choice of the exchange energy,

W, =/wedV, we = §(3im - ;m), (2.19)

where w, is the corresponding energy density, requires
some qualification in the presence of boundaries. Con-
sider the functional variation

awe=f(aiam - dim)dV

= f(Sm -oim) dS; — /(Sm -Am)dV, (2.20)

where the surface-element vector dS = (dS;, dS,,
dS3) is perpendicular to the boundaries of the ferro-
magnetic medium. Eq. (2.20) would yield the desired
relation

SWe

F.=—
N ém

= Am (2.21)

if the surface integral were absent; that is, if the gradi-
ent of the magnetization along the normal to the sur-
face vanished. We write symbolically

(?—m =0, (2.22)
dn
which will be viewed as a boundary condition to be im-
posed at the free boundaries of the medium, in addition
to the familiar boundary conditions of magnetostatics.
This “unpinned” boundary condition was previously
employed in the study of ferromagnetic films [2] and
will play an important role in the following.

On the other hand, the usual bulk expressions for
the anisotropy and bias (Zeeman) energies,

W, = /wadV, w, = %K(m% —}—m%),
(2.23)
Wy = /wbdva wp = hp(l —m3),

are free of boundary ambiguities and obviously yield
the corresponding contributions to the effective field
through the general relation (2.16). Note that in the
Zeeman energy we have subtracted the (trivial) con-
tribution from the state

my = (0,0,1), (2.24)

which describes a fully saturated ferromagnet and will
thus be referred to as the ground state. Configuration
(2.24) is the simplest example of a static solution of
the Landau-Lifshitz equation.

Boundary effects are also important in the definition
of the magnetostatic energy and will be described here
in some detail. We begin with the reasonable ansatz

1
Wy = 5 / h2av, (2.25)

where it is understood that the integral extends over
all volume, inside and outside the material, and that
the field & is expressed in terms of the magnetiza-
tion through Eqgs. (2.14). However, in order to justify



S. Komineas, N. Papanicolaou/ Physica D 99 (1996) 81-107 85

Region 1II
..... d
...... x=35
X [
Region I X, d
X, l
..... d
...... X3 =%
Region III

Fig. 1. Conventions concerning a ferromagnetic film of thickness
d. The film extends to infinity in the x| and x; directions.

that (2.25) is an appropriate choice of the magneto-
static energy within the context of the Landau-Lifshitz
equation, one must show that

W

h = .
ém

(2.26)

Such a demonstration is not completely straightfor-
ward because of the implicit dependence of & on the
magnetization.

To make this dependence explicit we introduce a

scalar potential ¢ from
h=-Vvy, Ay =(V - -m), (2.27)

and solve the Poisson equation to obtain

1/j(x)zll;?gm(x)- ds 3 (V-m)(x)dv,:l,
4

P —x’| x —x'|

(2.28)

where the surface integral extends over the boundaries
of the ferromagnetic medium, if any, and the volume
integral over the bulk of the medium. Applying a care-
ful partial integration yields the equivalent relation

1 [ (x—x)-mx)  _,

Yx)=— | ——————dV’,

4 lx —x'|3 (2.29)

whose advantage is that it contains no derivatives of
the magnetization and is valid irrespectively of the
presence of boundaries.

As an elementary illustration we consider a fer-
romagnetic film of thickness d (see Fig. 1) and as-
sume that the magnetization is equal to its ground-state
value (2.24) inside the film (region I) and vanishes
outside (regions II and III). An explicit calculation of
the integral in Eq. (2.29) then yields

%d. X3 > %d
¥=1x, —3d<x3<3d, (2.30)
—-%d, x3 < —%d.

Therefore the magnetic field is givenby h = -V =
—my inside the film and vanishes outside. The mag-
netic induction b = h + mg vanishes everywhere.
We now return to the magnetostatic energy (2.25)
and replace k2 by —h - (V). An application of the
divergence theorem and Egs. (2.14) then gives

Wm:%[fw(m- dS)—/w(V-m)dv],
(2.31)

where we have also used the fact that i is continuous
across the boundary and that the difference between
the normal components of the magnetic field on the
two sides of the boundary is equal to the normal com-
ponent of the magnetization. A further partial integra-
tion transforms (2.31) into

Wp = —% /(h -m)dV, (2.32)
which shares with Eq. (2.29) the property that it 1s
valid whether or not boundaries are present. Hence,
using this form of the magnetostatic energy and a
magnetic field calculated from Eq. (2.29), the basic
relation (2.26) is established by straightforward ma-
nipulations.

We complete the discussion of the canonical struc-
ture noting that the Landau-Lifshitz equation is ac-
tually a constrained hamiltonian system. Nevertheless
one may resolve the constraint m*> = 1 explicitly us-
ing, for example, the spherical parametrization

m| =sin® cos D,

my=sin@sin®, m3=cos®. (2.33)

The energy functional is then parametrized in terms of
the two independent fields & and @ and the general
form of the Landau-Lifshitz equation reads

) W . W
in@e = ——, ineOP = —, 2.34
sin 7 sin 30 ( )
which suggests that the pair of fields
IT=cos® and @ (2.35)
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is a canonical pair:

W . W

=55 =30
However most of the special dynamical features of
the ferromagnetic continuum emerge exactly when the
definition of the canonical variables (2.35) encounters
ambiguities due to a possibly nontrivial topological
structure of the magnetization.

