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Abstract

What are cilia and flagella Cilia and flagella are hair-like appendages of eukaryotic cells.
They are actively bending structures that exhibit regular beat patterns and thereby play an
important role in many different circumstances where motion on a cellular level is required.
Most dramatic is the effect of nodal cilia whose vortical motion leads to a fluid flow that
is directly responsible for establishing the left-right axis during embryological development
in many vertebrate species, but examples range from the propulsion of single cells, such as
the swimming of sperm, to the transport of mucus along epithelial cells, e.g. in the ciliated
trachea.
Our objective Cilia and flagella contain an evolutionary highly conserved structure called
the axoneme, whose characteristic architecture is based on a cylindrical arrangement of elastic
filaments (microtubules). In the presence of a chemical fuel (ATP), molecular motors (dynein)
exert shear forces between neighbouring microtubules, leading to a bending of the axoneme
through structural constraints. We address the following two questions: How can these
organelles generate regular oscillatory beat patterns in the absence of a biochemical signal
regulating the activity of the force generating elements? And how can the beat patterns be
so different for apparently very similar structures?
Our results We present a theoretical description of the axonemal structure as an actively
bending elastic cylinder, and show that in such a system bending waves emerge from a nonoscillatory state via a dynamic instability. The corresponding beat patterns are solutions to
a set of coupled partial differential equations presented herein.
Our approach enables us to discuss analytically, three dimensional beat patterns that resemble
qualitatively the motion of nodal cilia that play an important role in establishing the left-right
asymmetry during embryological development in vertebrates.
Focusing on beats confined to a surface we put forward a hypothesis concerning axonemal
beat pattern control, in which we explicitly discuss the previously neglected mechanical properties of the basal connection. In collaboration with I. Riedel and J. Howard we estimate
quantitatively the mechanical properties of the basal connection of bull sperm flagella by
comparing theoretical beat patterns to experimental data from beating bull sperm.
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1
Introduction

1.1. What cilia and flagella are and why they are important
In a way we all owe our existence to the beating of cilia and flagella, since not only the
swimming of sperm but also the transport of the fertilised egg to the uterus is a result of the
activity of these organelles. But let us proceed systematically and introduce the subject of
this thesis step by step. Cilia and flagella are actively bending hair-like appendages that act
as sensing and motility generating organelles of eukaryotic cells. Their evolutionary highly
conserved1 working mechanism as well as their widespread occurrence in a great variety
of systems demonstrate the power and importance of physical interactions as a means of
achieving biological function.
A prominent example of the many different circumstances where the ability of cilia and
flagella to generate regular beat patterns plays a vital role to create motion on a cellular level
is the propulsion of single cells such as the swimming of protozoa and spermatozoa. Also
the transport of fluid along a stationary layer of cells as for example in the trachea and
oviduct is achieved through the beating of cilia covering epithelial cells. Another most striking
display of the importance of ciliary beats is the recently discovered vortical motion of nodal
cilia that leads to an external fluid flow during embryological development [2].This flow has
been shown to be responsible for the establishment of the left-right axis across many
vertebrate species [3], a spectacular finding that has answered the long standing medical
puzzle of why approximately half of the people whose cilia are immotile due to a genetic
defect (primary ciliary dyskinesia2 ) exhibit an inversion of the usual left-right asymmetry of
their internal organs (situs inversus) [4].

1

Their form is structurally so similar in all eukaryotes that their evolutionary origin is believed to date
back as far as the last common eukaryotic ancestor that lived around 1-2 billion years ago [1].
2
Previously known as “immotile-cilia syndrome”

1
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Figure 1.1: Cilia and flagella at work in different circumstances. i) Spermatozoa are propelled forward
by the whip-like beat patterns of a single flagellum. Typical beat frequencies are in the range of tens of
Hertz leading to swimming speeds of the order of tens of µm/s. The sperm flagellum is typically around
30-60 µm long, although extreme exceptions exist. In the picture you can see two false coloured scanning
electron micrographs merged, showing a human spermatozoon and egg illustrating the moment of fertilisation.
Reproduced with kind permission from Dennis Kunkel Microscopy, Inc. with whom the copyright remains [5].
ii) In the respiratory tract the concerted action of beating cilia transports mucus up the trachea (wind pipe)
which works as an important cleaning and defence mechanism [6], sometimes instructively called “mucociliary
escalator”. Edited from [7]. iii) Scanning electron micrographs showing an eight day old mouse embryo (a)
and in detail the ventral node cells (b) with their monocilia (c). These short (2-3µm) cilia rotate in clockwise
direction with a frequency of around 10Hz and lead to an external fluid flow, as indicated by the red arrow
in (b) which establishes the embryo’s left-right axis. Edited from [8] with the anterior-posterior and left-right
axes indicated by A,P,L,R.
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1.2. The key elements of cilia and flagella
Cilia and flagella are two different names that are often used interchangeably for the
same structure of eukaryotic cells. As suggested by the meaning of the words (lat. cilia
“eyelashes”, flagellum “whip”) the term cilia tends to be used when the cellular appendages
are short and abound on a single cell, whereas the term flagellum is used for longer filaments,
of which only one or two are usually found per cell. Their inner structure is characterised by
a cylindrical core called the axoneme, which is a cylindrical arrangement of elastic filaments
(microtubules) and force generating molecular motors (dynein) as explained in the following.
Unfortunately the term flagellum is also used for the hair-like appendages of bacteria, which
are fundamentally different. Prokaryotic flagella of e.g. E. coli are described in detail in [9].
Their dynamical properties have for example been studied in [10,11], and will be discussed
in this work only as far as the equations describing such dynamics can be regarded as the
passive limit of the equations derived in this thesis describing the axonemal structure. In the
remainder of this work we will use the term flagellum to mean eukaryotic flagellum only.

1.2.1. Microtubules
Microtubules are small tubes with a diameter of 25nm [12], built from smaller building
blocks of tubulin. They are a key component of the cytoskeleton where, because of their long
persistence length of several mm due to the high bending rigidity of around 30×10−24 Nm2
[13], they play an important role where mechanical stability is required in cells. Examples
are the dendritic structures in axons, mitotic spindles during cell division and of course the
axoneme. By convention their structural polarity defines a plus and minus end3 . On top of
their structural function microtubules also form the backbone of the cell’s internal transport
machinery by acting as tracks along which molecular motors move, as discussed in the next
section. Microtubules can be highly dynamic [12], but in the case of cilia and flagella, the
microtubules that form the axoneme are stable and have a constant length.
Minus (-) end

Plus (+) end

20µm

Figure 1.2: Schematic diagram of a microtubule filament – a cylindrical arrangement of polar tubulin
monomers, made up of β-tubulin (blue) and α-tubulin (green). Edited from [14].

1.2.2. Molecular motors
What have come to be known as molecular motors are remarkable proteins, that convert
chemical energy to mechanical work by coupling ATP binding and ATP hydrolysation to
conformational changes [15,16]. The recent headline 20 billion motors for 1 cent [17] illustrates nicely the scale (and the “nano-hype”). They come in a great variety of families that
3

Note that this terminology has nothing to do with electrical charges.
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bind to different filaments, moving in different (but specified) directions with different speeds
and processivity [13]. However, their working mechanism can be understood in a general
framework that describes the attachment and detachment of the motor as well as the hydrolysis of ATP and the consequential conformational change as a continuous cycle as illustrated
schematically in Fig. 1.3.

ATP

ADP Pa

ADP

Myosin head
Actin filament

Figure 1.3: Schematic illustration of a processive molecular motor (in this case myosin) moving along a polar
filament (in this case actin) as observed experimentally in [18,19]. Taken from [17].

We focus on the motor protein dynein, which is a minus end directed microtubule associated motor and the force generating element in cilia and flagella [20]. It is a large molecule
with a 10nm long stem and one to three heads of a relative molecular weight of around 500kDa,
each containing an ATP hydrolysing and microtubule binding site. The power stroke of a
single headed dynein has recently been shown to be around 15nm and could be visualised
directly using electron microscopy and image processing as illustrated in Fig. 1.4.

Figure 1.4: Electron micrographs (a) depicting the structure and speculative power stroke of a single headed
dynein molecule, as schematically illustrated in (b). Apo refers to the nucleotide free dynein structure and
corresponds to the post-power stroke conformation, whereas ADP·Vi refers to the ADP with vanadate construct that is thought to mimic the pre-power stroke conformation corresponding to the ADP·Pi state. The
arrow indicates 15nm. Source [21].
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Figure 1.5: A computer enhanced electron micrograph of a cross section through the 9+2 axoneme [22] and
a corresponding schematic illustration when viewed from the basal end [23], leading to a three dimensional
impression of the axonemal structure as depicted above [24].

1.2.3. The axoneme
The axoneme consists of nine cylindrically arranged microtubule doublets, that are connected by the molecular motor protein dynein as illustrated in Fig. 1.5. Their structure is
chiral (i.e. it has a handedness) such that when viewed from the distal end, the motors are
rigidly attached with their stems to one microtubule doublet reaching with their motile heads
for the neighbouring doublet in counterclockwise direction [25]. In the described architecture
this ATP driven motion of outer and inner dynein arms will lead to a relative sliding between
microtubule doublets, as illustrated in Fig. 1.6. The whole structure is held together by stable
but flexible nexin links connecting the microtubules.
The axoneme comes in two versions, with and without a central pair which connects to the
peripheral microtubules by radial spokes. The two configurations are referred to as 9+2 and
9+0 axoneme respectively, and typically differ in their beat patterns as elaborated below in
section 1.3.

+ATP
+ATP

Figure 1.6: Schematic illustration of dynein induced microtubule sliding with and without geometric constraints. The case of freely sliding microtubules is realised in axonemes whose nexin links are broken, which
disintegrate upon activation of dynein [26]. Taken from [12].
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1.2.4. The basal body
The basal body anchors the minus ends of the microtubules and connects the axoneme to
the rest of the cell4 . It is similar in structure to the axoneme, but consists of nine microtubule
triplets without a central pair ranging around 400nm [27] into the cell. The basal body is
identical in structure to centrioles, two of which arranged in a perpendicular fashion constitute
a centrosome, which plays an important role in organising cell division. Hence its protein
interactions have been at the centre of research, whereas the mechanical properties of the
anchoring of the axoneme to the cell have so far not been resolved in detail. However, recent
observations suggest that the connection is sufficiently flexible to allow for relative sliding
between microtubules even at the base of the axoneme [28]. Defects of the basal body have
been implicated as a likely cause of Bardet-Biedl syndrome, a rare inherited condition with
severe effects such as mental retardation, obesity, degeneration of the retinas of the eyes and
kidney abnormalities, all associated with dysfunctional cilia [29].

100µm

Figure 1.7: Electron micrograph of a cross-section through a collection of basal bodies, and a schematic
illustration. Taken from [12].

1.3. What we know about axonemal beat patterns
1.3.1. Differences in structure and observed beat patterns
9+2 flagella

As a single whip-like appendage, 9+2 flagella drive many different species of spermatozoa
by means of generating a planar travelling wave. They also occur in pairs such as in the
biflagellate alga Chlamydomonas reinhardtii 5 , where their motion is also planar, but more
breaststroke like. In the recently published Ph.D. thesis of our collaborator I. Riedel [30] the
planar beat pattern of 9+2 bull sperm flagella has been analysed quantitatively using Fourier
modes, which form a reliable cornerstone to test theoretical hypotheses. These flagellar
4

In mammalian sperm flagella the axoneme is anchored by so called “outer dense fibres”, which attach the
microtubule doublets to the “connecting piece”, that plays the role of the basal body.
5
The workhorse of genetic research on flagella. Many motility affecting mutations are known, with phenotypes that lead to important conclusions as discussed in the remainder of this section.
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beat patterns are usually travelling waves confined to a plane (with a small out of plane
contribution). These waves normally travel from base to tip, although there are exceptions
such as the flagella of the kinetoplastid Crithidia oncopelti exhibit waves in the opposite
direction6 [31]. It has also been observed that at unphysiologically high viscosities of the
surrounding medium (1.5-4Pas), the usual planar beat of sea urchin (Echinus esculentus)
spermatozoa can change into a fully three-dimensional helical beat pattern [32]. Typical
beat frequencies of 9+2 flagella are a few tens of Hertz with flagellar lengths ranging from
10-100µm [33], although extreme exceptions exist7 .
8
4
0
-4
-8
0

0.2
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0.6

0.8

s / 60 µm

1

8
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0
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0.2
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Figure 1.8: Snapshot of a bull sperm beating in a plane, with an automatically tracked 9+2 flagellum. Real
and imaginary part of the first Fourier mode describing the time dependent amplitude h(s, t) of a bull sperm
attached to the cover slip beating with ω/2π ≈ 20Hz, as analysed in [30]. h(s, t) ≈ h̃(0) (s) + 21 h̃(1) (s)eiωt + c.c.,
where s is the arclength along the flagellum.

9+0 flagella

The spermatozoa of a small number of species such as eel (Anguilla anguilla) and the
Asian horseshoe crab (Tachypleus tridentatus and Tachypleus gigas) have spermatozoa whose
axonemes lack a central pair [35,36]. These 9+0 flagella beat in a helical fashion, where the
handedness of the helix differs between the two species. Eel spermatozoa also lack the outer
dynein arms and exhibit an unusually high frequency of up to 110Hz8 .

Figure 1.9: Inverted darkfield micrograph of swimming eel sperm showing the helicoidal beat pattern of 9+0
flagella. The bar indicates 20 µm. Edited from [37]

It is interesting to note that there exist even more extreme architectures of axonemes
6

Which means that in contrast to the majority of protozoa Crithidia swims flagellum first.
For example the spermatozoa of Drosophila melanogaster have an incredibly long flagellum with an average
length of 2mm [34].
8
Which does not seem to be an effect of the specific 9+0 architecture, since spermatozoa from the general
group of teleosts (such as trout) whose flagella do not lack the central pair, beat with similarly high frequencies.
7
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without a central pair. The parasitic protozoon Lecudina tuzetea and the male gametes of
the gregarian sporozoan Diplauxis hatti have flagella with a 6+0 and 3+0 axoneme, respectively that exhibit helical motion [38–40]. Mutants of Chlamydomonas that lack the central
pair and radial spokes are generally immotile [41]. However motility can be restored by suppressor mutations without restoring the structural defect [42,43] or under conditions with
unphysiological salt and ATP concentrations [44–46].
9+2 cilia

These “conventional” cilia commonly cover epithelial cells of higher animals, but are also
found in large numbers on uni-celluar organisms such as the protozoon Paramecium. There
are usually many of these cilia per cell (10-200). Their complex three dimensional beating
pattern, consisting of a power and recovery stroke, is usually co-ordinated such that an
effective global motion is achieved as illustrated in Fig. 1.10.
A

B

C

5µm

Figure 1.10: (A) Scanning electron micrograph of a Paramecium with kind permission from Dr Anne FleuryAubusson [47]. (B) Schematic diagram illustrating the 9+2 ciliary beat pattern, consisting of power stroke
and recovery stroke. Edited from [48]. (C) Metachronal waves as seen on the ciliated surface of the protozoon
Opalina ranarum nicely illustrating the global motion that is produced by the coordinated beating of 9+2
cilia. Edited from [49].

9+0 cilia

These cilia, long thought to be immotile, occur typically one per cell (therefore often
called monocilia or primary cilia) and are an almost ubiquitous feature of many cells of
higher organisms [50]. Already twenty years ago it was reported that a small number of
solitary cilia of the rabbit oviductal epithelium move in a rotational way, counterclockwise9
9

All circling directions described in this thesis will be described when viewed from above. This is different
from the conventional view from the basal end traditionally used in the cilia and flagella literature, but is the
natural view when observing the motion of motile cilia under the microscope. In this thesis we stick to this
convention (describing the axonemal structure and its motion when viewed from the distal end) to uniquely
identify the sense of rotation, a problem that has caused considerable confusion in the existing literature [51].
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– in the one illustrated case [52]. Since the recent discovery of rotating cilia in the ventral
node of mouse embryos [2] motile monocilia have also been discovered in the node equivalent
of rabbit and medaka fish [3], all of which circle in a clockwise direction. In the case of
the mouse node, the cilia are posteriorly tilted [53,54] such that their clockwise rotation
results in an external leftward fluid flow. This has been shown to be directly responsible for
determining the left-right axis of the developing embryo [55], as indicated in Fig. 1.1110 . It
is interesting to note that the 9+0 monocilia in the spinal cord of zebrafish were shown to
rotate in counterclockwise direction [56], similar to a small number of nodal cilia in a mutant
(inv ) mouse embryo [3], which shows that the direction of rotation is not a direct result of the
chirality of the axonemal structure, which is the same for all cilia. Typically these beating
monocilia are around 2 − 3µm long and rotate with a frequency of approximately 10Hz.

(iii)

R

(i)

ventral node

P

L

R

L

A

(ii)

V
P

A
D

situs
solitus

situs
inversus

Figure 1.11: Nodal flow and situs inversion. i) Ventral node as viewed from above, indicating an array of
clockwise rotating monocilia. ii) Illustration of the posteriorly tilted orientation of the nodal cilia, that leads
to a leftward fluid flow. iii) Normal and inverse development of the left-right axis, randomised due to the
lack of a leftward fluid flow in the node. Anterior-posterior, ventral-dorsal and left-right axes are indicated by
A,P,V,D,L,R. Edited from [3,53,54,57].

1.3.2. The influence of Ca2+
The concentration of Ca2+ has a significant effect on ciliary and flagellar beat patterns.
Effects can be as extreme as wave reversal such as in Crithidia [58] where the normal direction
of tip to base travelling waves11 has been shown to be reversed in reactivated axonemes above
10

Whether this fluid flow establishes a morphogene gradient that leads to an asymmetric gene expression
pattern or whether the directed fluid flow as such is detected with cilia that act as mechanosensors, is the
subject of ongoing debate.
11
Recall that the usual direction of flagellar beats of Crithidia is the opposite of typical flagellar waves,
leading to Crithidia swimming flagellum first.
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a critical Ca2+ concentration of of approximately 10−4 M [59]. Interestingly, the degree of
asymmetry of flagellar wave patterns of sea urchin spermatozoa (and therefore the radius of
their circular swimming paths) can be controlled by changing the concentration of Ca2+ in a
range from 10−7 to 10−5 M [60]12 . Flagella of Chlamydomonas exhibit a similar effect, albeit
with a response of opposite nature. Whereas sea urchin spermatozoa wave patterns become
more asymmetrical as the concentration of Ca2+ is increased, Chlamydomonas beat patterns
become more symmetrical [61].
Note, that all of the above experiments involve demembranated and reactivated flagella13 in
order to examine the effect of ion concentrations on axonemal beat patterns. A recent study
using caged cyclic GMP molecules to open Ca2+ channels using modern fluorescence imaging
techniques to detect directly the level of intracellular Ca2+ suggests that it is a rapid influx of
Ca2+ rather than the absolute level of Ca2+ that induces a response in the beat pattern [62].

