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Differential cross sections describing the correlated motion of three electrons in the nuclear Coulomb field
during the complete photofragmentation of a four-body system, the lithium atom, are calculated. Two selection
rules are derived and their operation illustrated. Two features, not present in the corresponding three-body case
are emphasized, namely that the Wannier configuration, in contrast to the three-body photofragmentation of
helium, is allowed. Second, the cross section to access certain spin-momentum configurations of the three
particles is zero for an uncorrelated but finite for a correlated final state.@S1050-2947~97!50406-9#
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The correlated motion of slow electrons moving in t
field of a positive ion is one of the most studied problems
recent years in atomic physics. Such states are produce
the final states in the breakup of collision complexes or f
lowing photon absorption. As such they are prime examp
for the study of the multiple fragmentation of highly excite
systems in general. The simplest examples are the ph
double-ionization of helium@the (g,2e) process# and the
electron-impact ionization of the hydrogen atom@the
(e,2e) process#. These fundamental, fully fragmented thre
body Coulomb systems have been studied not only to as
tain the Wannier-threshold law@1# but also to determine the
multiply differential cross section for emission of the tw

electrons with specified momentakW1 andkW2 @2#.
The corresponding simplest examples in the case of th

continuum electrons are the photo-triple-ionization
lithium @the (g,3e) process# and the electron-impact double
ionization of helium@the (e,3e) process#. Although coinci-
dence experiments exist in the latter case, they are only
high-energy scattered electrons where the dynamics are
sentially those of the (g,2e) process~momentum transfer
tends to zero!. Accordingly, earlier theories@3# of this pro-
cess ignore the correlation of the fast electron motion to
of the other two. In the case of the (g,3e) process, only the
energy dependence of the total cross section near thres
551050-2947/97/55~6!/3979~4!/$10.00
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has been measured and shown@4# to agree with the depen
dence predicted by ‘‘Wannier theory.’’

Here we present theoretical multiply differential cro
sections in which the correlated motion of all three electro
is taken into account. Specifically we consider the compl
four-particle fragmentation of the lithium atom from it
(1s22s 2Se) ground state by the absorption of a single ph
ton. In the final state the electronsj51,2,3 are emitted with
well-defined momentakW j and spin orientation. Furthermore
we generalize some results for the (g,2e) process@5# to es-
tablish selection rules@incidentally, also valid for (e,3e) pro-
cesses# for emission into certain (kW1 ,kW2 ,kW3) combinations.
Although triply excited states of Li have been observed@6#,
attempts to measure three continuum electrons in coi
dence have so far proved fruitless@7#. Nevertheless, recen
technological advances in synchrotron light source brig
ness and the development of techniques such as recoi
spectroscopy@8# give grounds for optimism that the coinc
dence detection of four-particle fragmentation may soon
realized. In this case the selection rules established here
vide a guide to experimenters to avoid configurations wh
the cross section is zero due to symmetry conditions.

For double photoionization, the dominant mode of em
sion near threshold is in the ‘‘back-to-back’’ configuratio
~relative angle between the two electrons isQ125180°), i.e.,
the Wannier mode. Unfortunately, in helium the1Po sym-
metry of the final state implies that emission into this co
R3979 © 1997 The American Physical Society
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figuration is forbidden@9#, so that direct observation of th
Wannier mode is not possible. The analogous mode for th
electrons is when the electrons emerge in plane at rela
anglesQ125Q235Q315120°. Here we show that for triple
photoionization of lithium (2Se→2Po), this Wannier con-
figuration is allowed. Furthermore, the symmetric configu
tion shows a maximum with respect to angular variation
theQ i j around it.

In addition to the above difference between the tw
electron and three-electron photoionization processes the
also an aspect that arises concerning spin. In the photo
ization of helium, only a spin singlet occurs, so that t
continuum state has one electron in the spin-up state and
in the spin-down state. In lithium, however, we have a s
doublet, with one electron having a spin orientation oppo
the other two. As shown below, even when the electrons
emitted symmetrically to the beam and with equal energ
there is a dependence of the cross section on the dispos
of the electron pair with equal spin orientation to the th
electron.

An experiment is visualized in which three electrons a
detected in coincidence and their energies, directions
emission, and spin orientation are measured. For fixed p
ton energy, only the energies of two of the electrons nee
be measured and the cross section is

ds

dV1 dV2 dV3 dE1 dE2
54p2a

k1k2k3
v

uVf i u2, ~1!

where the dipole matrix element is

Vf i5v K C f~kW j ,sj !U ê•(
j
rW jUC i~sj !L . ~2!

The final stateC f specifies the final momentumkW j and spin
statesj ~spin up or down! of each electronj51,2,3. If the
individual spin orientations are not detected, then a suita
average must be performed over the alternative spin sta
The light polarization vector isê ~here we consider linea
polarization only!.