Finally we return briefly to the issue of dissipation
and rewrite Eq. (2.12) in the equivalent form

(2.36)

m+(mx@G) =0, m2=1,
G =X7f +22(m x f), (2.37)
1 A

A2

M= A=
R T A WY

We then examine the rate at which the energy changes
in the presence of dissipation:

W=f (5—W m) dv
ém
. / L2~ (m-f)21dV, (2.38)

Because m is a unit vector the integrand in the last
step of Eq. (2.38) is positive definite and the energy
decreases when the dissipation constant A is positive.

3. Gyrovector and the stress tensor

The key quantity for the description of both topo-
logical and dynamical properties of the magnetization
is the gyrovector or vorticity v = (y1, y2, ¥3) whose
cartesian components are given by

Vi = —%€ijk(3jm X 3]Jﬂ) -m. (31)

The former terminology was introduced in the early
work [1] but the latter seems more appropriate in
view of the significant formal analogy of the vector
~ with ordinary vorticity in fluid dynamics. Never-
theless one should stress that ~ is not related to ac-
tual rotational motion in the ferromagnetic continuum
but rather to the topological complexity of the mag-
netization. For the moment, we are concerned with
instantaneous properties of the unit vector field m =

m(x) at some instant ¢ that is not displayed explicitly.
Questions of dynamics will be addressed later in this
section.

An immediate consequence of the definition (3.1)
and the constraint m? = 1 is that the vorticity field is
solenoidal,

V. =0, (3.2)

and hence the corresponding vortex lines cannot ter-
minate but at the boundaries of the ferromagnetic
medium. The precise nature of vortex lines is revealed
by expressing the vorticity in terms of the canonical
variables (2.35),

~=VIx Vo, (3.3)

arelation that suggests an analogy of /T and @ with the
Clebsch potentials of fluid dynamics [8]. It also estab-
lishes that vortex lines are defined as the intersections
of the two surfaces IT(x) = ¢ and @ (x) = ¢ where
¢1 and ¢, are arbitrary constants. In other words, vor-
tex lines are the curves along which the magnetization
vector m remains constant.

Such a simple definition of vortex lines allows a
transparent topological classification of the possi-
ble distributions of magnetization. We shall consider
the physically interesting class of configurations
m = m(x) that are differentiable functions of position
and approach the ground state of the ferromagnet at
spatial infinity:

m(x)lT—> mo = (0,0, 1). (3.4)

In the absence of boundaries the medium extends to
infinity in all directions and vortex lines are closed
curves. One may then define a degree of knotted-
ness, or helicity, of tangled vortex lines by analogy
with related work in fluid dynamics [9] and magneto-
hydrodynamics [10]. The current status of the topo-
logical aspects of the above subjects may be traced
from Ref. [11]. In the present context, such a degree is
more appropriately referred to as the Hopf index [12].
In view of the boundary condition (3.4) the 3D space
is isomorphic to the sphere S and a specific config-
uration m = m(x) establishes a map from $3 to $2,
where §? is the 2D sphere defined from the constraint
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m? = 1. Such a map is characterized by the integer-
valued Hopf index defined as follows. Let m(x) = m,
and m(x) = m; be any two vortex lines where m| and
m; are constant unit vectors. The linking number of
these two curves is independent of the specific choice
of the pair of vortex lines and is called the Hopf index
of configuration m(x).

In order to make a first contact with the dynamics
we also quote an analytical definition of the Hopf in-
dex. The solenoidal vorticity is derived from a vector
potential a,

¥=V xa, (3.5)

and the Hopf index is given by

N=_L [(a ) dv. (3.6)
4

Although the vector potential is unique only to within
a gauge transformation, N is gauge invariant and may
be expressed entirely in terms of < by
N= —1—/3 -(x)m x)ydvav’
@)z ijkVi x— x| Yk .
3.7)

The remarkable fact is that the above integral is always
equal to an integer and its explicit values coincide with
those obtained through the linking-number definition
given in the preceding paragraph [13,14].

It would appear that a simpler (local) expression
for the vector potential may be derived from Eq. (3.3)
which suggests that

a=[1V®, (3.8)

provided that /7 and @ are differentiable functions
of position. However inserting (3.3) and (3.8) in (3.6)
would then lead to a vanishing Hopf index. Putting
it differently, the canonical variables I7 and & can-
not be both differentiable for field configurations with
N # 0, even though the magnetization is always as-
sumed to be differentiable. Indeed, explicit examples
worked out in the literature [4,15] demonstrate that the
magnetization reaches the north as well as the south
pole of the sphere m? = 1 along certain (vortex) lines
where the angular variable ¢ becomes multivalued

when N # 0. While these difficulties are largely irrel-
evant, because of the gauge-invariant definition (3.7),
they already provide an important hint concerning dy-
namics. Note that the vector potential (3.8) coincides
with the familiar expression for the momentum den-
sity associated with the Hamilton equations (2.36). We
thus conclude that the difficulties discussed in conec-
tion with Eq. (3.8) render ambiguous also the usual
linear momentum.