1.3.3. The role of the central pair
The observed motility of 9+0 cilia and flagella as described above, as well as rescued
motility of previously thought immotile mutant 9+0 flagella, directly contradict the incorrect
view that the central pair is essential for axonemal motility as such. The beat patterns of
cilia and flagella naturally lacking the central pair have been described as helical or vortical,
suggesting that the central pair is somehow necessary to achieve a planar axonemal beat.
However, intriguingly the flagellar beat of central pair lacking Chlamydomonas mutants is
only slightly more three-dimensional than that of the 9+2 wildtype [63].
The hypothesis that the plane of beat might be determined by the orientation of the central
pair has been shown to be wrong, since for example the central pair twists in the near planar
beats of Chlamydomonas flagella [64]. This does not imply that it acts as a “distributor”
to regulate the activity of dyneins as suggested in [64–66], since the central pair rotation
has subsequently been shown to be a passive response to the bend propagation along the axoneme [67]. For several other organisms the central pair maintains a fixed orientation relative
to the plane of axonemal beating [68], which leaves the mechanism of how the central pair
is involved in achieving a planar beat as an open question. Regarding how this cylindrical
structure comes to exhibit planar beat patterns, it is an important finding that two of the
microtubule doubles are thought to be permanently linked in many cases [69,70].
Many studies show that Ca2+ has an effect on the axonemal beat patterns that is mediated
via the central pair and the radial spokes apparatus [66,68,71,72]. However, the view that
the central pair and the radial spokes apparatus are essential for waveform conversions due
to Ca2+ [73], has been contradicted by the findings that reactivated flagella from Chlamydomonas mutants lacking the central pair exhibit a pronounced Ca2+ dependent effect [63],
leaving us to conclude that the role of the central pair remains elusive despite many efforts
to understand the reason for its preserved existence.

Sea urchin spermatozoa become quiescent above a critical Ca2+ concentration of around 10−4 M.
I.e. the cell membrane is dissolved using a detergent such as Triton with the spermatozoa in “reactivation
solution” that contains appropriate amounts of salt ions such as Ca2+ , K+ , Mg2+ as well as ATP.
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13

Section 1.4

Existing theoretical approaches 11

1.3.4. Effects of external oscillations and motor mutations
To further complicate matters, it has been shown that inner and outer dynein arm mutants
of Chlamydomonas exhibit different phenotypes. Comparing the beat patterns of flagella lacking outer dynein arms with those of wildtype flagella, it was demonstrated that outer dynein
arm deficient mutants beat with a normal waveform at reduced frequency. This is in contrast
to beat patterns of flagella lacking a subset of inner dynein arms, where the frequency is
normal but the beat pattern is significantly reduced in amplitude compared with the wildtype [74]. This is interpreted as a different biological function of inner and outer dynein arms
in generating axonemal beat patterns, although from a physical point of view their function
is identical – generating shear forces. The different effect of interfering with inner and outer
dynein arms might be due to the different force generating properties of these motor families,
as suggested by several experiments involving inner and outer dynein arm Chlamydomonas
mutants, that compared swimming velocities at different viscosities [75] or sliding disintegration velocities [76]. Their results indicate that the different dynein sub-families have distinct
force-velocity relations and so given that at least eleven different axonemal dynein heavy
chains (i.e. the motor heads) have been identified – all with presumably different mechanochemical properties – the question of how the axoneme can work as an efficient machine while
being equipped with motors working at intrinsically different speeds, has been asked [77]. It
is interesting to note that individual dynein molecules have been observed to exhibit oscillations when working against an elastic element [78]. The diversity of axonemal dynein motors
and their properties is reviewed in [79].
Another interesting experimental result is that the frequency as well as the plane of beat of
sperm flagella can be influenced by mechanical stimulation. Spermatozoa whose head were
held by suction of a micropipette, adapted their beat frequency to the frequency of the laterally vibrating pipette over a range of 20-70 Hz [80]. In a similar set up, where the plane
of vibrations was rotated, the plane of beat followed the plane defined by the external vibrations. Remarkably, this resulted in a “wound up” flagellum that spontaneously unwound
back to its original orientation once the external vibrations were stopped [81]. In subsequent
studies it was shown that these rotations of the beat plane do not correspond to a rotation
of the axonemal structure as such [82], and intriguingly that spontaneous unwinding only
occurs after prior clockwise winding (as seen from the distal end of the flagellum) [83].

1.4. Existing theoretical approaches
The first theoretical study discussing the swimming of micro-organisms deduced that the
Reynolds number of such motion is very small, meaning that – in contrast to macroscopic
swimming – inertial forces are negligible in magnitude to viscous forces [84]. A point that
has been taken up in Purcell’s entertaining and popular article [85] in which it was stressed
that Life at Low Reynolds-Number differs fundamentally from our experiences. If a swimming sperm stops beating it “coasts” less than 10−10 m and comes to a halt within 10−6 s.
Matching the elastic and viscous forces of a bending rod in two dimensions, equations describing the motion of an actively bending structure at low Reynolds number, were first
derived in [86]. Discussing solutions to these equations14 for different boundary conditions
14

Which are linear equations, valid in the limit of small amplitudes.
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and comparing them with experimental observations, the existence of active force generators
along the flagellum was established. After the the discovery of the axonemal structure with its
characteristic microtubule sliding [87], those active elements were identified experimentally as
molecular dynein motors [20] that exert shear forces between neighbouring microtubules [88].
But to this day the mechanism behind the periodic force generation leading to travelling
waves remains elusive. Hence in many of the subsequent modelling approaches the activity
of the internal motors was – somewhat arbitrarily – put in by hand in order to mimic ciliary
and flagellar beats [89–91].
Two hypotheses have been put forward proposing that the activity of motors is directly regulated by the geometry of the axoneme. The “geometric clutch hypothesis” was first reported
in [92] and developed further in [93]. It proposes that in a bending axoneme transverse forces
develop that pull neighbouring microtubule doublets apart and that this increase in interdoublet spacing leads to a decrease in the probability of dynein engagement. The “curvature
control hypothesis” proposes that the activity of motors is regulated directly by the degree
of axonemal bending [94]. Although neither mechanism is supported by any direct experimental evidence on a microscopic level, they have been shown to produce travelling waves in
computer models and have been discussed extensively in [94–100].
A third hypothesis is based on the observation that a system of many molecular motors acting against an elastic element can oscillate spontaneously as supported by theoretical [101]
as well as experimental analyses [102,103]. The resulting axonemal dynamics, due to the
collective properties of the molecular motors present in the axoneme, have been discussed for
the two-dimensional case in a computer model [104] and analytically [105,106]. These studies
concluded that travelling waves would naturally occur in such a system.

1.5. Our approach
In this thesis we look at the physical properties of an axoneme in the complete absence
of biochemical regulation. Similar to [86] we deduce axonemal dynamics from matching viscous and elastic forces, but in contrast to [86] present a full three-dimensional description
of the axonemal structure. Taking the ability of a collection of molecular motors to exhibit
spontaneous oscillations [101] into account we discuss the equations of motion describing
the axoneme. The limiting cases of this system reproduce previously reported equations describing the dynamics of a two-dimensional actively bending filament [105,106] as well as the
dynamics of a passive three-dimensional filament [107]. Discussing the two-dimensional limit,
we examine the non-linear effects on axonemal dynamics and extend existing theoretical approaches by allowing for basal sliding of microtubules, as experimentally observed in [28].
As a concluding remark of this introduction we would like to point out that the extensive
use of active formulations such as “we present” or “we conclude” is not due a misguided
perception of the author’s importance but rather an effort to improve the readability of this
thesis.

2
The physics of the axoneme – an
actively bending tube

In this chapter we present a theoretical description of the forces describing the dynamics of
the basic axonemal structure. We represent the axoneme as a cylinder with an active surface
that is capable of generating shear stresses, which constitutes a continuum approximation
of the discrete microscopic structure, such that the active elements are represented as local
shear force densities.

2.1. Geometry

e1

We start be denoting the path of the central line of the axonemal structure1 as r(s). Defining r(s) : R → R3 such that it is a
curve parametrised by its arclength, we construct a right handed
orthonormal set of vectors e1 (s), e2 (s), e3 (s) such that the vector
e3
e3 (s) ≡ ṙ(s) points along the central pair in the direction from base
e2
to tip and e2 (s) lies in the plane defined by the central pair as detailed in Fig. 2.1. This constitutes a “material frame” in which the
rates of change of the vectors e1 (s), e2 (s), e3 (s) along s correspond
to the twisting and bending of the axoneme.
Figure 2.1: Definition of
material frame

Making use of this material frame we denote the cylindrical surface of the axoneme (of radius a) by R(s, φ), which can be expressed as follows
R(s, φ) = r(s) + ae1 (s) cos φ + ae2 (s) sin φ

(2.1)

where the curves R(s, φn ) for φn = 2π
9 n, n = 0, . . . , 8 can be thought of as the paths of
the nine peripheral microtubule doublets as indicated in Fig. 2.3. A twist of the axonemal
structure, as for example seen in the configuration depicted in Fig. 2.4, is then described by
a rotation of e1 (s), e2 (s) around e3 (s) along the curve r(s).
1

Which can be thought of as the trace of the central pair
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e3
e2

e2

e3
e1
r(s)

Figure 2.2: Definition of the right-handed coordinate system e1 (s), e2 (s), e3 (s) with e3 (s) tangential to the
central line r(s) and e1 (s), e2 (s) pointing towards material reference points.

The curvatures Ω1 (s), Ω2 (s) and material twist Ω3 (s) are defined by following relations

 

e1 (s)
e1 (s)
0
Ω3 (s) −Ω2 (s)


 

∂s  e2 (s)  =  −Ω3 (s)
0
Ω1 (s)   e2 (s) 
e3 (s)
e3 (s)
Ω2 (s) −Ω1 (s)
0


(2.2)

Hence the quantities Ω1 (s), Ω2 (s), Ω3 (s) determine e1 (s), e2 (s), e3 (s) (up to translations and
rotations) and therefore the shape of the axoneme and the configuration of the microtubule
doublets.

φ = φ0
φ = φ1
r(s)

φ = φ2
φ = φ3
φ = φ4

Figure 2.3: Illustration (not to scale) of the cylindrical surface of the axoneme in a straight configuration
where the central line r(s) and lines of constant angle φ that can be thought of as the paths of the peripheral
microtubule doublets are indicated.

2.2. Energetics
In order to determine the dynamic properties of the axoneme we need to find expressions
for the elastic and viscous forces, which can be derived from a general enthalpy functional as
formulated in this section. The elastic energy stored in a particular axonemal shape is given
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r(s)

Figure 2.4: Illustration (not to scale) of the cylindrical surface of the axoneme in a a bent and twisted
configuration.

by integrals over the squared curvature and twist, respectively. So, denoting the length of
the axoneme by L and defining the bending and twist rigidities as κ1 , κ2 , κ3 we have
ZL
Eela =

ds

nκ

1

2

Ω1 (s)2 +

o
κ2
κ3
Ω2 (s)2 + Ω3 (s)2
2
2

.

0

Since we are interested in the change of the system’s configuration as work is being done
by the internal force generating elements, we look at the enthalpy rather than the energy of
the system. Representing the activity of the motors by a local shear force density f(s, φ) in
the direction tangential to the microtubules, i.e in the direction of Rs (s, φ) ≡ ∂s R(s, φ), the
work done by the active elements is given by
ZL
Eact = −

Z2π
ds

0

dφ f(s, φ)∆(s, φ)
0

where ∆(s, φ) is the infinitesimal local sliding displacement between neighbouring microtubule
doublets. Subtracting Eact from Eela and introducing a Lagrangian multiplier function Λ(s),
in order to ensure local inextensibility, the enthalpy functional of the axoneme is given by


Z2π
ZL 

κ2
κ3
κ1
Ω1 (s)2 + Ω2 (s)2 + Ω3 (s)2 − Λ(s) + dφ f(s, φ)∆(s, φ)
(2.3)
G = ds

2
2
2
0

0

Before we proceed we need to define consistently the somewhat arbitrary signs of the force
density f(s, φ) and the infinitesimal local sliding ∆(s, φ). They must be chosen to correctly
reflect the chirality of the axoneme. The dynein motors are arranged such that they reach
from one microtubule doublet to the neighbouring one in counterclockwise direction when
viewed from the distal end2 [25]. Recalling that dynein is a minus end directed motor and
2

Recall that this is the conventional view in this thesis.
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the microtubules are arranged such that their minus end corresponds to the basal end [12]
it is natural to measure the shear force between neighbouring microtubule doublets as we go
counterclockwise around the axoneme in distal direction, such that active motors correspond
to a positive force. Hence, defining the sliding displacement as the difference in arclength
between neighbouring microtubules as we go in counterclockwise direction, activity of motors
will result in a negative sliding displacement.
In order to check whether these definitions reflect the axoneme’s chirality, we look at the
case in which all motors are active with a constant force at all times. As determined by the
chirality of the motor-filament system, this will lead to a straight but twisted axoneme in
which the peripheral microtubule doublets describe a right-handed helix. As appparent from
Fig. 2.1 and Eq. (2.2) this corresponds to positive twist Ω3 (s). Hence, in our description such
a force distribution should lead to an equilibrium configuration with positive twist Ω3 (s).
This is indeed the case for our definitions as we show explicitly in the later section 5.1. Hence
above definitions of ∆(s, φ) and f(s, φ), which we use in the following, correctly represent the
chirality of the biological structure.

2.2.1. Relating geometry to motor activity
There exists a one-to-one relationship between the geometrical configuration of the axoneme in three dimensions and the local sliding displacement. Hence we can find an expression
for ∆(s, φ) in terms of Ω1 (s), Ω2 (s), Ω3 (s), which we derive in the following by looking at the
difference in arclength between neighbouring microtubules3 . That is at a given point on the
surface R(s, φ) we go an infinitesimal distance in the direction that is orthogonal to the microtubule at R(s, φ). So let n(s, φ) be a unit vector that lies in the plane tangential to the
axonemal surface at R(s, φ) and satisfies n(s, φ).Rs (s, φ) = 0 as illustrated in Fig. 2.5, then
the infinitesimal displacement is given by
R(s0 , φ0 ) = R(s, φ) + εn(s, φ) + O(ε2 ) .
The arclength of the microtubule that goes through the point R(s, φ) is given by
Zs
L(s, φ) =

ds0 Rs (s0 , φ)

,

0

and the quantity we are interested in is the rate of change of L(s, φ) in the direction of n(s, φ),
i.e.
L(s0 , φ0 ) − L(s, φ)
≡ n.∇L ,
(2.4)
lim
ε→0
ε
where in the infinitesimal limit we have
L(s0 , φ0 ) − L(s, φ) = (s0 − s)∂s L(s, φ) + (φ0 − φ)∂φ L(s, φ) .

(2.5)

Hence in order to determine the directional derivative, we need to determine the dependence of the infinitesimal co-ordinate changes s0 − s and φ0 − φ on ε, as described in the
following.
3

Or more precisely the change that corresponds to an infinitesimal displacement. Note, that in this section
we often refrain from referring to densities and infinitesimal changes and for easier understanding simply refer
to the equivalent quantities of the discrete structure.
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n(s,φ)
R(s

,φ)

Figure 2.5: Sketch of the three dimensional geometry of the axonemal surface, illustrating with a red arrow
the direction n(s, φ) that is orthogonal to the microtubule at R(s, φ). The dashed gray line indicates the
Rφ (s, φ) direction. Note that in general for a non-zero Ω3 (s), the vectors defined by the partial derivatives
R
Rs (s, φ) and Rφ (s, φ) are not orthogonal to each other, implying that n(s, φ) is not simply given by |Rφφ | .

Let us define the (non-orthogonal) unit vectors
es =

Rφ
Rs
, eφ =
|Rs |
|Rφ |

which span the tangent plane of the axonemal surface at R(s, φ). Expressing n(s, φ) in this
co-ordinate system we have n = ns es + nφ eφ and therefore in the infinitesimal limit
ε(ns es + nφ eφ ) = (s0 − s) |Rs | es + (φ0 − φ) |Rφ | eφ

.

Multiplication with es , eφ respectively, leads to a system of two equations, which yields
(φ0 − φ) = ε

nφ
ns
, (s0 − s) = ε
|Rφ |
|Rs |

which we can substitute into Eqs. 2.4 and 2.5 such that we arrive at
n.∇L =

nφ
ns
∂s L +
∂φ L
|Rs |
|Rφ |

.

Using the above formulation, we can calculate the directional derivative, given expressions
for ns , nφ , |Rs | , |Rφ | , ∂s L, ∂φ L. As detailed in appendix A, this leads to the following result
for ∆(s, φ) = a n.∇L expanded in powers of a
2

Zs

∆(s, φ) = −a Ω3 (s) + a cos φ

0

0

Zs

Ω1 (s )ds + a sin φ
0

Ω2 (s0 )ds0 + O(a3 )

(2.6)

0

which can be written as
∆(s, φ) = ∆0 (s) + ∆1 (s) cos φ + ∆2 (s) sin φ + h.o.t.
where
∆0 (s) = −a2 Ω3 (s) , ∆1 (s) = a

Zs
0

Ω1 (s0 )ds0 , ∆2 (s) = a

Zs
0

Ω2 (s0 )ds0

(2.7)

18

The physics of the axoneme – an actively bending tube

Chapter 2

Note, that sign of n(s, φ) is arbitrary, but the choice of signs in appendix A, corresponds
to defining the normal n(s, φ) such that it points leftward as seen from the tangent (going
along the microtubules from base to tip). This is consistent with the definition of ∆(s, φ)
as discussed in the previous section as can be seen from Eq. (2.6), where a positive Ω3 (s)
corresponds to a negative ∆(s, φ).
This result for ∆(s, φ) implies that the integral in the enthalpy functional defined by
Eq. (2.3)
Z2π
I = dφf(s, φ)∆(s, φ)
0

only has contributions from following angular Fourier components of the force density
f(s, φ) = f0 (s) + f1 (s) cos φ + f2 (s) sin φ + h.o.t.
with
I = 2π∆0 f0 + π∆1 f1 + π∆2 f2 + h.o.t.
Zs
Zs
0
0
2
= −2πa Ω3 f0 + aπf1 Ω1 (s )ds + aπf2 Ω2 (s0 )ds0
0

0

Where for i = 1, 2 we can integrate terms of following form by parts
 s
s=L
ZL
Zs
Zs
Z
ZL
Zs
0
0
0
0
0
0

fi (s)ds Ωi (s )ds
=
Ωi (s )ds
fi (s )ds
− Ωi (s)ds fi (s0 )ds0
0

0

0

0

ZL
=

ZL
Ωi (s)ds

s=0

0

0

fi (s0 )ds0

s

0

ZL
For notational convenience introducing Fi (s) = −

fi (s0 )ds0 we finally obtain

s

ZL
G=


κ2
κ3
κ1
Ω1 (s)2 + Ω2 (s)2 + Ω3 (s)2 − Λ(s)
ds
2
2
2

0


− (2πa Ω3 (s)f0 (s) + aπΩ1 (s)F1 (s) + aπΩ2 (s)F2 (s))
(2.8)
2

which is the three dimensional generalisation of the enthalpy functional presented in [106]
and extends the existing discussion of passive three-dimensional filament dynamics [11,107]
to actively bending filaments.