In LS coupling the initial state has quantum numbe
L8S8p8, wherep8 is the parity. The dipole selection rule
then limit the final state to a few values ofLSp. Whether a
given three-electron continuum stateuLSp& contributes to
the measured cross section depends upon whether the
lap matrix element̂kW1s1 ,kW2s2 ,kW3s3uLSp& is zero or not. In
analogy to the expansion of the two-electron wavefunct
into bipolar harmonics@5#, the three-electron wave functio
can be expanded in tripolar harmonics. Using the proper
of these harmonics, we have derived two selection ru
They are both generalizations of selection rules establis
for two electrons~in fact they are valid for any number o
electrons!. The first is the generalization of selection ruleA
of @5#.

Selection rule A:If all electrons are emitted in a plan
perpendicular to theẑ axis of quantization, then theM50
component does not contribute to the cross section fop
odd.
The second is a generalization of selection ruleJ of @10#.
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Selection rule J:If all electrons and the quantization ax
ẑ lie in a plane, then states withM50 andp1L odd do not
contribute to the cross section.

In the case of photoionization theẑ axis will be taken to be
the photon polarization directionê.

The full photofragmentation cross section of lithium h
been evaluated by calculating the nine-dimensional inte
involved in the transition matrix element by direct numeric
integration using a Monte Carlo method that is based on
algorithmVEGAS @11#.

In order to analyze the structure of the cross section, v
ous approximate wave functions have been used. The gro
state has been taken to be the single Slater determinant o
(1s22s)2Se,MS561/2 configuration. The most sophist
cated final-state wavefunction is a 6C wave function, i.e., a
product of six two-body Coulomb wave functions, one f
each of the six two-body interactions between a nucleus
three free electrons,

C6C5exp~ ikW1•rW11 ikW2•rW21 ikW3•rW3!•)
i. j

N~a i j !

31F1„ia i j ,1,2 i ~ki j r i j1kW i j •rW i j !…, ~3!

whereN(a i j ) is a two-body Coulomb normalization facto
anda i j5ZiZjm i j /ki j is the Sommerfeld parameter for pa
i j with reduced massm i j and relative momentumki j . This is
a fully correlated continuum wave function involving all in
terelectronic coordinates and is a direct generalization of
3C wave function used successfully for photo-doub
ionization@12#. A simpler approximation is to use an unco
related wave function obtained by omitting the three norm
ized 1F1 functions in Eq. 3 involving the interelectroni
distances. The wave function is then simply a product
three electron-nucleus Coulomb wave functions. The dir
comparison of photo-triple-ionization cross sections obtain

FIG. 1. Angular distribution of electron 3~with spin up! when
electrons 1 and 2 are fixed at relative angles 120°~a!–~d! and 180°
~e!–~h!. The polarization vector is the vertical axis and the spins
denoted by u~up! and d~down!. Dashed curves are for an unco
related 3C and continuous curves for a correlated 6C final state,
respectively.
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with uncorrelated four-body 3C and correlated four-body
6C wave functions is made below.

The comparison of cross sections with correlated or
correlated wave functions has, however, a deeper sig
cance. It can be shown that in the uncorrelated case a
tional selection rules hold such that certain measu
contributions arise solely from the effect of continuum co
relation. The additional selection rules arise essentially fr
the fact that for a product of single-electron wave functio
the cross section vanishes for certaintwo-electron
(kW1s1 ,kW2s2) configurations, irrespective of the state of t
third electron~i.e., a two-electron selection rule leads to
zero in the three-electron photoionization cross section!.

The two main points of this paper, viz., the operation
selection rules and the cross section in the Wannier confi
ration will be illustrated by sample calculations. The to
fragmentation threshold of lithium is at 203.48 eV. In Fig.
the cross section is shown for three equal-energy 2-eV e
trons and linear photon polarization in theẑ direction. In
Figs. 1~e! and 1~f!, two electrons are held fixed with equ
energies at 180° to each other and with opposite spin.
angular distribution of the third electron is plotted. In acco
dance with selection ruleJ the cross section is zero when a
three electrons lie in a plane perpendicular toê. For the
uncorrelated 3C wave function, the cross section exhibits
symmetric two-lobe pattern. This cos2(Q3) angular pattern is
easily understood, since for uncorrelated electrons the in
(1s22s↑) configuration can only result in (s↑s↓p↑),
(s↑p↓s↑), or (p↑s↓s↑) configurations. The two latter con
figurations would give the first two electrons in a1Po con-
tinuum state, but this probability is zero forkW152kW2 accord-
ing to the two-electron selection ruleC of @5#. Hence only
the (s2 1Se,p 2Po) configuration is allowed, giving a
cos2(Q3) pattern for the third electron. Again, according
the same selection rule, it is clear that the (s2 3Se, p2Po)
configuration is zero; i.e., when the fixed electrons 1 an
have the same spin, the cross section is zero. Already we
that such considerations give an idea of the configuration
which three-electron emission is expected to be favorabl