We defer for the moment further discussion of dy-
namics and return to the question of topological clas-
sification in the presence of boundaries. Specifically
we consider the film geometry of Fig. 1 where vor-
tex lines need not be closed but may terminate at the
boundaries of the film. Hence a definition of a Hopf
index is no longer meaningful. Instead we consider
the flux of vorticity

Q:ifq.ds 3.9
4
N

through any open surface S that is contained within
the film but extends to infinity on all sides. The flux
is independent of the specific choice of a surface with
the above properties, thanks to V -+ = 0 and an
elementary application of the divergence theorem. In
particular, § may be a plane perpendicular to the third
axis,

1
Q= E/)@ dxidxy, —4d <x3 < 4d.  (3.10)

where the double integral is independent of xs3. In fact,
this integral coincides with the Pontryagin index or
winding number [13] of the magnetization and is also
integer-valued (Q = 0, %1, +2,...). Again, when
Q # 0, the canonical variables /T and ¢ cannot be
defined everywhere and the corresponding linear mo-
mentum is ambiguous.

The topological classification described above does
not assume that the configuration m = m(x) solves
the Landau-Lifshitz equation but merely that it obeys
some general physical restrictions such as differen-
tiability and Eq. (3.4). Of course, this classification
would become especially relevant if stationary solu-
tions were found with a nontrivial topology. In this re-
spect, we note that arguments of varying completeness



88 S. Komineas, N. Papanicolaou/Physica D 99 (1996) 81-107

have been presented in the literature for the existence
of magnetic vortex rings with a nonvanishing Hopf
index [4,15] but a definite theoretical treatment and
actual observation are still lacking. Nonetheless mag-
netic bubbles with a wide range of winding num-
bers have been observed in ferromagnetic films [2,3].
Finally, if the magnetization itself is allowed to be non-
differentiable at isolated singular points, one is natu-
rally led to a class of topological defects that are also
characterized by a winding number of the form (3.9)
except that the surface § is closed around a singular
point. Such defects have been observed in the bulk
of the ferromagnetic continuum and are called Bloch
points [2,3].

We now organize the various hints concerning the
connection between topology and dynamics by con-
sidering the time evolution of the vorticity (3.1). An
elementary calculation based on the Landau-Lifshitz
equation at vanishing dissipation, Eq. (2.15), leads to

Vi = —&ijk0i (f - hm) = &, 9; 7, .11

where

W
= —(f - om) = (— . Bkm) (3.12)
dm
is the “generalized force density” that appeared first
in the work of Thiele [1]. We take this calculation one
step farther using the formal argument

W
/dev=/(—-3km> dV =W =0 (3.13)
ém

to conclude that 7x may be written as a total diver-
gence,

T, = 90, (3.14)

where oy; will be called the stress tensor. Eq. (3.11)
then reads

Vi = &ijk0j 010K (3.15)

and proves to be fundamental for our purposes [4].

To complete this line of reasoning we must also
supply an explicit expression for the stress tensor. As
a first step we insert in Eq. (3.12) the effective field f
of Eq. (2.13):

=1+ 0+,
Ty = —(Am - m),
T = k(mdmy + madmy),

o

T, = —hpdgms,
T = —(h - m). (3.16)

We then search for a tensor
oy = o +op + a,?l + oy (3.17)

that must lead to Eq. (3.16) by applying the general
relation (3.14). The first three terms are simply

o5 = Webpy — (O - m),
ko et (3.18)

b
o = Wab, 0y = wpdk,

where we, w, and wy, are the energy densities defined
in Egs. (2.19) and (2.23). The construction of the mag-
netostatic contribution is slightly more involved but
trial and error leads to

o = hby — b8y, (3.19)

where the magnetic induction b = A+m is used mostly
as a notational abbreviation. As usual, it is understood
that the magnetic field in Eq. (3.19) is expressed in
terms of the magnetization through the magnetostatic
equations (2.14). A repeated application of these equa-
tions establishes the desired relation

oy = —(h-m) = 1. (3.20)

A notable feature of the derived stress tensor oy; is
that all but the magnetostatic contributions are sym-
metric under exchange of the indices k and /. The
asymmetry of the last term anticipates the physical
fact that the orbital angular momentum and the to-
tal magnetization are not separately conserved in the
presence of the magnetostatic interaction, as we shall
see shortly. A further interesting property is that the
preceding construction applies whether or not bound-
aries are present, taking into account that the magnetic
induction b is equal to the magnetic field & outside the
ferromagnetic material where the stress tensor reduces
to

ou = off = hxhy — §H8, (3.21)