2.2.2. Virtual displacements
We proceed by calculating the variations of G given small changes in the axonemal configuration. In order to do so, we first need to find expressions for δ(ds), δe1 , δe2 , δe3 in terms
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of variations in the axonemal configuration, namely changes in r(s), e1 (s), e2 (s). As derived
in appendix B we find
δe1 = δχe2 − (e1 .(δr)s )e3
δe2 = −δχe1 − (e2 .(δr)s )e3
δe3 = (δr)s − (e3 .(δr)s )e3
δ(ds) = (e3 .(δr)s )ds
where we have introduced the rotation angle
δχ = e2 .δe1

.

Above quantities are related to δΩ1 (s), δΩ2 (s), δΩ3 (s) as shown below (and derived in
appendix B)
δΩ1 = δχΩ2 − e2 .(δr)ss − 2Ω1 e3 .(δr)s
δΩ2 = −δχΩ1 + e1 .(δr)ss − 2Ω2 e3 .(δr)s

(2.9)

δΩ3 = (δχ)s + (Ω1 e1 + Ω2 e2 − Ω3 e3 ).(δr)s

.

These equations depend only on the geometry and are independent of the enthalpy functional. They have been derived previously in studies discussing different systems with the
same geometrical set up, such as the filamentous structures formed by rod-shaped bacteria
RL
B. subtilis [107,108], and allow us to compute the variations of G = dsH
0

ZL
δG =

ZL
δ(dsH) =

0

ZL
δ(ds)H +

0

dsδH
0

where
δH = (κ1 Ω1 − πaF1 )δΩ1 + (κ2 Ω2 − πaF2 )δΩ2 + (κ3 Ω3 − 2πa2 f0 )δΩ3
Partial integration (see appendix C) leads to
ZL
δG = B.T. +

(

δG
δG
δr+ δχ)ds
δr
δχ

0

where
δG
δr

h
= ∂s e1 (2πa2 f0 Ω1 − aπ(F1 Ω3 + f2 ) − (κ3 − κ1 )Ω1 Ω3 + κ2 Ω̇2 )
+ e2 (2πa2 f0 Ω2 − aπ(F2 Ω3 − f1 ) −i (κ3 − κ2 )Ω2 Ω3 − κ1 Ω̇1 )
κ2
κ3
κ1
+ e3 (Λ + Ω21 + Ω2 + Ω23 )
2
2
2 }
{z
|

(2.10)

−τ

and
δG
= aπ(F2 Ω1 − F1 Ω2 ) + 2πa2 ḟ0 − κ3 Ω̇3 + (κ1 − κ2 )Ω1 Ω2
δχ

(2.11)
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In the above equation, and for the remainder of this thesis, dotted quantities refer to
derivatives with respect to the arclength, e.g. Ω̇3 = ∂s Ω3 . Note that as defined above the
quantity τ (s) plays the role of the physical tension as can be seen from
ZL


τ (s) = e3 . Fext (L) +


δG

ds0
δr

s

The boundary terms B.T. are detailed in appendix C.

2.3. Overdamped dynamics
The ratio of inertial forces and viscous forces for an object moving in a fluid is estimated
by the dimensionless Reynolds number
Re =

ρvl
µ

where l is a characteristic length scale4 of the moving object, v the velocity of the motion,
ρ the fluid density and µ the fluid’s dynamic viscosity. We substitute the values of l =
kg
−3 kg , where the velocity corresponds to the
10−6 m, v = 10−2 ms , ρ = 103 m
3 and µ = 10
ms
highest observed beat frequency of 100Hz with an amplitude of 50µm. The value for the
velocity is an extreme estimate, leading to an upper bound of the Reynolds number of Re ≈
10−2 . Hence, we conclude that in the discussion of axonemal dynamics inertial terms can
be neglected. Additionally, we simplify the problem by ignoring hydrodynamic interactions
between different parts of the beating axoneme, which are expected to have minor effects
[109]. Looking at the local fluid friction, this leads to following force and moment balancing
equations, where we have introduced the perpendicular, tangential and rotational viscous
friction coefficients ξ⊥ , ξk , ξr as illustrated in Fig. 2.6.


1
1
(e1 e1 + e2 e2 ) + e3 e3
∂t r = −
ξ⊥
ξk
1 δG
.
∂t χ = −
ξr δχ

ξ



δG
δr

(2.12)
(2.13)

ξ ||

ξr
Figure 2.6: Using a local approximation we describe the hydrodynamic effects of the surrounding fluid on
the cylindrical filament in the form of a parallel and perpendicular friction coefficient.

4

Note, it is the diameter rather than the length of the flagellum that is of relevance in this problem [84].
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2.3.1. Incompressibility constraint
In order to complete the equations that determine the dynamics we enforce local incompressibility, and therefore the total length of the axoneme. We require
|rs |2 = 1
⇒ ∂t (rs .rs ) = 2rs .(∂t r)s = 0
or equivalently
e3 .(∂t r)s = 0 .

(2.14)

Which is a complicated non-linear expression in Ω1 , Ω2 , Ω3 , τ of the form
τ̈ −

ξk 2
(Ω + Ω22 )τ = . . .
ξ⊥ 1

(2.15)

where the right hand side is given in detail in appendix D.

2.3.2. Dynamic equations
Making use of Eq. (2.9) for δr = rt δt, δχ = χt δt together with the incompressibility
constraint Eq. (2.14) we find
∂t Ω1 = χt − e2 .∂ss (rt )
∂t Ω2 = −χt − e1 .∂ss (rt )
∂t Ω3 = ∂s (χt ) + (Ω1 e1 + Ω2 e2 ) .∂s (rt )
To obtain the equations of motion for Ω1 , Ω2 , Ω3 , τ we substitute the force and moment
balancing equations (2.10) and (2.11) into these expressions, defining the dynamic equations
of the form
...
....
ξ⊥ ∂t Ω1 + κ1 Ω 1 − aπ f1 = ...
...
....
ξ⊥ ∂t Ω2 + κ2 Ω 2 − aπ f2 = ...

(2.17)

ξr ∂t Ω3 − κ3 Ω̈3 + 2a2 π f̈0 = ... .

(2.18)

(2.16)

The rather long and complicated full expressions of the right hand sides can be found in
appendix D.

2.3.3. Boundary conditions
The boundary terms as derived in appendix D are balanced by the externally applied
forces, torques and moments at the ends implying that for general boundary conditions we
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have:
At s = 0
Fext = −[e1 (2πa2 f0 Ω1 − aπ(F1 Ω3 + f2 ) − (κ3 − κ1 )Ω1 Ω3 + κ2 Ω̇2 )
+e2 (2πa2 f0 Ω2 − aπ(F2 Ω3 − f1 ) − (κ3 − κ2 )Ω2 Ω3 − κ1 Ω̇1 ) − e3 τ ]
Text,1 = −κ2 Ω2 + πaF2
Text,2 = κ1 Ω1 − πaF1
M.e3 = −κ3 Ω3 + 2πa2 f0
At s = L
Fext = e1 (2πa2 f0 Ω1 − aπf2 − (κ3 − κ1 )Ω1 Ω3 + κ2 Ω̇2 )
+e2 (2πa2 f0 Ω2 + aπf1 − (κ3 − κ2 )Ω2 Ω3 − κ1 Ω̇1 ) − e3 τ
Text,1 = κ2 Ω2
Text,2 = −κ1 Ω1
M.e3 = κ3 Ω3 − 2πa2 f0
Looking at the case in which the base of the axoneme is clamped, we impose δr = (δr)s =
δχ = 0 at s = 0 implying that the necessary condition for the boundary terms to vanish at
s = 0 is given by
∂t r(0) = 0
∂t rs (0) = 0
∂t χ(0) = 0 .
These conditions can be expressed as conditions on of Ω1 , Ω2 , Ω3 , τ making use of equations
(2.12) and (2.13) as detailed in appendix D. At the free end no external forces, torques or
moments are acting. Hence we solve above expressions for Fext = Text,1 = Text,2 = M.e3 = 0
at s = L leading to
Ω1 (L) = 0
Ω2 (L) = 0
aπf2
1
Ω̇
Ω̇1 (L) = aπf
2 (L) =
κ1
κ2
2
f
τ
(L)
=
0
Ω3 (L) = 2πa
κ3 0

3
Planar motion

In the previous chapter we derived general three-dimensional equations defining axonemal
beat patterns. In order to compare quantitatively our results to experimental data from bull
sperm [30] we look in the following at the limit in which we confine the solutions of equations
(2.15)-(2.18) to two dimensions, i.e. we let
κ 2 , κ 3 , → ∞ ⇒ Ω2 , Ω 3 → 0

.

The quantity that is traditionally used to analyse flagellar beat patterns is the local shear
angle – the angle between the flagellum and the axis defined by the position of the head, as
illustrated in Fig. 3.1. Hence we change our notation from the curvature Ω1 (s) to the local
shear angle ψ(s) according to following relation
Z s
ψ(s, t) = ψ0 (t) +
Ω1 (s0 , t)ds0 .
0

ψ(s)

Figure 3.1: Definition of the local shear angle ψ(s).
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The constraints as defined above impose that Ω2 , Ω3 as well as f0 , f2 are zero. As derived
in appendix D the planar limit Eq. (2.15)-(2.18) become (see appendix D)
....
1
1
(−κ ψ + af̈ + τ̇ ψ̇ + τ ψ̈) + (κψ̇ 2 ψ̈ − af ψ̇ 2 + τ̇ ψ̇)
ξ⊥
ξk
...
...
ξ
k
= a(ḟ ψ̇ + f ψ̈) − κ(ψ̈ 2 + ψ̇ ψ ) +
(aḟ ψ̇ − κψ̇ ψ )
ξ⊥

∂t ψ =
τ̈ −

ξk 2
ψ̇ τ
ξ⊥

where we have re-written κ1 , πf1 , as κ, f respectively. These coupled differential equations
describe the planar beat of the three–dimensional axoneme and are the same as reported
previously in [106]. Note that they can be derived from a two-dimensional enthalpy functional
using the same variational approach in the zero Reynolds number limit as discussed in the
preceding chapter.
Z L n
o
κ
C(s) + f(s)∆(s) − Λ(s)
(3.1)
ds
G0 =
2
0
where C(s) is the curvature in the plane of beat, equivalent to Ω1 (s)), and ∆(s) replaces
∆1 (s) of the three-dimensional sliding on the axonemal surface as defined in Eq. (2.7). This
enthalpy functional can be interpreted as a “two-dimensional axoneme”, with two sliding
filaments as indicated by Fig. 3.2 connected by molecular motors in both directions.
In this chapter we extend the existing discussion of planar beats [106] in several ways.
 We take into account that the connection of the microtubules at the base is not totally
rigid and therefore introduce a finite stiffness ks and friction γ describing the basal
connection. As shown in this chapter the resulting non-zero basal sliding ∆0 is an
effect that significantly influences the possible beat patterns. This is the first study
where this effect is proposed on theoretical grounds. Our analysis is supported by
recent direct observation of basal sliding of microtubules in mouse spermatozoa [28].
 We unify and extend the existing discussion of boundary conditions by introducing a
torsional spring with angular rigidity kp , that effectively describes a pivotting connection
of the basal body around a stationary reference point.
 Finally we solve the equations of motion not only in the limit of infinitesimal amplitudes,
but for the first time discuss the system’s behaviour away from the bifurcation point
enabling us to understand axonemal beat patterns as solutions to a non-linear wave
equation.

The extensions at the boundary as described above leads to following additional terms
Es =
Ep =

ks 2
∆
2 0
kp
ψ(0)2
2

corresponding to the elastic energies of basal sliding and basal pivotting, such that the enthalpy functional takes the form
G = G0 + Ep + Es

.

(3.2)
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In this two dimensional notation, the local sliding displacement ∆(s, t) is related to the
shear-angle ψ(s, t) as follows.
∆(s, t) = ∆0 (t) + a(ψ(s, t) − ψ(0, t)) ,

(3.3)

such that the filament shape r(s, t) can be reconstructed from the local shear-angle ψ(s, t) by
Z s
(cos ψ(s0 , t), sin ψ(s0 , t))ds0 .
(3.4)
r(s, t) = r(0, t) +
0

Note that the discussion presented in this section is equivalent to the one of a twodimensional axoneme of width a. In order to interpret the results about basal sliding derived
in the following we keep in mind that the quantities involved are the angular Fourier component ∆1 (s), f1 (s) of the three-dimensional quantities ∆(s, φ), f(sφ) describing the forces and
sliding in the three-dimensional axoneme.
∆(

s)

f(s)
-f(s)

∆0
a

Figure 3.2: Illustrating the “two-dimensional axoneme” in which two filaments slider relative to each other.
Indicated are the local sliding displacement ∆(s) the internal shear force f(s) and the diameter a. Note the
elastic connection of the microtubules at the base allowing for basal sliding.

3.1. Dynamic equations
Matching viscous and elastic forces at the basal body implies
γ∂t ∆0 = −

∂G
∂∆0

where the coefficient γ describes the effective friction of microtubules sliding at the basal end.
This leads to an additional equation describing the dynamics of the basal sliding
Z L
1
f(s)ds .
(3.5)
∆0 = −
iωγ + ks 0
The differential equations in ψ(s, t) and τ (s, t) are supplemented by the appropriate
boundary conditions. The three-dimensional boundary conditions lead to a two-dimensional
limit as given in appendix D, which can be extended to include a pivotting head and basal
sliding.
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At s = 0
RL
κψ̇ + a 0 f(s)ds − kp ψ = 0
...
κ ψ − aḟ − ψ̇τ = 0
κψ̇ ψ̈ − af ψ̇ + τ̇ = 0

At s = 1
ψ̇ = 0
κψ̈ − af = 0
τ =0

Which is the most general form of the boundary conditions, whose properties we discuss in
following limiting cases:
 Clamped head without basal sliding ks , kp → ∞
 Clamped head with basal sliding kp → ∞
 Freely pivotting head without basal sliding ks → ∞, kp → 0

Frequency representation
Making the following Fourier mode ansatz
X
f(s, t) =
f̃ (n) (s)einωt
n

∆(s, t) =

X

ψ(s, t) =

X

˜ (n) (s)einωt
∆

n

ψ̃ (n) (s)einωt

n

we discuss the oscillatory motion in frequency space. In this representation we can make use of
a previous result relating the first Fourier modes of the force and local sliding displacement
of a collection of many molecular motors acting against an elastic element. It has been
shown [101,110,111] that such a system undergoes a phase transition as it is driven away
from equilibrium. Defining Ω as a critical parameter describing how far the system is out
of equilibrium, the collective properties can be summarised as follows. For Ω < Ωc the
force-velocity curve for such a system is similar to that of a single motor [112–115], whereas
far enough away from equilibrium at Ω = Ωc the force-velocity curve exhibits a singularity
which leads to hysteretic behaviour for Ω > Ωc , with instabilities and discontinuities in
the force-velocity curve as illustrated in Fig. 3.3. The signature of such a dynamical phase
transition for a collection of molecular motors has been observed experimentally in an actinmyosin system [116]. This non-intuitive property of a collection of many molecular motors
naturally leads to spontaneous oscillations as observed e.g. in skeletal muscle [102,103]. Such
spontaneous oscillations due to a dynamic instability have been implicated as the underlying
mechanisms in many cellular systems that exhibit oscillations [117,118]. In addition to the
discussion of axonemal beat patterns [105,106] the most prominent examples are the hair cells
of the inner ear [119–121] and mitotic spindle oscillations [122,123]. For small amplitudes
close to the bifurcation point, the general expansion relating the first time-like Fourier modes
can be truncated at the first non-linear term
e (1) |∆
e (1) |2 + h.o.t.
e (1) + χnl ∆
f̃ (1) = χlin ∆

(3.6)

which leads to three coupled ordinary differential equations for the dominant Fourier modes
of ψ and τ . We discuss this non-linear problem treating χlin , χnl as constant, which enables
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v

Ω > Ωc
Ω < Ωc

f

Figure 3.3: Sliding velocity of a collection of motors as a function of the resistive force as discussed in
[101,110,111]. The blue curve describing the system’s properties for Ω < Ωc resembles that of a single
motor [112–115]. For Ω > Ωc the system’s behaviour is qualitatively different and can lead to spontaneous
oscillations as indicated by the dashed arrows on red curve.

us to determine of finite amplitude non-linear waves and see how they compare to linearly
unstable solutions.
e (1) .
For notational brevity we conveniently drop the tildes and write ψ = ψ̃ (1) , ∆ = ∆
Rescaling the parameters we arrive at following dimensionless quantities

β=

ξ⊥
ξk

ωL4
κ ξ⊥
4 2
χ̄nl = a κL χnl
2
τi0 (s0 ) = Lκ τi (s)
2
γ̄ = La3 ξ γ
⊥
∆00 = a1 ∆0

ω̄ =

2

2

χ̄lin = a κL χlin
s0 = Ls
2
k̄s = aκL ks
k̄p = Lκ kp

which leads to the following set of coupled ordinary differential equations.
....
lin
2
∗
iω̄ψ = − ψh + χ̄lin ψ̈ + χ̄nl ∂s2 [(ψ + ∆lin
0 − ψ(0))|ψ + ∆0 − ψ(0)| ] + ∂s (τ0 ψ̇ + τ2 ψ̇ )
i
2 − χ̄∗ (ψ ∗ + (∆lin )∗ − ψ(0)∗ )ψ̇ 2 + τ̇ ψ̇ + τ̇ ψ̇ ∗
+β ∂s (|ψ̇|2 ψ̇) − 2χ̄lin (ψ + ∆lin
−
ψ(0))|
ψ̇|
0
2
0
0
lin

... 
lin
∗
2
2
−1
2
τ̈0 = 2Re{χ̄lin ∂s [(ψ + ∆0 − ψ(0))ψ̇ ]} − ∂s (|ψ̇| ) + 2β
|ψ̇| Re {χ̄lin } − Re{ψ̇ ∗ ψ }

...
−1 χ̄ ψ̇ 2 − ψ̇ ψ
τ̈2 = χ̄lin ∂s [(ψ + ∆lin
lin
0 − ψ(0))ψ̇] − ∂s (ψ̇ ψ̈) + β
(3.7)
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Where the general boundary conditions for the Fourier modes are given by
R1
k̄p ψ(0) = ψ̇(0) + χ̄lin 0 [ψ(s) + ∆lin
0 − ψ(0)]ds
R1
lin
+χ̄nl 0 [|ψ(s) + ∆0 − ψ(0)|2 (ψ(s) + ∆lin
0 − ψ(0))]ds
...
ψ (0) = χ̄lin ψ̇(0) + ψ̇(0)τ0 (0) + ψ̇ ∗ (0)τ2 (0)
2
lin 2 ∗
+χ̄nl (2|∆lin
0 | ψ̇(0) +n(∆0 ) ψ̇ (0)) o
∗
τ̇0 (0) = −∂s (|ψ̇(0)|2 ) + 2Re χ̄lin ∆lin
0 ψ̇ (0)

τ̇2 = −ψ̇(0)ψ̈(0) + χ̄lin ∆lin
0 ψ̇(0)
ψ̇(1) = 0
ψ̈(1) = χ̄lin (ψ(1) + ∆nl
0 + ψ(0))
2
lin
+χ̄nl |ψ(1) + ∆lin
0 − ψ(0)| (ψ(1) + ∆0 − ψ(0))
τ0 (1) = 0
τ2 (1) = 0

(3.8)

nl are the basal sliding terms expressed up to O(ψ) and O(ψ 3 ) respectively.
and ∆lin
0 and ∆
They are explicitly given by
Z 1
χ̄lin
lin
ψ(s)ds
∆0
= −
iω̄γ̄ + k̄s + χ̄lin 0
Z 1
χ̄nl
2
lin
nl
lin
|ψ(s) + ∆lin
∆0 = ∆0 −
0 | (ψ(s) + ∆0 )ds
iω̄γ̄ + k̄s + χ̄lin 0

In the limit of the our set of boundary conditions, the above expression simplifies as follows
 Clamped head without basal sliding ⇒ ∆lin
0 , ψ(0) = 0
 Clamped head with basal sliding ⇒ ψ(0) = 0
 Freely pivotting head without basal sliding ⇒ ∆lin
0 =0

3.2. Non-linear solutions – an analytical expansion
In this section we discuss solutions to the non-linear problem close to the bifurcation.
Making use of the linear modes, we find an analytical expression for the amplitude with which
the solution grows out of the bifurcation point. That is for a point close to a bifurcation with
χ̄lin = χ̄c +∆χ̄, ω̄ = ω̄c +∆ω̄ we expand the amplitude of the non-linear modes perturbatively
up to O(3 ) by making the following ansatz
∆χ̄ = ρeiθ 2 and ∆ω̄ = µ2

(3.9)

ψnl (s) = ψ0 (s) + 3 ψ1 (s) + h.o.t.