The most interesting configuration in the threshold reg
is obtained when the two fixed electrons are measured
relative angle of 120°. As the third electron, with equal e
ergy, is scanned through the plane containing the other
the three-electron Wannier configuration is attained when
relative angles are 120°. The observed pattern depends
cially on the orientation of the plane with respect to the l
ear polarization vector. For example, ifê is perpendicular to
the plane, then by selection ruleA the cross section is iden
tically zero since the parity is odd. By contrast, ifê lies in the
plane, selection ruleJ does not operate for the2Po state
(p1L even! considered here and the cross section is fin
In particular, it is finite for the Wannier configuration, i
contrast to helium.

The angular distribution of the third electron, when tw
are held fixed at 120° to theê direction is shown in Figs.
1~a!–1~d!, for the uncorrelated 3C and fully correlated 6C
wave functions. For the uncorrelated wave function@dashed
line in Figs. 1~a!, ~b!, ~e! and~f!# it is readily derived that the
cross section is of the formu(a1b cosQu2, giving in general
a two-lobe structure. The cross sections 1~a! and 1~b! are for
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the two fixed electrons in a singlet state, with electron
having spin up or down, respectively. The results of t
Monte Carlo calculation using the 6C wave function are also
shown, the continuous curve being a smooth fit to the
merical ‘‘data.’’ The error bars indicate the true error in co
vergence with our numerical method. When correlation
switched on, one notes that the strong repulsion due to
other two electrons suppresses the lobe in the lower h
plane in Figs. 1~a! and 1~b! and flattens the lobe in the uppe
half-plane significantly. The explicit inclusion of electro
correlation via terms depending upon the interelectronic d
tances leads also to a different feature, in that the excha
interaction gives a slightly smaller cross section on the s
of the directionê containing the electron with the same sp
orientation as electron 3; that is, there is asymmetry w
respect to mirror reflection about the directionê.

The dependence on electron correlation is even more
matic when the two fixed electrons are in a triplet state, a
Fig. 1~c!. In this case the cross section is identically zero
the uncorrelated wave function, since the independe
electron picture implies applicability of a two-electron sele
tion rule for the two fixed electrons separately. This forbi
the triplet state when two electrons are symmetrically d
posed to theê direction. By contrast the correlated 6C wave
function leads to a finite cross section, although in this c
the exchange symmetry forces a node precisely at the W
nier configuration.

Since we are interested here in angular distributions,
3C and 6C results in Fig. 1 have been normalized to ea
other. In particular, Figs. 1~a!–1~c! are not drawn to scale, in
fact the contribution~c! is roughly two orders of magnitude
lower than ~a! and ~b!, reflecting its origin solely due to
correlation. Hence the spin-averaged cross section show
Fig. 1~d! resembles~a! and ~b!, except of course that the
averaging gives a cross section that is symmetric aboutê.

These major features of the spin dependence of cro
sections calculated with correlated wave functions are als
be seen when two electrons are fixed at 180° to each ot
as in Figs. 1~e!–1~h!. However, here the electron repulsion
equally strong in the upper and lower half-plane, so that
cross section is symmetric with respect to the direction of
two fixed electrons. The left-right asymmetry with respect
ê is again evident in Figs. 1~e! and 1~f!. The contribution of
correlation when the two fixed electrons are in a triplet st
~uncorrelated cross section zero! is now a four-lobe structure
as shown in Fig. 1~g!. The symmetric two-lobe structure o
the spin-averaged cross section@Fig. 1~h!# again reflects the
dominance of contribution@Figs. 1~e! and 1~f! in which the
fixed electrons are in a singlet state.

As with the 3C wave function for two electrons, the 6C
wave function will have erroneous normalization ne
threshold@13#. However, in the 3C case, direct comparison
with experimental data@14# has shown that the momentum
distributions calculated are completely reliable. Sinceabso-
lute multiply differential cross sections are very difficult t
obtain even for two electrons, it is hardly likely that they w
be available for three-electron continua in the near futu
Experiments to compare with the momentum-distributi
cross sections presented here do seem feasible, howeve

To summarize, we have presented an analysis of mult
differential cross sections for the (g,3e) process. We have
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established two selection rules~there will probably be more!
and have shown that the cross section is finite for the W
nier configuration. We have also shown that final-state c
relation leads to two different effects:~a! the population of
spin-momentum configurations forbidden in a single-parti
picture and~b! a dependence of the symmetry and shape
the cross section on the spin state of the three electr
Although such spin-resolved measurements probably lie
d
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the distant future, spin-averaged three-electron coincide
measurements to compare with the calculations prese
here should soon be available.
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