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Theory Numerics1

Regensburg Liège
1“He’s done it all” [S. Wimberger]
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Motivation

Bosons

[cf. F. Jendrzejewski, K. Müller, J. Richard, A. Date,

T. Plisson, P. Bouyer, A. Aspect and V. Josse, PRL 109

195302 (2012)]
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[TE, J. Dujardin, A. Argüelles, P. Schlagheck, K. Richter

and J. D. Urbina, PRL 112 140403 (2014)]

What about Fermions?

Thomas Engl (Massey University) CBS and MBSE February 17, 2017 3 / 10



Motivation

Bosons

[cf. F. Jendrzejewski, K. Müller, J. Richard, A. Date,

T. Plisson, P. Bouyer, A. Aspect and V. Josse, PRL 109

195302 (2012)]

0

0.004

2
2

3
3

3
4

2
3

2
3

3
4

2
3

3
2

4
3

2
3

3
4

3
2

2
4

2
3

3
3

3
2

2
3

3
4

3
2

3
2

4
3

3
2

3
4

3
2

3
3

2
2

3
4

3
3

2
3

4
2

3
3

3
2

4
2

3
3

4
3

3
2

3
4

3
2

2
3

4
2

3
2

3
3

4
3

2
3

2
3

4
3

3
3

2
2

p
ro

b
a

b
ili

ty

final state

ϕ=0
ϕ=0.125π
ϕ=0.25π
ϕ=0.5π
ϕ=0, classical
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Fermionic Hubbard model

|n〉 = |0, 1, 1, 1, 1, 0, 1, 1, 1, 0〉

J

J

−κ κ U

Hamiltonian

Ĥ =
∑

j

{ ∑

σ=↑,↓

[
εj ĉ
†
jσ ĉjσ − J

(
ĉ†jσ ĉj+1σ + ĉ†j+1σ ĉjσ

)]
+ Uĉ†j↑ĉ

†
j↓ĉj↓ĉj↑

+ κ
(
ĉ†j ,↓ĉj+1,↑ − ĉ†j+1,↓ĉj ,↑

)
+ κ∗

(
ĉ†j+1,↑ĉj ,↓ − ĉ†j ,↑ĉj+1,↓

)}
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+ Uĉ†j↑ĉ
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Semiclassical theory

Semiclassical propagator (~eff = 1/N)

K (n,m; t) =
〈
n
∣∣∣ e− i

~ Ĥt
∣∣∣m
〉

=

∫
D [φ (s)] e

i
~R[φ(s);t] ≈

∑

γ:n→m

Aγe
i
~Rγ

ĉ†jσ ĉjσ → |φjσ|2

ĉ†jσ ĉj ′σ′ → φ∗jσφj ′σ′ exp
(
− |φjσ|2 −

∣∣φj ′σ′
∣∣2
) (j ′,σ′)∏

(k,σ′′)=(j ,σ)

(
1− 2 |φkσ′′ |2

)
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Classical trajectory γ : n→ m:

θ(γ=1)(0)

θ(γ=2)(0)

θ(γ=3)(0)

|ψjσ(0)|2 = njσ

i~ψ̇ = ∂H(cl)

∂ψ∗

|ψjσ(t)|2 = mjσ

Classical action: Rγ =
t∫
0

dt ′
[
~θ (t ′) J̇ (t ′)− H(cl) (ψ∗ (t ′) ,ψ (t ′))
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Transition probability

P (n,m, t) = |K (n,m, t)|2 =
∑

γ,γ′:m→n

AγA∗γ′e
i
~(Rγ−Rγ′)+iπ

2 (µγ−µγ′)

diagonal approximation γ′ = γ: =: Pcl (n,m, t)

interference between time-reverse paths

γ′ = T γ

Rγ − RT γ = 0 Rγ − RT γ = ~π
∑

j
(nj↑ −mj↑)δnmPcl (n,m, t) (−1)Nδn↑m↓δn↓m↑Pcl (n,m, t)

n = m
ψ
T→ψ∗

n m

(
ψ↑
ψ↓

)
T→
(
−ψ↓
ψ↑

)∗
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Transition probability

0

0.0001

0.0002

0

0.0001

0.0002 N = 8

N = 7

Ĥ =
∑

j

{ ∑
σ=↑,↓

[
εj ĉ
†
jσ ĉjσ − J

(
ĉ†jσ ĉj+1σ + ĉ†j+1σ ĉjσ

)]
+ Uĉ†j↑ĉ

†
j↓ĉj↓ĉj↑

+κ
(
ĉ†j ,↓ĉj+1,↑ − ĉ†j+1,↓ĉj ,↑

)
+ κ∗

(
ĉ†j+1,↑ĉj ,↓ − ĉ†j ,↑ĉj+1,↓

)}
symmetry under

(
ψ↑
ψ↓

)
→
(
ψ↓e

iarg(κ)

ψ↑e
−iarg(κ)

)

Every discrete (antiunitary) symmetry gives another peak/dip!
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jσ ĉjσ − J

(
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+κ
(
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+ Uĉ†j↑ĉ
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Many-Body Spin Echo

exp
(
− i

h̄ Ĥt
)

Spin flip in M = 1 site

exp
(
− i

h̄ Ĥ (t + τ)
)
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Many-Body Spin Echo

exp
(
− i

h̄ Ĥt
)

Spin flip in M = 2 sites

exp
(
− i

h̄ Ĥ (t + τ)
)
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Many-Body Spin Echo

exp
(
− i

h̄ Ĥt
)

Spin flip in M = L sites

exp
(
− i

h̄ Ĥ (t + τ)
)
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Many-Body Spin Echo

→ γ1,γ3

Spin flip in M = L sites

→ γ2,γ4
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Many-Body Spin Echo

→ γ1,γ3

Spin flip in M = L sites

→ γ2,γ4

P(cl) (n,m; t, τ)

P(cl) (n,m; t, τ)×

{
δn,Tm τ = 0

0 τ � 0
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Many-Body Spin Echo
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Many-Body Spin Echo
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PMBSE (n,m; t, τ)

P(cl) (n,m; t, τ)
≈ 1 +





cT (L,N,M) f (τ) τ ∼ 0, n = Tm

cid (L,N,M;ϕ) f (τ) τ ∼ 0, n = m

0 else

ϕ = arg (κ)
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