(3.10)

2

τ0,nl (s) =  τ0 (s) + h.o.t.

(3.11)

2

(3.12)

τ2,nl (s) =  τ2 (s) + h.o.t.

for some unknown values of , ρ, µ, θ ∈ R. In order to match terms of different orders of  we
re-write the non-linear problem 3.7 using the linear operator
L(χ̄lin , ω̄) = iω̄ + ∂s4 − χ̄lin ∂s2
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Figure 3.4: Schematic diagram, showing the critical line and how it separates a non-oscillatory region where
the zero solution is stable, and an oscillatory region where a non-zero mode becomes linearly unstable. At a
bifurcation point corresponding to a particular frequency ωc the red arrow indicates the direction of ∆χ ∼ eiθ
in which we go away from the instability in order to discuss finite amplitude oscillations.

which we can formally Taylor expand close to the bifurcation such that
L(χ̄lin , ω̄) = L(χ̄c , ω̄c ) − ∆χ̄∂s2 + i∆ω̄
| {z }

.

(3.13)

Lc

Matching O() terms gives rise to a linear problem, defining ψ0 (s) as a solution (arbitrarily normalised) to following linear differential equation
Lc ψ0 (s) = 0

(3.14)

subject to the appropriate boundary conditions, which for the three different cases are defined
in equations (E.2,E.5,E.8) of appendix E.
Matching O(2 ) terms leads to the following definitions of the non-linear corrections of
τ0 and τ2 ,


∗ ...
∗
τ̈0 (s) = 2Re{χ̄c ∂s [(ψ0 + ∆00 − ψ0 (0))ψ˙0 ]} − ∂s2 (|ψ˙0 |2 ) + 2β −1 |ψ˙0 |2 Re {χ̄c } − Re{ψ˙0 ψ0 }
≡ N2 (ψ02 )


... 
2
τ̈2 (s) = χ̄c ∂s [(ψ0 + ∆00 − ψ0 (0))ψ˙0 ] − ∂s (ψ˙0 ψ¨0 ) + β −1 χ̄c ψ˙0 − ψ˙0 ψ0
≡ N3 (ψ02 )
where we have introduced
∆00

χ̄c
=−
iω̄c γ̄ + k̄s + χ̄c

Z

1

ψ0 (s)ds
0
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which can be solved for τ0 (s), τ2 (s)using only knowledge of the linear solution ψ0 , subject to
the appropriate boundary conditions as defined in equations (E.3,E.6,E.9) of appendix E.
Matching O(3 ) terms gives rise to following relation
−ρeiθ ∂s2 ψ0 + iµψ0 + N1 (ψ0 ) + Lc ψ1 = 0

(3.15)

where

∗
N1 (ψ0 ) = χ̄nl ∂s2 [(ψ0 + ∆00 − ψ0 (0))|ψ0 + ∆00 − ψ0 (0)|2 ] + ∂s (τ0 ψ˙0 + τ2 ψ˙0 )
i
h
∗
2
+β ∂s (|ψ˙0 |2 ψ˙0 ) − 2χ̄lin (ψ0 + ∆00 − ψ0 (0))|ψ˙0 |2 − χ̄∗lin (ψ0∗ + ∆00 − ψ0 (0)∗ )ψ˙0 + τ̇0 ψ˙0 + τ̇2 ψ˙0

Multiplying Eq. (3.15) with a conjugated linear mode ψ0+ and subsequent integration
yields
Z 1
Z 1
Z 1
+
+ 2
iθ
ψ0+ N1 (|ψ0 |2 ψ0 ) + Z = 0
ψ0 ψ0 +
−ρe
(3.16)
ψ0 ∂s ψ0 ds + iµ
0

0

0

This equation captures the essence of how the non-linear solutions close to the bifurcation
relate to the linearly unstable modes. The form of Z = Z(ρ, θ, µ; ψ0 ), and ψ0+ depend
explicitly on the boundary conditions and are derived for the three different cases in appendix
E. This complex equation relates the three real quantities ρ, θ and µ, enabling us, for example
to determine the ρ and µ for a given value of θ, and hence the desired  and ω for a given
χ = χc + ∆χ that satisfies arg(∆χ) = θ. In the following we make use of it in order to
determine the direction ∆χlin in which the frequency of the solutions does not change. This
relation then also allows us to determine how the amplitude  grows as we go away from the
bifurcation in the direction ∆χlin .

3.3. Numerical solutions
3.3.1. Mathematical structure and implementation
Equations (3.7) and (3.8) define a boundary value problem, which we solve by rewriting the three higher order complex equations as a system of fourteen real first order differential equations. Note that the problem is phase invariant, meaning that for the numerical procedure we arbitrarily fix the phase of the solution. We do so by imposing
Im{ψ̇(0)} = −0.5Re{ψ̇(0)}. We proceed by using a “shoot and match” algorithm to solve the
boundary problem. In the clamped head case without basal sliding that means determining
seven parameters describing the unspecified boundary conditions at s = 0. To allow for basal
sliding or a pivotting head, ∆0 and ψ(0) become additional parameters to be determined in
a self-consistent fashion. Such a numerical “shoot and match” routine is very sensitive to
initial guesses of the unknown parameters, which means that the algorithm does not converge for a random choice of initial values. To circumvent this problem we make use of the
analytical expression for the amplitude of the solution in the close vicinity of the critical line
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as discussed in the previous section. That is we take the linear solution with appropriate
amplitude, ψ0 (s) to determine initial estimates for the unknown quantities. In the limit
for  → 0 our expansion becomes exact, meaning that as long as we are sufficiently close to
the bifurcation point this method gives very good estimates for the initial guesses and the
algorithm converges. We then use such a non-linear solution obtained in this way as a “seed”
to find non-linear solutions further away from the critical line, by varying χ̄lin in small steps
and estimating the unknown parameters with the help of the previously calculated solutions
nearby.

3.3.2. Finite amplitude non-linear waves
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Figure 3.5: Illustrating how the 19Hz solution of the first branch of unstable modes grows as we go away
from the bifurcation. On the left hand side numerical solutions to the non-linear equation are shown. As
the real and imaginary parts of the shear angle ψ(s) become lighter in colour the solution corresponds to
points further away from the bifurcation. On the right hand side we show the amplitude of those solutions
of equal frequency (inset) as well as the line in χ-space along which those iso-frequent solutions grow out of
the critical line. Above results correspond to the clamped head boundary conditions without basal sliding.
For the numerical calculations the ratio of friction coefficients ξ⊥ , ξk has been taken to be β = 2, as is a good
approximation for a slender filament such as the axoneme.

In this section we present the resulting non-linear wave solutions for constant frequency
as we go away from the bifurcation. The way we set up the problem is to treat χnl as a
given constant, that we take arbitrarily of similar magnitude as χlin in the region of interest.
In particular we set χnl = 42 [124], as this ensures that the iso-frequent solutions that we
discuss grow nicely into the unstable region in the frequency range of interest. In the real
physical system both χlin , χnl depend in a non-trivial way on the frequency ω and control
parameter Ω. In the physical system the frequency and bifurcation points are determined
by the intersections of χlin (ω, Ω) with the critical lines. Hence our approach in this chapter
discusses the properties of a selected few examples of any possible unstable modes. We follow
this generic approach which has the advantage that the details of the motor response, which is
captured in the functional dependence of χlin (ω, Ω) and χnl (ω, Ω), do not need to be specified.
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Figure 3.6: Same as Fig. 3.5, but now showing an example for the freely pivotting head boundary conditions,
looking at the bifurcation corresponding to a frequency of appproximately 3Hz.
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Figure 3.7: Same as Fig. 3.5, but now for the clamped head boundary conditions with basal sliding. Here we
look at the bifurcation on the second branch of unstable modes corresponding to a frequency of appproximately
18Hz. The mechanical properties of the basal connection were chosen such that the beat patterns resemble
experimentally observed ones, as discussed in the following chapter.

4
Flagellar beats observed in vivo

4.1. Comparing linearly unstable modes to experimental beat patterns
In the previous part we showed that beats far away from the bifurcation are effectively described by linearly unstable modes right at the bifurcation multiplied with a finite amplitude.
Hence in this chapter we look at those modes with which the system becomes unstable in
greater detail and compare them with experimental data. The experimental results discussed
in this section have been obtained by our collaborator Ingmar Riedel and were first presented
in his dissertation [30]. These high precision data were extracted from videos (total recording
time 4s) of defrosted bull sperm whose head was attached in a non-pivotting way to the cover
slip, corresponding to the theoretical analysis of clamped head boundary conditions. The
videos were recorded using a high speed camera (250 frames per second) and the flagellar
shape was tracked automatically by an image analysis algorithm. In order to describe the
very regular beat patterns quantitatively their zeroth and first Fourier mode were extracted.
The resulting modes approximate the observed beat patterns very well [30], i.e. we have
1
ψ(s.t) ≈ ψ̃ (0) (s) + ψ̃ (1) (s)eiωt + c.c.
2
Note that in previous studies a Fourier analysis has been used to extract the frequency of
flagellar beats by (manually) following the time course of a pair of points along the flagellum
[125]. The shape of the beating bull sperm has also been tracked with an automated digital
image analysis previously [126], but the two approaches had not been combined to quantify
the first Fourier mode of the flagellar beat before1 .
Calling for simplicity the linearly unstable solutions of the first Fourier mode ψ, (i.e. dropping the tilde, super- and subscripts) discussing the linearly unstable modes in the clamped
1

Which is somewhat surprising, since the spatial Fourier coefficients of snapshots of flagellar beats were
already analysed in a study from a different technological age, in which the experimental set-up consisted of cine
film, photosensitive detectors controlled by an analogue computer and punched paper tape recordings [127].
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Figure 4.1: Typical snapshot of a beating bull sperm with an automatically tracked flagellum [30].

head case (kp → ∞) corresponds to solving
....
iω̄c ψ + ψ − χ̄c ψ̈ = 0
subject to the following boundary conditions
At s = 0
ψ=0
...
ψ − χ̄c ψ̇ = 0

At s = 1
ψ̇ = 0
ψ̈ − χ̄c (ψ + ∆0 ) = 0

where the basal sliding is given by
χ̄c
∆0 = −
iω̄c γ̄ + k̄s + χ̄c

1

Z

ψ(s)ds

.

0

We discuss the theoretical solutions by using ks and γ, which describe the previously
undiscussed effective mechanical properties of the basal connection as fit parameters, in
order obtain linearly unstable modes that reproduce quantitatively the high precision experimental data. Analysis of datasets from six different beating bull sperm (presented in
appendix F) resulted in following dimensionless best fit parameters k̄s = 129.1 ± 4.1 and
γ̄ = (131.0 ± 2.6) × 10−4 (mean ± s.d.), which in physical dimensions are equivalent to
ks = (85.8 ± 2.8)

pN
nm

γ = (0.286 ± 0.006)

pNs
nm

where we have taken following values for ξ⊥ = 10−3 kg(ms)−1 , κ = 4 × 10−22 Nm2 , a = 100nm,
which are reasonable estimates for the perpendicular friction coefficient of the surrounding fluid used in the experiments [30] and the bending rigidity [106] as well as the radius
of the axoneme. Note that from above datasets, values for the mechanical properties of
the basal connection were estimated previously [30] by simple substitution of experimental
curves for ψ(s) into the theoretical equation. The results presented in this section are based
on a different approach and were obtained by direct comparison of theoretical solutions to
experimentally observed curves.
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Figure 4.2: The theoretical result for the first Fourier mode of the shear angle ψ (red line) compared with the
data (blue stars) from a particular bull sperm (S5) beating with f≈ 20.28Hz. The corresponding best fit values
pN
were ks = 84.8 nm
, γ = 0.283 pNs
. The amplitude of the linear mode was fixed to match the experimental data.
nm
The corresponding graphs comparing theoretical solutions to the other experimental datasets, can be found
in appendix F.

The corresponding amplitude of sliding oscillations at the base, can be determined from
the absolute value of the first Fourier mode |∆0 | as defined above in Eq. (4.1). In order to
interpret the resulting value as the basal sliding of the three-dimensional axoneme, we recall
that the ∆(s) used in the planar discussion corresponds to the angular Fourier component
∆1 (s) of the “three-dimensional” sliding ∆(s, φ). Hence recalling Eq. (2.7) the relative sliding
between two basal microtubule ends lying opposite of each other as indicated in Fig. 4.3 is
given by
∆B
A =

Z

π
2

− π2

Z
∆(s = 0, φ)dφ = ∆1 (0, φ)

π
2

− π2

cos(φ)dφ = 2∆1 (0) ≡ 2∆0

.

e1

Hence the amplitude of basal sliding is given by 2|∆0 |, which for the above best fit values
of ks and γ equates to (360 ± 38)nm.

A

e2

B

π
Figure 4.3: Relative sliding ∆B
A between two basal points A and B corresponding to R(0, ± 2 ) on the
B
axonemal surface. As discussed in the text ∆A = 2∆0 .
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In the recent study in which the direct observation of basal sliding in chinchilla spermatozoa was reported, the amplitude of basal sliding was estimated to be of the order of 80nm.
Whether larger basal sliding occurs in bull sperm flagella is not known, although a value of
the order of 360nm, should be directly observable by electron microscopy (if the basal sliding
could be stabilised). However, even if our theoretical value for basal sliding turns out to be
too large, it is of the right order of magnitude giving us confidence that the our theoretical
values for ks and γ will serve as a useful order of magnitude estimate for the mechanical
properties of the basal connection.
Note that without allowing for a non-zero basal sliding ∆0 it is not possible to achieve
a qualitatively agreeing fit, implying that basal sliding has a significant effect on the beat
pattern. Whether other effects such as an inhomogeneous structure of the axoneme along its
length, could potentially play a similar role remains to be discussed in the future. But our
results suggest the so far undiscussed possibility of beat pattern control via the mechanical
properties of the basal connection, which we detail in the folllowing section.

(i)

(ii)

Figure 4.4: Direct comparison between (i) experimental beat pattern (blue head) and (ii) theoretical beat
pattern (red head). The flagellar shape r(s) was reconstructed from the shear-angle ψ(s) given in Fig. 4.2 as
defined in Eq. (3.4). We show the first quarter of the beat cycle equally spaced in time.

4.2. Beat pattern control via the basal apparatus
Note that so far we have discussed the generic properties of the unstable Fourier modes
at any hypothetical bifurcation point χc (ωc ). Which of the modes becomes unstable is dependent on the microscopic details characterising the active and passive response of a given
system. Furthermore our approach of looking at unstable Fourier modes does not allow us to
conclude what happens when more than one mode is unstable. Mode co-existence, complicated interactions between the modes or the domination of one of the unstable modes could
occur. However, in discussing a particular motor model we can still look at how the first unstable mode changes upon introduction of finite elasticity and friction at the head, enabling
us to show as a “proof of principle” that beat patterns can be controlled by changing the
elastic properties of the basal connection.
In order to relate our results to the physical behaviour of a given system, we discuss the
microscopic origin of χ, because in a physical system χ is not a parameter but determined
by mechanical and chemical properties of the motor system. All hypothetical motor models
that lead to an oscillatory instability can be described close to the bifurcation by an effective
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Figure 4.5: The critical lines taking the resulting best fit values for ks , γ (blue lines) compared with the
no-basal sliding case (red lines). Not plotted in the same diagram for readability. Notice the significant effect
basal sliding has on the second branch of the critical points χc (ω)

response coefficient, but the exact nature of the dependence of χ on the frequency ω and
control parameter Ω does depend on the assumed microscopic details. In order to illustrate
the point that the mechanical properties of the basal connection can influence the possible
beat patterns, we discuss the previously described two-state motor model that leads to the
following response at frequency ω [106]
χ(ω, Ω) = K + iλω − ρkΩ

i ωα + ( ωα )2
1 + ( ωα )2

(4.1)

where K is the elastic modulus of a motor, λ the internal friction associated with a motor, ρ
the density of motors on the axoneme, k the cross-bridge elasticity and α is a characteristic
ATP turnover rate. Ω plays the role of a control parameter describing how far the system
is driven away from equilibrium, with 0 < Ω < π 2 . A given physical system with fixed
parameters cannot exhibit bifurcations at arbitrary frequencies. The bifurcation points and
frequencies are determined by the intersections of the above lines χ(ω, Ω) with the critical
lines χc (ωc ) with ω = ωc . Since χ is complex but Ω is real, this means that the frequency with
which it becomes unstable is intrinsically determined by the equation χc (ωc ) = χ(ωc , Ωc ). In
the case of the axoneme we have a discrete spectrum of critical lines χc (ωc ) which means that
there is more than just one bifurcation at which modes become unstable. The phase diagram
specifying which mode becomes unstable with frequency ω and at which value of the control
parameter Ωc depends on the values of those parameters. For the motor model we have taken
K = 1.8 × 104 kgm−1 s−2 , λ = 0.86kg(ms)−1 , α = 6.6s−1 , ρ = 5 × 108 m−1 , k = 10−3 Nm−1 . We
discuss the unstable linear modes for these values of the parameters.
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As the control parameter is increased under both conditions (no basal sliding, with basal
sliding) the system will at some point become unstable. For 0.03743 < Ω < 0.03745 only the
leading instability is unstable. The unstable modes for the two cases differ significantly as
illustrated in Fig. 4.6. These modes do not corespond to commonly observed flagellar beat
patterns, but they demonstrate directly that the mechanical properties of the basal connection
can change the kind of beat pattern generated by an otherwise identical system. Our approach
of looking at unstable Fourier modes does not allow us to determine the system’s behaviour
once several modes have become unstable. Different scenarios such as co-existence, modeinteraction or mode-dominance are possible. However, in order to indicate how significant the
effect of basal sliding is as far as the linearly unstable modes are concerned, we compare in Fig.
4.6 the instability that occurred just before the range 0.03923 < Ω < 0.04058 in the two cases
respectively. The system with basal sliding shows a nicely travelling wave solution as observed
experimentally, whereas the system without basal sliding does not exhibit such behaviour. It
is worth noting that the latter result is not due to our particular choice of parameters, but
true in general, i.e. it is not possible to find solutions quantitatively reproducing experimental
beat patterns as in the basal sliding case shown for example in Fig. 4.2 . For completeness
in appendix G we present the first six instabilities for the two different cases and detail at
which values of Ωc they become unstable with which critical frequencies.
So we conclude that beat patterns can indeed be regulated by changing the mechanical
properties of the basal connection. From an evolutionary point of view this suggests that
the different axonemal beat patterns that we see might be a result of different basal body
structures [128]. But it also opens up the possibility that some of the observed changes of
axonemal beat patterns due to an outside stimulus could be achieved by a change of the
basal body structure on a short time scale, by proteins that interact (symmetrically and
asymmetrically) with the basal body, as reported in [129,130].
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(ii)

Figure 4.6: The first and fourth linearly unstable modes. Comparison between (i) basal sliding and (ii)
no basal sliding beat patterns. In the first case the basal connection is characterised by a finite elasticity of
s
pN
and a friction γ = 0.286 pN
. For the choice of parameters describing the motors as specified in
ks = 85.8 nm
nm
the text, above first modes (upper part) are unstable in the range of 0.03743 < Ω < 0.03745. The respective
frequencies are (i) 28Hz and (ii) 14Hz. In the range 0.03923 < Ω < 0.04058 above fourth modes (lower part)
are unstable with respective frequencies of (i) 20Hz and (ii) 5Hz. Shown here are snapshots of the flagellar
shape during a quarter of the beat cycle.

5
Three dimensional beat patterns

5.1. Equilibrium configuration and linearly unstable modes
The full description of non-linear dynamics of the axoneme in three dimensions is given by
equations (2.16)-(2.18). In this chapter we first determine the equilibrium configuration for an
axoneme in which all motors exhibit a constant background activity, and then linearise around
this equilibrium state to determine the modes with which the system becomes unstable.
Similar to the preceding chapter this will prove instructive in discussing the kind of beat
patterns the system will exhibit.
Assuming there is a time-independent contribution to the activity of the motors, we write
f0 (s, t) = f0c (s) + f0t (s, t)
implying that there is a constantly active motor force f0c (s) acting along the axoneme, which
we expect to lead to a non-zero equilibrium twist. Hence we also split the twist angle Ω3 into
a stationary and a time-dependent part
Ω3 (s, t) = Ωc3 (s) + Ωt3 (s, t)
where Ωc3 (s) is determined by f0c (s) as shown below.
Substitution of above expression into the differential equation for the twist angle Eq. (2.18)
yields to linear order
−ξr ∂t Ωt3 = 2πa2 (f̈0c (s) + f̈0t (s, t)) − κ3 (Ω̈c3 (s) + Ω̈t3 (s, t))
Matching the time independent terms leads to
κ3 Ω̈c3 (s) = 2πa2 f̈0c (s)
with the following linear order boundary conditions
Ω̇c3 (0) = 0 Ωc3 (L) =
41

2πa2 c
κ3 f0

.
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2πa2 c
⇒ Ωc3 (s) =
f (L) −
κ3 0

ZL Zs0
s

f̈0c (s0 )ds0

.

0

For the sake of simplicity assuming that the time-independent part of the force is homogeneous along the axoneme, i.e.
f0c (s) = const
⇒ f̈0c = 0
and hence
2πa2 c
f
κ3 0
≡ A .

Ωc3 (s) =

Meaning that the equilibrium configuration is given by
Ω1 (s) = 0
Ω2 (s) = 0
Ω3 (s) = A
which defines a straight rod with a constant twist.
We linearise around this state by taking (Ω1 (s), Ω2 (s), Ωt3 (s)) = (Ω̄1 (s), Ω̄2 (s), A + Ω̄t3 (s)).
Assuming that A is small (i.e. neglecting O(A2 ) terms), we arrive at the equations of motion
for the solutions of infinitesimally small amplitude, for which terms of order O(Ω2 ) become
negligible
...
...
....
ξ⊥ ∂t Ω1 = −κ1 Ω 1 + aπ f1 + 4A(κ2 Ω 2 − aπ f̈2 )
...
...
....
ξ⊥ ∂t Ω2 = −κ2 Ω 2 + aπ f2 − 4A(κ1 Ω 1 − aπ f̈1 )
(5.1)
ξr ∂t Ωt3 = κ3 Ω̈t3 − 2a2 π f̈0t
τ̈ = 0
where we immediately dropped the overbars for notational convenience. Together with the
following linearised boundary conditions these equations define the linear modes in the limit
of small amplitudes.
At s = 0
At s = L
κ1 Ω̈1 = aπ ḟ1 + 2A(κ2 Ω̇2 − aπf2 )
Ω1 = 0
κ1 Ω̈2 = aπ ḟ2 − 2A(κ1 Ω̇1 − aπf1 )
Ω2 = 0
...
00
1
κ1 Ω 1 = aπ f̈1 + 3A(κ2 Ω2 − aπ ḟ2 ) Ω̇1 = aπf
κ1
...
aπf2
κ1 Ω 2 = aπ f̈2 − 3A(κ1 Ω̈1 − aπ ḟ1 ) Ω̇2 = κ2
2
t
Ω̇t3 = 0
Ωt3 = 2πa
κ3 f0
τ̇ = 0
τ =0

(5.2)

In order to study oscillatory solutions to the above equations of motion, we analyse the
equations describing the Fourier modes of the time-dependent quantities.
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Frequency representation
Similarly to the previous discussion of planar beats we make the following Fourier mode
ansatz
X
f(s, φ; t) =
f̃ (n) (s, φ)einωt
n

∆(s, φ; t) =

X

Ωi (s, φ; t) =

X

˜ (n) (s, φ)einωt
∆

n

Ω̃i

(n)

(s, φ)einωt

n

and assume the following relation between the first time like Fourier modes, as previously
derived for a system of many motors [101]
˜ (1) (s, φ) + h.o.t. ,
f̃ (1) (s, φ) = χ∆

(5.3)

which for the first Fourier modes of the angular components gives us
(1)

(1)

t,(1)

˜ (s) = −a2 χΩ̃
f̃0 (s) = χ∆
(s)
0
3
Zs
(1)
˜ (1) (s) = aχ Ω̃(1) (s0 )ds0
f̃1 (s) = χ∆
1
1
0
(1)

(1)

˜ (s) = aχ
f̃2 (s) = χ∆
2

Zs

(1)

Ω̃2 (s0 )ds0

.

0

This leads to the following set of coupled ordinary differential equations describing the
modes with which the system becomes linearly unstable (dropping the tilde and superscript
denoting the Fourier modes so as not to overburden the notation)
....
...
iωξ⊥ Ω1 = −κ1 Ω 1 + a2 πχΩ̈1 + 4A(κ2 Ω 2 − a2 πχΩ̇2 )
....
...
iωξ⊥ Ω2 = −κ2 Ω 2 + a2 πχΩ̈2 − 4A(κ1 Ω 1 − a2 πχΩ̇1 )
iωξr Ωt3
τ̈

4

= (κ3 + 2a

(5.4)

πχ)Ω̈t3

= 0

subject to boundary conditions
At s = L

At s = 0
κ1 Ω̈1 = a2 πχΩ1 + 2Aκ2 Ω0
κ1 Ω̈2 = a2 πχΩ2 − 2Aκ1 Ω0

Ω1 = 0
Ω2 = 0
RL
...
2
κ1 Ω 1 = a2 πχΩ̇1 + 3A(κ2 Ω̈2 − a2 πχΩ2 ) Ω̇1 = a κπχ
Ω1 (s0 )ds0
1
...
κ1 Ω 2 = a2 πχΩ̇2 − 3A(κ1 Ω00 − a2 πχΩ1 ) Ω̇2 =
Ω̇t3 = 0
τ̇ = 0

a2 πχ
κ1

0
RL

Ω2 (s0 )ds0

0

4

Ωt3 (1 + 2aκ3π χ) = 0
τ =0

(5.5)
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5.2. Beating patterns for symmetric bending rigidities
Motivated by the important dynamics of the nodal cilia, that have a 9+0 axoneme, we
discuss the case of symmetric bending rigidities, i.e. κ1 = κ2 ≡ κ. For notational convenience
we introduce the vectorial quantity

z=

Ω1
Ω2

!
(5.6)

We rewrite the differential equations and boundary conditions in Ω1 , Ω2 of equations (5.4)
and (5.5) using Eq. (5.6). After rescaling s → Ls , AL → A and introducing the dimensionless
4
πa2 L2
quantities ω̄ = ωL
κ ξ⊥ , χ̄ =
κ χ we obtain
...
....
iω̄z = − z + χ̄z̈ + 4AM( z − χ̄ż)

At s = 0
−z̈ + χ̄z + 2AMż = 0

At s = L
z=0

RL
...
− z + χ̄ż + 3AM(z̈ − χ̄z) = 0 −ż + χ̄ z(s)ds + AMz = 0

(5.7)

(5.8)

0

where the coupling matrix is given by

M=

0 1
−1 0

!
.

We find the solutions to the above problem by making an exponential ansatz
z(s) = z0 eqs
which leads us to the following equation
iω̄z0 = −q 4 z0 + q 2 χ̄z0 + 4AM(q 3 z0 − q χ̄z0 ) .
Let z0 be an eigenvector of M with eigenvalue λ, i.e. Mz0 = λz0 , then q satisfies the
following fourth order polynomial equation
q 4 − q 2 χ̄ − 4Aλ(q 3 − q χ̄) + iω̄ = 0 .
Let qn be solutions to the above equation for λ = i then the general solution to the
differential equation is given by
z(s)=

n=4
X

Cn z1 eqn s + Dn z2 e−qn s

n=1

where z1 , z2 are the eigenvectors of M with eigenvalues λ1 = i, λ2 = −i given by
!
!
1
1
z1 =
, z2 =
i
−i

(5.9)
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The eight unknown complex constants Cn ,Dn of the general solution are determined by
the boundary conditions. Substituting Eq. (5.9) into Eq. (5.8) and introducing the vectors
c = (C1 , C2 , C3 , C4 ) and d = (D1 , D2 , D3 , D4 ) leads to the following matrix equation
Q(1) (χ̄, ω̄)c = 0 Q(2) (χ̄, ω̄)d = 0
where the matrices Q(1) ,Q(2) depend on χ̄ and ω̄ as defined in appendix H. The necessary
condition for non-zero solutions to exist, namely det Q(1) = 0 or det Q(2) = 0 leads to a
discrete spectrum of χ̄ for which the system has non-zero solutions for a given value of ω̄.
This can be visualised as critical branches of χ̄c (ω̄c ) in the complex plane for a whole range
of critical frequencies ω̄c as illustrated in Fig. 5.1. For the numerical calculations we have
taken the symmetry breaking term to be of value A = 0.01, which for a reasonable estimate
of twist rigidity corresponds to a small background motor activity1 .
(1)

(2)

det Q = 0

det Q = 0
Im χ
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Figure 5.1: Critical values χ̄n (ω̄) for which the two matrices describing clamped head boundary conditions
become singular. The small symmetry braking pre-twist has been taken as A = 0.01 and the lines start for
π)2 . See appendix H for detailed derivation. The dashed lines on
ω̄ = 0 on the real axis where χ̄n = −( 2n+1
2
(1)
the left correspond to det Q = 0 and the ones in the middle correspond to det Q(2) = 0. The right hand side
shows a detailed view of the first branch of critical lines for small values of ω̄. The left branch corresponds
to solutions that twirl in a clockwise fashion whereas the right branch corresponds to solutions that twirl in
a counterclockwise fashion.

Similarly to above discussion of χ̄c (ω̄c ) that leads to non-zero solutions in Ω1 (s), Ω2 (s),
there exist values for which Ωt3 (s) exhibits non-zero solutions, corresponding to twist oscillations. However, motivated by the observed bending modes of nodal cilia we concentrate
on the instabilities for which Ωt3 = 0. Examples of theoretical bending modes of appropriate
frequency on the first branch of instabilities are illustrated in Figs. 5.2 and 5.3. Note that
they are twirling solutions that reproduce qualitatively the experimentally observed vortical
beat patterns of nodal cilia [3].
Note that our way of characterising the unstable modes of the system is independent of
the microscopic details. These modes are generic in so far as that any motor model that
leads to a response function like Eq. (5.3) will lead to such a set of unstable solutions on
the critical lines χ̄c (ωc ). But this also means that in order to interpret such a χ-diagram we
1

With ten inner and four outer dynein arms per 96nm repeat along the nine microtubule doublets [131], a
maximum force generated per motor estimated to be 6pN [78] and a twist rigidity κ3 ≈ 2.2κ1 ≈ 9 × 10−22 Nm2
[98] such a small pre-twist of A = 0.01 over the length of a 3µm long cilium corresponds to approximately 5%
of the maximum twist that could be generated by the motors.
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need to discuss a particular motor model explicitly describing the dependence of χ on the
frequency and control parameter similarly to the discussion in section 4.2.

Figure 5.2: Three dimensional shape of a “twirling” solution for a symmetric cilium of length L ≈ 3µm beating with f ≈ 10Hz, corresponding to unstable modes on the first branch of det Q(1) = 0 (clockwise rotation) for
A = 0.01. In order to obtain these graphical solutions of the axoneme in cartesian co-ordinates we numerically
integrated the system of coupled ODEs given by Eq. (2.2) to reconstruct r(s) from Ω̃1 (s), Ω̃2 (s), Ω̃3 (s).
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Figure 5.3: Three dimensional shape of a “twirling” solution for a symmetric cilium of length L ≈ 3µm
beating with f ≈ 10Hz, corresponding to unstable modes on the first branch of det Q(2) = 0 (counterclockwise rotation) for A = 0.01. In order to obtain these graphical solutions of the axoneme in cartesian
co-ordinates we numerically integrated the system of coupled ODEs given by Eq. (2.2) to reconstruct r(s, t)
from Ω̃1 (s), Ω̃2 (s), Ω̃3 (s).

6
Conclusions and discussion

The motility of cilia and flagella lies at the heart of many different biological processes discussed in fields ranging as varied as developmental biology, the swimming of microorganisms,
and otolaryngological1 medicine. Over the past four decades much progress has been made in
elucidating the microscopic structure of the axoneme that forms the active core of cilia and
flagella. However, progress on finding a control mechanism that explains the orchestrated
activity of the the force generating molecular motors, in all these different circumstances,
has remained unsatisfactorily vague. No simple answer has emerged, because there is no
explanation of the simple kind people were looking for. The dynamics of cilia and flagella
cannot be understood by cataloguing parts and drawing schematic interaction diagrams, for
two reasons. Firstly, a system consisting of thousands of interacting force generators exhibits
collective properties that cannot be explored by means of qualitative reasoning, but can only
be uncovered by a rigorous mathematical analysis. Secondly, ciliary and flagellar beat patterns are a fundamentally dynamic effect, which means that studying this problem requires
an understanding of the physical forces that govern this dynamics. Those physical forces can
be understood within the theoretical framework described in this thesis. As a result of our
work a picture emerges, that offers a unifying viewpoint on the dynamics of flagella, primary
cilia and “conventional” cilia – to follow the traditional, somewhat arbitrary classification of
axonemal structures.
We showed that the axonemal structure is fundamentally capable of generating many
different oscillatory beat patterns, and provide evidence that subtle influences such as the
boundary conditions lead to a selection and modulation of these beat patterns. We hope
that these insights, as summarised below, contribute to the understanding of the fascinating
dynamics of cilia and flagella.

1

Ear, Nose, Throat.
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6.1. Summary of our results
 We analysed the low Reynolds number2 dynamics of a cylindrical structure that actively
changes its shape. This analysis applies to cilia and flagella in which the axoneme drives
the motility due internally generated forces. The equations derived in chapter two
allow for the discussion of a general force distribution along the axoneme and provide
a powerful theoretical framework that describes the dynamics of cilia and flagella for
any hypothesised form of time-dependent motor activity.
 Following the previously formulated idea of spontaneous oscillations of a system of
many molecular motors described by a Hopf bifurcation [101,106], we examined the twodimensional limit of our theoretical description. Explicitly discussing the mechanical
properties of the basal connection of the axoneme we show that a non-linear “wave
equation” leads to oscillatory solutions that resemble experimentally observed flagellar
beat patterns and determine the amplitude of those solutions analytically close to the
instability.
 We noticed that the non-linear, finite-amplitude waves are similar to the linear modes
with which the system becomes unstable right at the bifurcation. By comparing linear
modes to previously presented quantitative data [30] from beating bull sperm, we estipN
mate the effective elasticity and friction of the basal connection to be ks = (85.8±2.8) nm
pNs
and γ = (0.286 ± 0.006) nm respectively, leading to non-zero basal sliding as directly
supported by experimental observation [28].
 We showed that planar beat patterns can be altered significantly by changing the mechanical properties of the basal connection and thereby with this “proof of principle”
propose a way of beat pattern control via the basal apparatus.
 Finally, we examined the three dimensional equations by discussing linearly unstable
modes in the case of symmetric bending rigidities. We showed that an un-regulated 9+0
axoneme is capable of generating oscillatory solutions resembling the observed vortical
beat patterns of nodal cilia, that play a crucial role in determining the left-right axis
during embryological development.

We conclude that that due to the collective properties of a system of many molecular motors,
commonly observed beat patterns of cilia and flagella can be achieved by the axonemal
structure in the absence of any biochemical regulation. Although this does not imply that
biochemical regulations are irrelevant, our result that the unregulated axoneme can oscillate
spontaneously, naturally leads to the assumption that self-organisation is the fundamental
principle by which basic beat patterns are generated.
2

That is where viscous forces dominate, meaning that inertial effects can be neglected as is the case for
axonemal dynamics.
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6.2. Outlook on future work
6.2.1. Generic properties vs microscopic details of physical systems
The presented derivation of the equations defining the time-evolution of the axonemal
configuration, and our analysis of these time-dependent equations in terms of oscillatory
solutions elucidate the system’s generic properties. As discussed in section 4.2 the microscopic
details of a given motor model determine which of the modes will become unstable, and with
which frequency at which value of the control parameter the instability occurs. However,
once more than one such mode is unstable our approach does not allow us to deduce the
system’s behaviour. Different scenarios such as mode domination, mode co-existence or more
complicated mode interactions are possible. In order to determine what happens under
given circumstances it is necessary to study the time-dependent problem directly, either by
numerical integration of the partial differentail equations, or – which could be preferable for
stability reasons – by introducing a discrete formulation of the axonemal structure.
In order to make a general point about finite amplitude oscillations and how they relate to
linearly unstable modes, we took a constant value for the non-linear response coefficient χnl .
It will be instructive to explicitly take the dependence of the non-linear response coefficient
on the beat frequency and the control parameter into account. This would complement our
theory so that it could describe the system’s behaviour as a function of the order parameter
such as the ATP concentration for a given set of microscopic and macroscopic parameters.

6.2.2. Discussing asymmetry - on which side lies your heart?
The fact that among vertebrate species as different as mice, zebrafish, rabbits and in all
likelyhood us humans, it is a fluid flow generated by the rotation of cilia that is responsible for
breaking the left-right symmetry of the embryo, is a fascinating discovery that has received
an immense amount of recent attention [2,3,8,25,54,55,132–135]. We showed that cilia are
capable of generating such vortical motion, but also that the axonemal structure fundamentally leads to rotations in both clockwise and counterclockwise directions. In nature both
circling patterns are observed, however in the case of nodal cilia it seems crucial that the cilia
all rotate in the same direction3 to produce a fluid flow to the left of the body axis4 . This
raises the intriguing question – that has not featured as prominently in the existing literature
as it deserves – namely, how it is achieved that the cilia rotate in this and not in the other
direction when required? This is an aspect of the fundamental question of how the axoneme
can generate the appropriate beat pattern in a given environment.
Addressing this question is fundamental to the understanding of cilia and flagella, since it is
their versatility that lies at the heart of their importance, as highlighted by the fact that ongoing research continues to discover an ever increasing number of systems where the beating
of cilia and flagella is crucial [56]5 .
Based on the results of our work we put forward the hypothesis that the mechanical properties of the basal body are important in selecting and modulating basal beat patterns. The
3

Clockwise when viewed from the tip, in the case for mouse embryos.
As a result of a posteriorly tilted axis of the cilia.
5
And thereby overthrows “conventional wisdom” regarding primary cilia that have long been thought to
be immotile.
4
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experimental observation that The diversity of structural organization of the basal apparatus
between animals is considerable [128] characterises this hypothesis as a logical candidate to
explain the versatility of cilia and flagella. It is intriguing that even in the first report of
rotating primary cilia [52] it was stressed that their basal bodies differ significantly from the
ones of “normal” epithelial cilia (whose power stroke lies in a plane defined by their basal
foot [136]). The analysis presented in this thesis, twenty years after that observation, lends
itself to address the effect of different basal body structures on ciliary beat patterns.
Hence, it is with great excitement that we look forward to exploring the effects of asymmetric boundary conditions representing the basal connection on an otherwise symmetric 9+0
axoneme. This, as well as other aspects such as asymmetric bending rigidities, representing
the central pair of the 9+2 structure, or the effect of Ca2+ on the overall activity of the
motors, should be at the centre of future research that will shed more light on the dynamics
of cilia and flagella in a wide range of different systems, and maybe answer questions such as
why it is that your heart lies on the left side.

A
Local sliding expression

In this appendix we derive an expression for the local sliding displacement ∆(s, φ) in terms
of the geometrical quantities Ωi (s) that define the configuration of the axoneme in threedimensions.
We are interested in the derivative of L(s, φ) in the direction of n(s, φ) as discussed in
section 2.2.1. In the (non-orthogonal) co-ordinate system with unit vectors
es =

Rφ
Rs
, eφ =
|Rs |
|Rφ |

,

we have
n = n s es + n φ eφ

.

Orthogonality of n(s, φ) to Rs (s, φ) yields
ns = −nφ es .eφ
and normality of n implies
n2s + n2φ + 2ns nφ es .eφ = 1
which we can solve for ns , nφ (choosing the sign appropriately, as discussed in section 2.2.1)
es .eφ
1 − (es .eφ )2
1
p
.
1 − (es .eφ )2

ns = − p
nφ =

Zs
The arclength of a microtubule at point R(s, φ) is given by L(s, φ) =
0
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such that the partial derivatives read
p
∂s L =
Rs (s, φ).Rs (s, φ)
Zs
p
∂φ L =
ds0 ∂φ Rs0 (s0 , φ).Rs0 (s0 , φ)
0

Zs
=
0

Rs0 (s0 , φ).Rs0 ,φ (s0 , φ)
ds0 p
Rs0 (s0 , φ).Rs0 (s0 , φ)

.

In order to complete the list of quantities needed to determine the directional derivative,
we calculate the various derivatives of R(s, φ). Recalling that
R(s, φ) = r(s) + ae1 (s) cos φ + ae2 (s) sin φ
we derive
Rφ = −ae1 sin φ + ae2 cos φ
Rs = −e1 aΩ3 sin φ + e2 aΩ3 cos φ + e3 (1 − a(Ω2 cos φ − Ω1 sin φ))
Rs,φ = −aΩ3 (e1 cos φ + e2 sin φ) + ae3 (Ω1 cos φ + Ω2 sin φ)
and therefore
Rφ .Rφ = a2
Rφ .Rs = a2 Ω3
Rs .Rs = 1 − 2a(Ω2 cos φ − Ω1 sin φ) + a2 (Ω23 + (Ω2 cos φ − Ω1 sin φ)2 )
Rs,φ .Rs = a(1 − a(Ω2 cos φ − Ω1 sin φ))(Ω1 cos φ + Ω2 sin φ)
Putting all the above expressions together and substituting them into
n.∇L =

nφ
ns
∂s L +
∂φ L
|Rs |
|Rφ |

we can expand the result in powers of a, finally leading to
Zs
n.∇L= − aΩ3 + cos φ

0

Zs

0

Ω1 (s )ds + sin φ
0

Ω2 (s0 )ds0 + O(a2 ) ,

0

implying that
2

Zs

∆(s, φ) = −a Ω3 (s) + a cos φ

0

0

Zs

Ω1 (s )ds + a sin φ
0

0

Ω2 (s0 )ds0 + O(a3 )

.
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For completeness we present the informative expansions of ns , nφ , ∂φ L, ∂s L, |Rφ | , |Rs |
below
|Rφ | = a
|Rs | = 1 − a(Ω2 cos φ − Ω1 sin φ) + O(a2 )
ns = −Ω3 a − Ω3 a2 (Ω2 cos φ − Ω1 sin φ) + O(a3 )
1
nφ = 1 + Ω23 a2 + O(a3 )
2
∂s L = 1 − a(Ω2 cos φ − Ω1 sin φ) + O(a2 )
Zs
Zs
0
0
∂φ L = a sin Ω2 (s )ds + a cos φ Ω1 (s0 ds0 ) + O(a3 ) .
0

0

B
Variational discussion

Here we derive the variational terms of the 3D enthalpy functional. The starting point is
the group of relations that define the curvatures and twist of our right handed orthonormal
co-ordinate system Eq. (2.2). In the following we will derive how the quantities Ωi change
given small variations of the axonemal configuration (i.e. when r → r + δr, e1 → e1 + δe1
and e2 → e2 + δe2 ). In order to do this we first have to derive equations for the change in
the basis vectors ei . First of all note that due to the constraint that s has to remain the
arclength under variations
δe3 = δ(rs ) 6= (δr)s .
Let
r → r+δr
then the following vectors will be tangential to the new curve
rs + (δr)s

.

For small variations the normalisation factor will then be given by
1
1
=p
' 1 − (δr)s .rs
|rs + (δr)s |
rs .rs + 2(δr)s .rs + h.o.t.
and hence the unit tangent vectors
rs + (δr)s − ((δr)s .rs )rs

.

Defining the change in the unit tangent vector
e3 → e3 + δe3
we arrive at
δe3 = (δr)s − ((δr)s .rs )rs
57
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The corresponding relations for δe2 , δe2 follow from the orthogonality of e1 , e2 , e3 . Let
e1 → e1 + δe1
e2 → e2 + δe2

,

then orthogonality implies
(e1 + δe1 ).(e3 + δe3 ) = 0
(e2 + δe2 ).(e3 + δe3 ) = 0
and therefore
e3 .δe1 + e1 .(δr)s = 0
e3 .δe2 + e2 .(δr)s = 0

.

Multiplication with e3 yields
(δe1 .e3 )e3 = −(e1 .(δr)s )e3
(δe2 .e3 )e3 = −(e2 .(δr)s )e3

.

Since δe1 .e1 = δe2 .e2 = 0 we can write
δe1 = (δe1 .e2 )e2 + (δe1 .e3 )e3
δe2 = (δe2 .e1 )e1 + (δe2 .e3 )e3
leading to
δe1 = (δe1 .e2 )e2 − (e1 .(δr)s )e3
δe2 = (δe2 .e1 )e1 − (e2 .(δr)s )e3

.

Defining the rotation angle δχ = e2 .δe1 and making use of (e1 + δe1 ).(e2 + δe2 ) = 0 which
implies e1 .δe2 = −e2 .δe1 we arrive at
δe1 = δχe2 − (e1 .(δr)s )e3
δe2 = −δχe1 − (e2 .(δr)s )e3

.

Now that we have expressed δei in terms of the principal variations δr and δχ we can
determine the resulting variations δΩi . They can be read off from the relations of the varied
unit normal vectors ∂s ei → ∂s0 (ei + δei ) where s0 is the arclength of the varied system and
defined by
1
p
1 + 2(δr)s .rs + h.o.t.
' 1 − (δr)s .rs .

ds
ds0

=

ds0

=

ds + δ(ds)

'

(1 + (δr)s .e3 )ds

Let

⇒ δ(ds) = ((δr)s .e3 )ds

.
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Hence writing Eq. (2.2) as
∂s ei = Ω × ei
where Ω =

P

i Ω i ei ,

the following equation with δΩ = δΩi ei
(1 − (δr)s .rs )∂s (ei + δei ) = (Ω+δΩ)×(ei + δei )

defines δΩi by simple (but tedious) substitution of the previous result for δei , finally leading
to the following result
δΩ1 = δχΩ2 − e2 .(δr)ss − 2Ω1 e3 .(δr)s
δΩ2 = −δχΩ1 + e1 .(δr)ss − 2Ω2 e3 .(δr)s
δΩ3 = (δχ)s + (Ω1 e1 + Ω2 e2 − Ω3 e3 ).(δr)s

.

C
Integrating variational terms by parts

Here we present the detailed derivation of the terms determined by partially integrating
the variational terms. Substituting the expressions for δ(ds), δΩ1 (s), δΩ2 (s), δΩ3 (s) into the
equation for δG we get
ZL
[He3 .(δr)s + (κ1 Ω1 − πaF1 )(δχΩ2 − e2 .(δr)ss − 2Ω1 e3 .(δr)s )

δG =
0

+(κ2 Ω2 − πaF2 )(−δχΩ1 + e1 .(δr)ss − 2Ω2 e3 .(δr)s )
+(κ3 Ω3 − 2πa2 f0 )((δχ)s + (Ω1 e1 + Ω2 e2 − Ω3 e3 ).(δr)s ))]ds

Ordering terms we write
δG = I1 + I2 + I3 + I4

,

where
ZL
[(e3 H − 2Ω1 e3 (κ1 Ω1 − πaF1 ) − 2Ω2 e3 (κ2 Ω2 − πaF2 )

I1 =
0

I2

+(κ3 Ω3 − 2πa2 f0 )(Ω1 e1 + Ω2 e2 − Ω3 e3 )).(δr)s ]ds
ZL
=
[(−e2 (κ2 Ω2 − πaF2 ) + e1 (κ2 Ω2 − πaF2 )).(δr)ss ]ds
0
ZL

I3 =

[(κ3 Ω3 − 2πa2 f0 )(δχ)s ]ds

0

ZL
[(Ω2 (κ1 Ω1 − πaF1 ) − Ω1 (κ2 Ω2 − πaF2 ))δχ]ds

I4 =
0
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Re-ordering the terms and integrating by parts yields
h
= (e1 Ω1 (κ3 Ω3 − 2πa2 f0 ) + e2 (κ3 Ω3 − 2πa2 f0 )
is=L
3
1
3
+e3 (− κ1 Ω21 − κ2 Ω22 − κ3 Ω23 − Λ + πa(Ω1 F1 + Ω2 F2 ))).(δr)
2
2
2
s=0
ZL n
−
∂s e1 Ω1 (κ3 Ω3 − 2πa2 f0 ) + e2 (κ3 Ω3 − 2πa2 f0 )
0

I2

o
3
3
1
+e3 (− κ1 Ω21 − κ2 Ω22 − κ3 Ω23 − Λ + πa(Ω1 F1 + Ω2 F2 )) .(δr)ds
2
2
2
is=L
h
= (e1 (κ2 Ω2 − πaF2 ) − e2 (κ1 Ω1 − πaF1 )).(δr)s
s=0
h
− (e1 (κ2 Ω̇2 − πaf2 + Ω3 (κ1 Ω1 − πaF1 )) − e2 (κ1 Ω̇1 − πaf1 − Ω3 (κ2 Ω2 − πaF2 ))
is=L
−e3 (Ω1 (κ1 Ω1 − πaF1 ) + Ω2 (κ2 Ω2 − πaF2 ))).(δr)
s=0

ZL n
∂s (e1 (κ2 Ω̇2 − πaf2 + Ω3 (κ1 Ω1 − πaF1 )) − e2 (κ1 Ω̇1 − πaf1 − Ω3 (κ2 Ω2 − πaF2 ))
+
0

o
−e3 (Ω1 (κ1 Ω1 − πaF1 ) + Ω2 (κ2 Ω2 − πaF2 ))) .(δr)ds
I3 =

h

is=L ZL
(κ3 Ω3 − 2πa f0 )(δχ)
− (κ3 Ω̇3 − 2πa2 ḟ0 )δχds
2

s=0

.

0

After adding all the terms together we find that
ZL
δG = B.T. +

(

δG
δG
δr+ δχ)ds
δr
δχ

,

0

where the variational derivatives are given by
δG
δr

h
= ∂s e1 (2πa2 f0 Ω1 − aπ(F1 Ω3 + f2 ) − (κ3 − κ1 )Ω1 Ω3 + κ2 Ω̇2 )
+e2 (2πa2 f0 Ω2 − aπ(F2 Ω3 − f1 ) − (κ3 − κ2 )Ω2 Ω3 − κ1 Ω̇1 )
i
κ2
κ1
κ3
+e3 (Λ + Ω21 + Ω2 + Ω23 )
2
2 }
|
{z2
−τ

δG
= aπ(F2 Ω1 − F1 Ω2 ) + 2πa2 ḟ0 − κ3 Ω̇3 + (κ1 − κ2 )Ω1 Ω2
δχ

,

with following boundary terms
B.T. =

h δG
δr

is=L h
is=L h
is=L
.(δr)
+ (e1 (κ2 Ω2 −πaF2 )−e2 (κ1 Ω1 −πaF1 )).(δr)s
+ (κ3 Ω3 −2πa2 f0 )(δχ)
s=0

s=0

s=0

D
Three dimensional non-linear
equations and boundary terms

Here we present the explicit non-linear equations and boundary conditions corresponding to
a clamped three-dimensional axoneme, as well as various limiting cases.

The incompressibility constraint
The incompressibility constraint reads
ξ

τ̈ − ξ⊥k τ (Ω21 + Ω22 ) =
− Ω̇1 (aπ(F2 Ω3 − f1 ) + κ1 Ω̇1 ) + Ω̇2 (aπ(F1 Ω3 + f2 ) − κ2 Ω̇2 ) − Ω̇3 Ω1 Ω2 (κ1 − κ2 )
− Ω1 (aπ(f2 Ω3 + F2 Ω̇3 − ḟ1 ) + (κ1 − κ2 )Ω3 Ω̇2 + κ1 Ω̈1 )
+ Ω2 (aπ(f1 Ω3 + F1 Ω̇3 + ḟ2 ) − (κ1 − κ2 )Ω3 Ω̇1 − κ2 Ω̈2 )
ξ

+ ξ⊥k [Ω23 (Ω21 (κ1 − κ3 ) + Ω22 (κ2 − κ3 ) − aπ(F2 Ω2 − F1 Ω1 )) − κ1 Ω1 Ω̈1 − κ2 Ω2 Ω̈2
+ 2Ω3 (aπ(Ω2 f1 − Ω1 f2 + af0 (Ω21 + Ω22 )) − (κ1 + 12 κ3 )Ω2 Ω̇1 + (κ2 + 12 κ3 )Ω1 Ω̇2 )
+ aπ(Ω1 ḟ1 + Ω2 ḟ2 − 2af0 (Ω2 Ω̇1 + Ω1 Ω̇2 )) + Ω̇3 (aπ(F1 Ω2 − F2 Ω1 ) + (κ2 − κ1 )Ω1 Ω2 )] .
(D.1)

The force-balance equations
The force-balance equations are given by
...
....
ξ⊥
ξ⊥
ξ⊥ ∂t Ω1 − aπ f1 + κ1 Ω 1 = term1 +
term2 +
term3
ξk
ξr
...
....
ξ⊥
ξ⊥
term6
term5 +
ξ⊥ ∂t Ω2 − aπ f2 + κ2 Ω 2 = term4 +
ξk
ξr
ξr
ξr ∂t Ω3 + 2a2 π f̈0 − κ3 Ω̈3 = term7 +
term8 ,
ξ⊥
where the individual terms are given as follows:
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 term1:

(aπF1 + (−κ1 + κ3 )Ω1 )Ω43 + Ω31 (−τ + Ω3 (−2a2 πf0 + (−κ1 + κ3 )Ω3 ))
+Ω1 Ω22 (−τ + Ω3 (−2a2 πf0 + (−κ2 + κ3 )Ω3 )) + 2(a2 πf0 Ω1 Ω2 + τ̇ )Ω̇1
+Ω33 (−2a2 πf0 Ω1 + 4aπf2 + (−4κ2 + 3κ3 )Ω̇2 ) − 3(aπF1 + (−κ1 + κ3 )Ω1 )Ω̇3 2
+τ Ω̈1 + Ω23 (−τ Ω1 − 6a2 π(Ω2 ḟ0 + f0 Ω̇2 ) − 6(κ2 − κ3 )Ω2 Ω̇3
+aπ(F1 Ω21 + F2 (Ω1 Ω2 + 6Ω̇3 ) − 6ḟ1 ) − 3(−2κ1 + κ3 )Ω̈1 )
+Ω21 (−2a2 πf0 Ω̇2 − (2κ2 − κ3 )Ω3 Ω̇2 − κ2 Ω2 Ω̇3 + aπ(2Ω3 f2 + F2 Ω̇3 − ḟ1 )
+κ1 (Ω2 Ω̇3 + Ω̈1 )) + Ω̇3 (−τ Ω2 + 3(4κ1 − 3κ3 )Ω3 Ω̇1 + 6a2 π(Ω1 ḟ0 + f0 (−Ω2 Ω3 + Ω̇1 ))
−aπ(F1 Ω1 Ω2 + 6(2Ω3 f1 + ḟ2 )) − 3(−2κ2 + κ3 )Ω̈2 ) + Ω1 (τ̈ + Ω2 (−aπ ḟ2 + κ2 Ω̈2 ))
+(2a2 πf0 Ω1 + 4(κ1 − κ3 )Ω1 Ω3 − 4aπ(F1 Ω3 + f2 ) + (4κ2 − 3κ3 )Ω̇2 )Ω̈3
(3)

+2a2 π(3Ω̇2 f̈0 + 3ḟ0 Ω̈2 + Ω2 f0 ) + Ω3 (Ω2 (−2τ̇ + Ω1 (−2aπf1 + (2κ1 − κ3 )Ω̇1 ))
−2τ Ω̇2 + 2aπ(3a(2ḟ0 Ω̇1 + Ω1 f̈0 + f0 Ω̈1 ) − f̈2 ))
...
...
+(2a2 πf0 + (4κ2 − κ3 )Ω3 ) Ω 2 + (−aπF2 + (κ2 − κ3 )Ω2 ) Ω 3
 term2:

(aπF1 + (−κ1 + κ2 )Ω1 )Ω22 Ω23 + τ̇ Ω̇1
+Ω1 Ω2 Ω3 (−aπ(F2 Ω3 + f1 ) + (2κ1 − 3κ2 )Ω̇1 ) − Ω2 (Ω3 τ̇ + aπ(F1 Ω3 + f2 )Ω̇1 )
+κ2 Ω2 Ω̇1 Ω̇2 + Ω22 Ω3 (aπf2 − κ2 Ω̇2 ) + (2(κ1 − κ2 )Ω21 Ω2 + 2aπΩ1 (F2 Ω1 − F1 Ω2 ))Ω̇3
+Ω1 (3κ1 Ω̇1 2 + a(3π(F2 Ω3 − f1 )Ω̇1 − 2π(F1 Ω3 + f2 )Ω̇2 ) + 2(κ2 Ω̇2 2 + τ̈ )
+Ω1 (2aπ(Ω3 f2 − ḟ1 ) + 2((κ1 − κ2 )Ω3 Ω̇2 + κ1 Ω̈1 ))) + Ω1 Ω2 (−2aπ ḟ2 + 2κ2 Ω̈2 )
 term3:

aπΩ2 (−F2 Ω1 + F1 Ω2 ) − 2a2 πΩ2 ḟ0 + Ω2 ((−κ1 + κ2 )Ω1 Ω2 + κ3 Ω̇3 )
 term4:

Ω2 (Ω21 (−τ − 2a2 πf0 Ω3 + (−κ1 + κ3 )Ω23 ) + Ω22 (−τ − 2a2 πf0 Ω3 + (−κ2 + κ3 )Ω23 ))
+Ω33 (−2a2 πf0 Ω2 + (aπF2 + (−κ2 + κ3 )Ω2 )Ω3 − 4aπf1 + (4κ1 − 3κ3 )Ω̇1 )
+(−2a2 πf0 Ω1 Ω2 + 2τ̇ )Ω̇2 + Ω̇3 (τ Ω1 + 3(4κ2 − 3κ3 )Ω3 Ω̇2 + 6a2 π(Ω2 ḟ0 + f0 (Ω1 Ω3 + Ω̇2 ))
+(−3aπF2 + 3(κ2 − κ3 )Ω2 )Ω̇3 + aπ(F2 Ω1 Ω2 + 6(−2Ω3 f2 + ḟ1 )) + 3(−2κ1 + κ3 )Ω̈1 )
+Ω2 (τ̈ + Ω1 (−aπ ḟ1 + κ1 Ω̈1 )) + τ Ω̈2 + Ω23 (−τ Ω2 + 6a2 π(Ω1 ḟ0 + f0 Ω̇1 )
+6(κ1 − κ3 )Ω1 Ω̇3 + aπ(F2 Ω22 + F1 (Ω1 Ω2 − 6Ω̇3 ) − 6ḟ2 ) − 3(−2κ2 + κ3 )Ω̈2 )
+Ω22 (2a2 πf0 Ω̇1 − κ3 Ω3 Ω̇1 + κ1 (2Ω3 Ω̇1 + Ω1 Ω̇3 ) − aπ(2Ω3 f1 + F1 Ω̇3 + ḟ2 )
+κ2 (−Ω1 Ω̇3 + Ω̈2 ))
+(2a2 πf0 Ω2 + 4(κ2 − κ3 )Ω2 Ω3 + 4aπ(−F2 Ω3 + f1 ) + (−4κ1 + 3κ3 )Ω̇1 )Ω̈3
+Ω3 (2τ Ω̇1 + Ω1 (2τ̇ + (−2κ2 + κ3 )Ω2 Ω̇2 ) + 6a2 π(2ḟ0 Ω̇2 + Ω2 f̈0 + f0 Ω̈2 )
+2aπ(Ω1 Ω2 f2 + 2f̈1 ))
(3)

−2a2 π(3Ω̇1 f̈0 + 3ḟ0 Ω̈1 + Ω1 f0 )
...
...
+(−2a2 πf0 + (−4κ1 + κ3 )Ω3 ) Ω 1 + (aπF1 + (−κ1 + κ3 )Ω1 ) Ω 3
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 term5:

Ω21 (aπF2 + (κ1 − κ2 )Ω2 )Ω23 − Ω1 Ω3 (−τ̇ + Ω1 (aπf1 − κ1 Ω̇1 ))
+(τ̇ + aπΩ1 (F2 Ω3 − f1 ))Ω̇2 + κ1 Ω1 Ω̇1 Ω̇2
+Ω1 Ω2 Ω3 (−aπF1 Ω3 + aπf2 + (3κ1 − 2κ2 )Ω̇2 )
+(2(κ1 − κ2 )Ω1 Ω22 + 2aπΩ2 (F2 Ω1 − F1 Ω2 ))Ω̇3 + Ω1 Ω2 (−2aπ ḟ1 + 2κ1 Ω̈1 )
+Ω2 (2κ1 Ω̇1 2 + 3κ2 Ω̇2 2 + a(2π(F2 Ω3 − f1 )Ω̇1 − 3π(F1 Ω3 + f2 )Ω̇2 )
+2τ̈ + Ω2 (2(κ1 − κ2 )Ω3 Ω̇1 − 2aπ(Ω3 f1 + ḟ2 ) + 2κ2 Ω̈2 ))

 term6:

aπΩ1 (F2 Ω1 − F1 Ω2 ) + 2a2 πΩ1 ḟ0 − Ω1 ((−κ1 + κ2 )Ω1 Ω2 + κ3 Ω̇3 )

 term7:

Ω2 (aπf1 + (−κ1 + κ2 )Ω̇1 ) + Ω1 (−aπf2 − κ1 Ω̇2 + κ2 Ω̇2 ) + aπ(−F2 Ω̇1 + F1 Ω̇2 )

 term8:

(κ1 Ω21 + κ2 Ω22 − κ3 (Ω21 + Ω22 ))Ω33 + (Ω21 + Ω22 )(τ Ω3 + 2a2 πf0 Ω23 ) + 3(−κ1 + κ2 )Ω1 Ω2 Ω3 Ω̇3
−2a2 π(Ω21 + Ω22 )f̈0 − ((κ1 − κ3 )Ω21 + (κ2 − κ3 )Ω22 )Ω̈3 +
Ω2 (−τ Ω̇1 − 3κ2 Ω̇2 Ω̇3 + 2κ3 (Ω23 Ω̇1 + Ω̇2 Ω̇3 ) + (−3κ2 + κ3 )Ω3 Ω̈2
−2a2 π(2ḟ0 Ω̇2 + f0 (2Ω3 Ω̇1 + Ω̈2 ))
+aπ(3Ω23 f1 + 3f2 Ω̇3 + 3Ω3 (F1 Ω̇3 + ḟ2 ) + F2 (−Ω33 + Ω̈3 ) − f̈1 )
...
+κ1 (−3Ω23 Ω̇1 + Ω 1 ))
+Ω1 (τ Ω̇2 − 2κ3 Ω23 Ω̇2 − 3κ1 Ω̇1 Ω̇3 + 2κ3 Ω̇1 Ω̇3 + (−3κ1 + κ3 )Ω3 Ω̈1
−2a2 π(2ḟ0 Ω̇1 + f0 (−2Ω3 Ω̇2 + Ω̈1 ))
+aπ(−3Ω23 f2 + 3f1 Ω̇3 + Ω3 (−3F2 Ω̇3 + 3ḟ1 ) + F1 (−Ω33 + Ω̈3 ) + f̈2 )
...
+κ2 (3Ω23 Ω̇2 − Ω 2 ))

Boundary terms
Discussing an axoneme whose base is clamped, we impose at s = 0
∂t χ = 0
∂t r = 0
∂t rs = 0

,
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which corresponds to the following conditions on Ωi , τ at s = 0
∂t χ = 0
Ω1 Ω2 (κ2 − κ1 ) + aπ(F1 Ω2 − F2 Ω1 ) + κ3 Ω̇3 − 2a2 π ḟ0

=0

(∂t r).e1 = 0
Ω2 (τ + 2a2 πf0 Ω3 + κ2 Ω23 − κ3 Ω23 ) + (−2a2 πf0 − 2κ1 Ω3 + κ3 Ω3 )Ω̇1
+ Ω1 (−2a2 π ḟ0 − κ1 Ω̇3 + κ3 Ω̇3 ) + aπ(−F2 Ω23 + 2Ω3 f1 + F1 Ω̇3 + ḟ2 ) − κ2 Ω̈2 = 0
(∂t r).e2 = 0
Ω1 (−τ − 2a2 πf0 Ω3 − κ1 Ω23 + κ3 Ω23 ) + (−2a2 πf0 − 2κ2 Ω3 + κ3 Ω3 )Ω̇2
+ Ω2 (−2a2 π ḟ0 − κ2 Ω̇3 + κ3 Ω̇3 ) + aπ(F1 Ω23 + 2Ω3 f2 + F2 Ω̇3 − ḟ1 ) + κ1 Ω̈1

=0

(∂t r).e3 = 0
Ω1 (−κ2 Ω2 Ω3 + aπ(F2 Ω3 − f1 ) + κ1 (Ω2 Ω3 + Ω̇1 ))
+ Ω2 (κ1 Ω1 Ω3 − aπ(F1 Ω3 + f2 ) + κ2 (−Ω1 Ω3 + Ω̇2 ))
+ Ω1 Ω2 Ω3 (κ2 − κ1 ) + τ̇

=0

(∂t rs ).e1 = 0
Ω2 (τ̇ + aπ(F2 Ω1 Ω3 − Ω1 f1 − Ω2 (F1 Ω3 + f2 )) + κ1 Ω1 (Ω2 Ω3 + Ω̇1 ) + κ2 Ω2 (Ω̇2 − Ω1 Ω3 ))
...
ξ
+ ξ⊥k [−κ2 Ω 2 + τ Ω̇2 − Ω23 (3aπ ḟ2 + (2κ3 − 3κ2 )Ω̇2 )
− Ω̇3 (3(κ3 − κ2 )Ω2 Ω3 + aπ(3F2 Ω3 − 3f1 ) − (2κ3 − 3κ1 )Ω̇1 )
+ Ω2 (τ̇ + 2a2 π(2Ω3 ḟ0 + f0 Ω̇3 )) + 2a2 πf0 (2Ω3 Ω̇2 − Ω̈1 ) + (κ3 − 3κ1 )Ω3 Ω̈1
+ Ω1 (τ Ω3 + 2a2 π(f0 Ω23 − f̈0 ) + (κ1 − κ3 )(Ω33 − Ω̈3 ))
+ aπ(−4aḟ0 Ω̇1 + 3Ω3 ḟ1 − F1 (Ω33 − Ω̈3 ) + f̈2 )]

=0

(∂t rs ).e2 = 0
− Ω1 (τ̇ + aπ(F2 Ω1 Ω3 − Ω1 f1 − Ω2 (F1 Ω3 + f2 )) + κ1 Ω1 (Ω2 Ω3 + Ω̇1 ) + κ2 Ω2 (Ω̇2 − Ω1 Ω3 ))
...
ξ
+ ξ⊥k [κ1 Ω 1 − τ Ω̇1 + Ω23 (3aπf1 + (2κ3 − 3κ1 )Ω̇1 )
+ Ω̇3 (3(κ3 − κ1 )Ω1 Ω3 + 3aπ(F1 Ω3 + f2 ) + (2κ3 − 3κ2 )Ω̇2 )
− Ω1 (τ̇ + 2a2 π(2Ω3 ḟ0 + f0 Ω̇3 )) − 2a2 πf0 (2Ω3 Ω̇1 + Ω̈2 ) + (κ3 − 3κ2 )Ω3 Ω̈2
+ Ω2 (τ Ω3 + 2a2 π(f0 Ω23 − f̈0 ) + (κ2 − κ3 )(Ω33 − Ω̈3 ))
=0
− aπ(4aḟ0 Ω̇2 − 3Ω3 ḟ2 + F2 (Ω33 − Ω̈3 ) + f̈1 )]
(∂t rs ).e3 = 0
⇔ Incompressibility constraint|s=0
Note that (∂t rs ).e3 = 0 is equivalent to the incompressibility constraint evaluated at s = 0 and
therefore does not constitute an additional condition at the boundary, since it is automatically
satisfied.

Two-dimensional limit
In the limit where κ2 , κ3 , → ∞ ⇒ Ω2 , Ω3 → 0 above force balance equations and incompressibility constraint reduce to
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τ̈ −

ξk
ξk
τ Ω21 = aπ(f1 Ω̇1 + Ω1 ḟ1 ) − κ1 (Ω̇1 2 + Ω1 Ω̈1 ) +
(aπΩ1 ḟ1 − κ1 Ω1 Ω̈1 )
ξ⊥
ξ⊥
...
....
ξ⊥ ∂t Ω1 = −κ1 Ω 1 + aπ f1 − τ Ω31 + 2τ̇ Ω̇1 + Ω1 τ̈ + τ Ω̈1 + Ω21 (−aπ ḟ1 + κ1 Ω̈1 )
ξ⊥
+ (τ̇ Ω̇1 + Ω1 (−3aπf1 Ω̇1 + 3κ1 Ω̇1 2 + 2τ̈ + Ω1 (−2aπ ḟ1 + 2κ1 Ω̈1 ))) .
ξk

And the boundary conditions at the base s = 0 become
κ1 Ω̈1 − aπ ḟ1 − Ω1 τ

= 0

κ1 Ω1 Ω̇1 − aπΩ1 f1 − τ̇

= 0

Passive limit
In the limit where there are no internal forces acting, i.e. f0 , F1 , F2 → 0 above threedimensional equations for the active axoneme reduce to the previously discussed case for a
passive filament (with κ1 = κ2 ) [107] . Note that in [107] the sign of the second term of
Eq. (7) is incorrect and should be a minus [137].

E
Non-linear perturbation calculation

Multiplication of Eq. (3.15) with ψ0+ , and subsequent integration leads to an equation in
which the only term involving ψ1 is given by

Z
0

1

ψ0+ Lc ψ1 =

Z

1

....
ψ0+ (iωc ψ1 + ψ 1 − χc ψ̈1 )

1

....+
ψ1 (iωc ψ0+ + ψ 0 − χc ψ̈0+ )

0

Z
=
0

is=1
h ...
...+
.
+ ψ0+ ψ 1 − ψ̇0+ ψ̈1 + (ψ̈0+ − χc ψ0+ )ψ̇1 − ( ψ 0 − χc ψ̇0+ )ψ1
s=0
{z
}
|
B.T.

In order to eliminate ψ1 from the above expression we require that
....+
iωc ψ0+ + ψ 0 − χc ψ̈0+ = 0
i.e that ψ0+ satisfies the same differential equation as the linear modes ψ0
Lc ψ0+ (s) = 0 .

(E.1)

The boundary conditions for ψ0+ are chosen such that terms proportional to ψ1 vanish at
the boundaries s = 0 and s = 1. In order to find those conditions for ψ0+ we first have to
determine explicitly the boundary conditions for ψ1 .

Clamped head without basal sliding
Matching terms of O() defines the linear problem
At s = 0
ψ0 = 0
...
ψ 0 − χc ψ̇0 = 0

At s = 1
ψ̇0 = 0
ψ̈0 − χc ψ0 = 0
69

(E.2)
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Matching terms of order O(2 ) defines the boundary conditions for τ0 and τ2 .
At s = 0
τ̇0 = −∂s (|ψ̇|2 )
τ̇2 = −ψ̇ ψ̈

At s = 1
τ0 = 0
τ2 = 0

(E.3)

And matching terms of order O(3 ) leads to the following boundary conditions for the
non-linear correction ψ1
At s = 0
ψ1 = 0
...
ψ 1 − χc ψ̇1 = A(ρ, θ; ψ0 )

At s = 1
ψ̇1 = 0
ψ̈1 − χc ψ1 = B(ρ, θ; ψ0 )

where
A(ρ, θ; ψ0 ) = ρeiθ ψ̇0 + τ0 ψ̇0 + τ2 ψ̇0∗
B(ρ, θ; ψ0 ) = ρeiθ ψ0 + χnl |ψ0 |2 ψ0

.

Substituting these conditions into the boundary terms B.T. leads to
Z
0

1

...+
...
ψ0+ Lc ψ1 = [ ψ 1 ψ0+ − ψ1 ψ 0 − B(ρ, θ; ψ0 )ψ̇0+ ]s=1 − [−ψ̈1 ψ̇0+ + ψ̇1 ψ̈0+ + A(ρ, θ; ψ0 )ψ0+ ]s=0

which become independent ψ1 if ψ0+ satisfies the following conditions
At s = 0
ψ̇0+ = 0
ψ̈0+ = 0

At s = 1
ψ+ = 0
...0+
ψ0 = 0

(E.4)

Hence if ψ0+ satisfies Eq. (E.1) with boundary conditions (E.4) we finally obtain following
expression for the last term

Z
0

1

ψ0+ Lc ψ1 = −A(ρ, θ; ψ0 )ψ0+ − B(ρ, θ; ψ0 )ψ̇0+
≡ Z(ρ, θ, µ; ψ0 , ψ0+ , τ0 , τ2 )

In contrast to the other more complicated cases, for the clamped head without basal
sliding discussion it is still feasible to write the complete expression that determines the
relation between the three quantities ρ, θ, µ. We have
Z 1
Z 1
ψ0+ ∂s2 ψ0 + iµ
ψ0+ ψ0 +
ψ0+ N (ψ03 )
0
0
h 0
i
h
i
+
iθ +
∗
−ρe ψ0 (0)ψ̇0 (0) − ψ0 (τ0 ψ̇0 + τ2 ψ̇0 )
− ρeiθ ψ̇0+ (1)ψ0 (1) − ψ̇0+ χnl |ψ0 |2 ψ0

0 = −ρeiθ

Z

1

s=0

ρeiθ =

iµ

R1
0

ψ0+ ψ0 +

R1
0

h
i
h
i
ψ0+ N1 (ψ03 ) − ψ0+ (τ0 ψ̇0 + τ2 ψ̇0∗ )
− ψ̇0+ χnl |ψ0 |2 ψ0
s=0
s=1
R1 +
+
+
2
0 ψ0 ∂s ψ0 + ψ0 (0)ψ̇0 (0) + ψ̇0 (1)ψ0 (1)

s=1
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Clamped head with basal sliding
Matching terms of order O() defines the linear problem
At s = 0
ψ0 = 0
...
ψ 0 − χc ψ̇0 = 0

At s = 1
ψ̇0 = 0
ψ̈0 − χc (ψ0 + ∆00 ) = 0

(E.5)

where we have introduced
∆00

Z

χ̄c
=−
iω̄c γ̄ + k̄ + χ̄c

1

ψ0 (s)ds
0

Matching terms of order O(2 ) defines the τ0 , τ2 conditions
At s = 0 n
o
τ̇0 = −∂s (|ψ̇|2 ) + 2Re χ̄c ∆00 ψ̇ ∗

At s = 1

τ̇2 = −ψ̇ ψ̈ + χ̄c ∆00 ψ̇

τ2 = 0

(E.6)

τ0 = 0

Matching terms of order O(3 ) defines the non-linear correction. But before we can write
nl
down the result we must first of all note that the parameters ∆lin
0 , ∆0 themselves need to be
expanded in orders of  as we go away from the bifurcation.
Z 1
Z 1
iθ
χ̄c
3 ρe (iω̄c γ̄ + k̄) − iµγ̄ χ̄c
ψ0 (s)ds
ψ
(s)ds
−

=
−
∆lin
0
0
iω̄c γ̄ + k̄ + χ̄c 0
(iω̄γ̄ + k̄ + χ̄c )2
0
Z 1
χ̄c
−3
ψ1 (s)ds
iω̄c γ̄ + k̄ + χ̄c 0
∆0 ρeiθ (iω̄c γ̄ + k̄) − iµγ̄ χ̄c
= ∆00 + 3 ( 0
+ ∆10 )
χ̄c
iω̄γ̄ + k̄ + χ̄c
Z 1
χ̄nl
3
lin
nl
|ψ0 (s) + ∆00 |2 (ψ0 (s) + ∆00 )ds
∆0 = ∆0 − 
iω̄γ̄ + k̄ + χ̄c 0
where we have introduced
∆10

χ̄c
=−
iω̄c γ̄ + k̄ + χ̄c

Z

1

ψ1 (s)ds

.

0

nl
0
1
The notation with ∆lin
0 , ∆0 , ∆0 , ∆0 seems cumbersome, but it is necessary to rigorously
keep track of the correct orders of ψ at all stages. So, armed with the above we can finally
match all O(3 ) terms to obtain the following expression for the boundary conditions of ψ1

At s = 0
ψ1 = 0
...
ψ 1 − χ̄c ψ̇1 = A(ρ, θ; ψ0 )

At s = 1
ψ̇1 = 0
ψ̈1 − χ̄c (ψ1 + ∆10 ) = B(ρ, θ; ψ0 )

where
A(ρ, θ; ψ0 ) = ρeiθ ψ̇0 + χ̄nl (2|∆00 |2 ψ̇0 + (∆00 )2 ψ̇0∗ ) + τ0 ψ̇0 + τ2 ψ̇0∗
2

B(ρ, θ; ψ0 ) = ρeiθ (ψ0 + ∆00 ) + χ̄nl ψ0 + ∆00 ψ0
1
+
(∆0 (ρeiθ (iω̄c γ̄ + k̄) − iµγ̄ χ̄c ) − χ̄nl χ̄c
iω̄c γ̄ + k̄ + χ̄c 0

Z
0

1

|ψ0 (s) + ∆00 |2 (ψ0 (s) + ∆00 )ds)
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Note that the above form of the boundary conditions contains ∆10 which is defined in
terms of the integral over ψ1 . Hence in order to substitute the conditions on ψ1 into the
boundary terms we need to eliminate this integral. We do this by making use of Eq. (3.15)
....
1
[− ψ 1 + χc ψ̈1 + ρeiθ ψ̈0 − iµψ0 − N1 (|ψ0 |2 ψ0 )]
iωc
Z 1
...
1  ...
ψ1 (s)ds =
⇒
− ψ 1 (1) + ψ 1 (0) + χc (ψ̇1 (1) − ψ̇1 (0)) + ρeiθ (ψ̇0 (1) − ψ̇0 (0))
iωc
0
Z 1
Z 1

N1 (|ψ0 (s)|2 ψ0 (s))ds ,
ψ0 (s)ds −
−iµ
ψ1 =

0

0

...
which can be simplified using the other boundary conditions, namely ψ̇1 (1) = 0, ψ 1 − χ̄c ψ̇1 = A(ρ, θ; ψ0 )
R1
∆lin
and 0 ψ0 (s)ds = − χ̄0c (iω̄γ̄ + k̄ + χ̄c ) leading to
1

Z

ψ1 (s)ds =
0

Z 1
...
∆0
1
N1 (|ψ0 (s)|2 ψ0 (s))ds] .
[− ψ 1 (1)+A(ρ, θ; ψ0 )−ρeiθ ψ̇0 (0)+iµ 0 (iω̄c γ̄+k̄+χ̄c )−
iω̄c
χ̄c
0

Hence the boundary conditions, which we can substitute into the boundary terms B.T.,
are given by
At s = 0
ψ1 = 0
...
ψ 1 = χ̄c ψ̇1 + A(ρ, θ; ψ0 )

ψ̈1 = χ̄c (ψ1 +

iω̄c

At s = 1
ψ̇1 = 0
...
χ̄c
1
ψ 1 ) + B 0 (ρ, θ, µ; ψ0 )
iω̄
γ̄+k̄+χ̄
c
c

where
Z 1
1
χ̄2c
µ∆00
iθ
χ̄c +
(ρe ψ̇0 (0)−A(ρ, θ; ψ0 )+
N1 (|ψ0 (s)|2 ψ0 (s))ds) .
B (ρ, θ, µ; ψ0 ) = B(ρ, θ; ψ0 )−
ω̄c
iω̄c γ̄ + k̄ + χ̄c iω̄c
0
00

Substitution of this expression into the boundary terms B.T. and subsequent re-ordering
leads to
...
...+
1
χ̄2
B.T. = ψ 1 (1)(ψ0+ (1) − ψ̇0+ (1) c
) − ψ1 (1) ψ 0 (1) − ψ̇1 (0)ψ̈0+ (0) + ψ̈1 (0)ψ̇0+ (0)
iω̄c iω̄c γ̄ + k̄ + χ̄c
−ψ0+ (0)A(ρ, θ; ψ0 ) − ψ̇0+ (1)B 0 (ρ, θ, µ; ψ0 ) .
Hence we impose follwing boundary conditions on the conjugated modes
At s = 0
ψ̇0+
ψ̈0+

=0
=0

At s = 1
ψ0+

=

χ̄2c
1
ψ̇0+ (1) iω̄
...+ c iω̄c γ̄+k̄+χ̄c
ψ0 = 0

(E.7)

If ψ0+ satisfies Eq. (E.1) with boundary conditions (E.7) we finally obtain the following
expression for the last term

Z
0

1

ψ0+ Lc ψ1 = −ψ0+ (0)A(ρ, θ; ψ0 ) − ψ̇0+ (1)B 0 (ρ, θ, µ; ψ0 )
≡ Z(ρ, θ, µ; ψ0 , ψ0+ , τ0 , τ2 ) .
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Freely pivotting head
Matching terms of order O() defines the following linear problem
...
ψ 0 (0) − χ̄c ψ̇0 (0) = 0
R1
ψ̇0 (0) + χ̄c [−ψ0 (0) + 0 ψ0 (s)ds] = 0

ψ̈0 (1) − χ̄c (ψ0 (1) − ψ0 (0)) = 0
ψ̇0 (1) = 0

(E.8)

Matching terms of order O(2 ) defines the usual boundary conditions for τ0 and τ2 .
At s = 0
τ̇0 = −∂s (|ψ̇|2 )
τ̇2 = −ψ̇ ψ̈

At s = 1
τ0 = 0
τ2 = 0

(E.9)

which together with the differential equations for τ0,2 as given in section 3.2 fully defines τ0,2
in terms of ψ0 .
Matching terms of order O(3 ) gives rise to
...
ψ 1 (0) − χ̄c ψ̇1 (0) = A(ρ, θ; ψ0 )
Z 1
ψ̇1 (0) + χ̄c [−ψ1 (0) +
ψ1 (s)ds] = C(ρ, θ; ψ0 )
}
| 0 {z

ψ̈1 (1) − χ̄c (ψ1 (1) − ψ1 (0)) = B(ρ, θ; ψ0 )
ψ̇1 (1) = 0

I

where
A(ρ, θ; ψ0 ) = ρeiθ ψ̇0 (0) + τ0 (0)ψ̇0 (0) + τ2 (0)ψ̇0∗ (0)
B(ρ, θ; ψ0 ) = ρeiθ (ψ0 (1) − ψ0 (0)) + χ̄nl |ψ0 (1) − ψ0 (0)|2 (ψ0 (1) − ψ0 (0))
Z 1
Z 1
[|ψ0 (s) − ψ0 (0)|2 (ψ0 (s) − ψ0 (0))]ds
ψ0 (s)ds] − χ̄nl
C(ρ, θ; ψ0 ) = −ρeiθ [−ψ0 (0) +
0

.

0

We can simplify the last two terms, making use of the ψ0 conditions.
2
1 χ̄nl
ρeiθ
ψ̈0 (1) +
ψ̈0 (1) ψ̈0 (1)
2
χ̄c
|χ̄c | χ̄c
Z 1
ρeiθ
[|ψ0 (s) − ψ0 (0)|2 (ψ0 (s) − ψ0 (0))]ds
ψ̇0 (0) − χ̄nl
⇒ C(ρ, θ; ψ0 ) =
χ̄c
0

⇒ B(ρ, θ; ψ0 ) =

.

In order to get these conditions for ψ1 in a form we can substitute back into the boundary
terms we need to eliminate the integral I, which we do by making use of Eq. (3.15)
ψ1 =
⇒I =

....
1
[− ψ 1 + χ̄c ψ̈1 + ρeiθ ψ̈0 − iµψ0 − N1 (|ψ0 |2 ψ0 )]
iω̄c
Z 1
...
...
1
1
[− ψ 1 (1) + ψ 1 (0) − χc ψ̇1 (0) − ρeiθ ψ̇0 (0) − iµ(− ψ̇0 (0) + ψ0 (0)) −
N1 (|ψ0 |2 ψ0 )ds] ,
iω̄c
χc
0

where we have made use of some of the other boundary conditions. Finally, we can rewrite
the condition involving I as follows


...
1
[− ψ 1 (1) + A(ρ, θ; ψ0 )] = C 0 (ρ, θ; ψ0 ) ,
ψ̇1 (0) + χc −ψ1 (0) +
iωc
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where
χ̄c
1
C (ρ, θ; ψ0 ) = C(ρ, θ; ψ0 ) +
[ρeiθ ψ̇0 (0) + iµ(ψ0 (0) − ψ̇0 (0)) +
iω̄c
χ̄c
0

Z

1

N (|ψ0 |2 ψ0 )ds]

0

For clarity, let’s finally group the boundary conditions for ψ1 together into one table
ψ̇1 (1) = 0
...
ψ 1 (0) − χc ψ̇1 (0) = A(ρ, θ; ψ0 )
ψ̈1 (1) − χc [ψ1 (1) − ψ1 (0)] = B(ρ, θ; ψ0 )
...
1
ψ̇1 (0) + χc [−ψ1 (0) +
(− ψ 1 (1) + A)] = C 0 (ρ, θ; ψ0 )
iωc
...
defining four equations relating the eight quantities ψ1 (0), ψ̇1 (0), ψ̈1 (0), ψ 1 (0), ψ1 (1), ψ̇1 (1),
...
ψ̈1 (1), ψ 1 (1). This enables us to express four of them in terms of four others. In matrix form
we can write this system of equation as

 


0
ψ̇1 (1)
1 0
0
0

 
 0 1 −χ 0   ...
A


  ψ 1 (0)  
c
...

= 0


 0 0
1
0   ψ̇1 (0)   C − χc [−ψ1 (0) + iω1c (− ψ 1 (1) + A)] 
ψ̈1 (1)
0 0
0
1
B + χc [ψ1 (1) − ψ1 (0)]
which we can be solved easily
ψ̇1 (1) = 0
...
...
1
ψ 1 (0) = A(ρ, θ; ψ0 ) + χ̄c {C 0 − χ̄c [−ψ1 (0) +
(− ψ 1 (1) + A(ρ, θ; ψ0 ))]}
iωc
...
1
(− ψ 1 (1) + A(ρ, θ; ψ0 ))]
ψ̇1 (0) = C 0 (ρ, θ; ψ0 ) − χ̄c [−ψ1 (0) +
iωc
ψ̈1 (1) = B(ρ, θ; ψ0 ) + χ̄c [ψ1 (1) − ψ1 (0)]
Above is the desired expression for ψ1 at the boundary, that in turn can now be substituted
back into the equation for the boundary terms from the partial integration, leading to
...+
B.T. = ψ1 (0)[ ψ 0 (0) − χc (ψ̇0+ (0) + ψ̈0+ (0) − ψ̇0+ (1))] + ψ̈1 (0)ψ̇0+ (0)
...
...+
χc
χc
−ψ1 (1) ψ 0 (1) + ψ 1 (1)[i ψ̈0+ (0) + ψ0+ (1)] − A(ψ0+ (0) + i ψ̈0+ (0)) − B ψ̇0+ (1) − C 0 ψ̈0+ (0) .
ωc
ωc
Hence in order to eliminate the ψ1 dependence from the above expression we impose the
following boundary conditions for the conjugated linear modes ψ0+
ψ̇0+ (0) = 0
...+
ψ 0 (1) = 0
χc
ψ0+ (1) + i ψ̈0+ (0) = 0
ωc
...+
ψ 0 (0) − χc (ψ̇0+ (0) + ψ̈0+ (0) − ψ̇0+ (1)) = 0

(E.10)

Note that the matrix defining these boundary conditions for the conjugated mode is
singular for the same values χc as the matrix defining the boundary conditions of the linear
problem, as is expected.
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Hence if ψ0+ satisfies Eq. (E.1) with boundary conditions (E.10) we finally obtain the
following expression for the last term in Eq. (3.16)
Z
0

1

χc +
ψ̈ (0)) − B(ρ, θ; ψ0 )ψ̇0+ (1) − C 0 (ρ, θ; ψ0 )ψ̈0+ (0)
ωc 0
≡ Z(ρ, θ; ψ0 , ψ0+ , τ0 , τ2 ) .

ψ0+ Lc ψ1 = −A(ρ, θ; ψ0 )(ψ0+ (0) + i

Limiting behaviour
In order to check the self-consistency of this approach (and that no mistakes were made
during these rather involved calculations) we examined the limiting behaviour of the above
expressions for the clamped head case, namely what happens when we try to find an expression for ρ and µ as the direction of ∆χ becomes tangential to the critical line χc (ω). In
that case  will tend to zero, while ∆χ and ∆ω remain finite, from which we conclude that
ρ and µ must diverge for our ansatz (3.9) to be self-consistent. Hence in the limit ρ, µ → ∞
Eq. (3.16) determines the direction eiθ that is tangential to the critical line. Using numerical
results we verified this fact graphically (not shown).

F
Complete experimental dataset with
theoretical fits

Here we present the best fit parameters and solutions for six different data sets from bull
sperm, that were attached to the cover slip by their head, beating with similar frequency.
Sperm
Ko1/
R4/
S5/
T1/
T4/
V2/
Average
S.D.

ω
2π

pN
s
(in Hz) ks (in nm
) γ (in pN
nm ) ∆0 (in µm)
19.80
83.31
0.27832
0.1676
21.26
87.63
0.29165
0.1752
20.28
84.84
0.28329
0.1649
22.70
90.28
0.28627
0.2162
19.55
83.08
0.28230
0.1690
20.30
85.61
0.29281
0.1875

20.6
1.2

85.8
2.8

0.2857
0.0056

(F.1)

0.180
0.019

The corresponding fits, where the amplitude of the solution has been fixed to match the
amplitude of the experiment, are shown in Figs. F.1 – F.3.
Note that the theoretical solution tends to deviate from the experimental curve towards
the distal end at s = 1, which is probably due to an image sampling effect, since the distal
end of the sperm flagellum cannot be detected exactly. Hence in general the experimental
data are missing the very end of the flagellum, which we believe leads to the above effect.
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G
Unstable modes for microscopic
motor models

For the parameter values of the microscopic motor response as discussed in section 4.2 the
system becomes unstable with different modes and frequencies as the control parameter Ω
is increased. In this appendix we present the first six unstable modes, comparing basal
pN
γ = 0.286 pNs
sliding (left hand side, ks = 85.8 nm
nm ) to fixed basal connection (right hand side,
ks → ∞). Plotted are the arbitrarily normalised real and imaginary parts of the first Fourier
mode of the shear angle ψ(s), and the corresponding critical value Ωc of the order parameter
for which the system becomes unstable with that particular mode and frequency ωc .
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H
Boundary condition defining matrices

Here we define the matrices Q(1) (χ̄, ω̄) and Q(2) (χ̄, ω̄), and in the limit ω → 0 also find an
analytic expression for the values of χ such that which det Q(i) = 0.

General case ω 6= 0
(1)

(2)

Let Q(1) = Qmn and Q(2) = Qmn , where

(1)

Q1,n = χ̄ − qn2 + 2Aiqn
(1)

Q2,n = χ̄qn − qn3 + 3Ai(qn2 − χ̄)
(1)

Q3,n = eqn
χ̄ qn
(1)
Q4,n =
(e − 1) − qn eqn + Aieqn
qn

(2)

Q1,n = χ̄ − qn2 + 2Aiqn
(2)

Q2,n = χ̄qn − qn3 + 3Ai(qn2 − χ̄)
(2)

Q3,n = e−qn
χ̄ −qn
(2)
Q4,n =
− 1) − qn e−qn + Aie−qn
(e
qn

Limiting case ω → 0
Note that in the limit ω → 0 the general solution is of a different form from the ω 6= 0
case, and given by
z(s)=

n=3
X

qn s

(Cn z1 e

+ C4 ) + z(s)=

n=3
X
n=1

n=1
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(Dn z2 e−qn s + D4 ) .
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The corresponding matrices that characterise the boundary conditions are therefore different from the above. They can be determined in the same straightforward manner and lead
to the result that
det Q(1) (χ̄), det Q(2) (χ̄) ∼ e−

√

χ̄

(1 + e2

√

χ̄

3

)χ̄ 2 (16A2 + χ̄) .

In contrast to the ω 6= 0 case, the set of solutions to this equation can be solved analytically
with non-trivial zeroes for
1 + e2

√

χ̄

= 0

⇒ χ̄n = −(

2n + 1 2
π) for n = 0, 1, 2, ...
2

Which define same set of zeroes on the real axis as in the previously discussed planar
case [106]. Note that above equation also allows for a χ̄ = −16A2 solution, which is the
starting point of branches for which formally det Q(i) (χ̄) = 0 is satisfied, but whose critical
values for χ̄ correspond to a singular limit of the problem in which Q(i) of the above form
do no longer describe the boundary conditions appropriately. This is similar to the two√
dimensional case in which the branch χ̄ = ω̄(1 + i) formally solves the eigenvalue problem
of the boundary conditions, but does not allow for non-zero solutions.
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