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Abstract

Biological cilia and �agella are slender organelles which exhibit spontaneous
oscillations. These eukaryotic organelles are highly complex structures, com-
prised of an axoneme—nine pairs of microtubules linked by dynein molecular
motors and other structural proteins—enveloped by a membrane. For cilia to
generate bending waves, dyneins generate local forces as a function of the cil-
iary shape, balancing elastic and frictional forces. Is the structural complexity
of cilia necessary for this behaviour to arise? Recently, active �lament-bundles
have been reconstituted. These are minimal synthetic structures, comprised
of cytoskeletal �laments and molecular motors, with qualitatively similar be-
haviour to biological cilia and �agella: spontaneous travelling waves are gener-
ated, therefore indicating that spontaneous oscillations are a universal property
of slender �lament-motor systems. In this dissertation we postulate that biolog-
ical cilia, and reconstituted active �lament bundles, are speci�c cases of a more
general structure: an active �lament. The dynamics of active �laments is de-
scribed by an equation of motion for the �lament shape, and a dynamical equa-
tion for active moments driving the �lament out of equilibrium. The derivation
of the equations of motion in the case of planar active �laments is made sys-
tematically: the equation of motion for the �lament shape is derived using lin-
ear irreversible thermodynamics, taking into account external and internal fric-
tion forces, while the equation of motion for the active moments follows from
the symmetries of �lament systems. The resulting dynamical equations can be
solved in the time-domain, and are studied analytically and numerically in the
limits of dominant external friction, of dominant shear friction, and of dom-
inant curvature friction. We estimate that dominant shear friction is relevant
for the study of the dynamics of biological �agella, and reconstituted active �la-
ment bundles. In the limit of dominant shear friction, the time-evolution of the
�lament shape is described by a second order linear di�erential equation. The
theoretical framework is applied to the study of reconstituted actin-bundles.
Unlike biological axonemes, actin-bundles are characterised by a heterogeneous
number of �laments along its length. Fluorescence imaging of GFP-labelled
myosin-V unveils nonlinear myosin-density waves, travelling from the bundle’s
base to the bundle’s apex. The dynamics of myosin-density waves was modelled
by taking the bundle heterogeneity into account, with myosin recruitment be-
ing a nonlinear function of the local number of �laments and of the curvature.
The theoretical framework, derived and applied in this dissertation, describes
qualitatively and quantitatively the dynamics of planar active �laments, and can
be adapted to study a wide range of di�erent systems. The framework sheds
light into the role played by frictional forces in the dynamics of such systems,
in particular by suggesting internal friction cannot be neglected when studying
active �laments.
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chapter 1

Introduction

1.1 What is an active filament?
The objects of study of this dissertation are active �laments. What is meant, here,

by an active �lament? Fortunately the term �lament is quite simple: a slender me-
chanical object, where small deformations of the inner structure, with the exception
of compression and extension, lead to large global displacements [1, 2]. Activity is de-
�ned as the local breaking of detailed balance in the system [3–5]. In particular, an
active �lament is driven internally, all along the �lament, thus excluding otherwise
passive �laments which may be driven externally—such as cytoskeletal �laments in
motility assays [6, 7], or bacterial �agella driven by basal rotors [8–10].

The most well known, and striking, example of internally driven active �laments,
is the one of biological cilia and eukaryotic �agella. The emergent periodic beating,
and traveling bending waves, which these organelles display, are one of the mecha-
nisms enabling eukaryotic cell motility—such as in spermatozoa, unicellular and mul-
ticellular eukaryotes, e.g. Paramecia, Chlamydomonas, Trichoplax adhærens, among
many others, including large organisms such as Cestum veneris which grows up to
1.5 m in length [11]. Active �laments, when in large numbers, synchronise and gen-
erate �uid �ows—as in the trachea and the oviduct, the renal tubules of amphibia, or
in the notochordal plate during morphogenesis [12–15].

Recent developments, in the �eld of biological and soft-matter physics, have seen
the emergence of arti�cial active �lament bundles. These bundles, constructed out of
biological proteins and molecular motors, exhibit a behaviour qualitatively similar to
that of biological axonemes: travelling bending waves and synchronisation between
bundles are also observed [16, 17].

Why are these systems, be they biological or arti�cial, of interest to a physicist?
For robust travelling waves, to occur in media characterised by low Reynolds number,
where inertial terms vanish, energy has to be constantly consumed, to generate active
forces, to balance the dissipative and elastic forces. Furthermore, the active drive has
to be itself an oscillating quantity. These oscillations result from a feedback between
active force generation and �lament shape.

1
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1.1.1 Biological active filaments
Biological active �laments, more commonly known as cilia or eukaryotic �agella,

consist of an inner structure called the axoneme, which is enveloped by a membrane.
They are highly conserved organelles, meaning that the origin of the structure goes as
far back as the last common eukaryotic ancestor [18]. Flagella are quite slender, with
a width going from 240 nm to 1 200 nm, and a length typically going from 12µm to
50µm, but may be as short as 5µm and as long as 2 mm in Ctenophora [19–21].

The axoneme consists most commonly of 9 microtubule doublets surrounding 2
central microtubules (called an 9+2 structure), however, many other con�gurations
exist; the gametes of Diplauxis hatti and Lecudina tuzetae possess a motile �agellum
with a 3+0 and 6+0 axoneme respectively, motile �agella have also been observed with
9+0, 9+1, 9+2, 9+3 and 9+4 axonemes [19–28], and even with a 9 + 9 + 3 axoneme [29].
In between each microtubule doublet there are two rows of dynein molecular motors,
the inner and outer arms. These dynein molecular motors generate force and drive the
beating of the �agellum. Axonemes are very complex structures, with more than 650
types of proteins, and many other bio-molecules [30], we will not, however, discuss
the details of the axonemal structure

The axoneme is anchored to the cell through the basal body, a structure consisting
of nine microtubule triplets. The basal body goes into the cell up to about 400 nm,
and dynamically responds to axoneme deformations during the beating cycle of a �ag-
ellum [31, 32].

1.1.2 Artificial active filament bundles
Biological cilia and �agella are very complex structures, which are the minimal in-

gredients needed for bending waves to form? An avenue of investigation consists on
selectively removing, more or less invasively, structures from an axoneme, and study-
ing the e�ects of the removal [26, 33]. Another approach, has been to construct active
bundles from minimal ingredients, in a laboratory setting, and replacing proteins with
analogues with similar function.

The �rst of these synthetic active �lament are microtubule - kinesin bundles, an-
chored to air bubbles and formed with the help of a depleting agent. These active
�lament bundles have been shown to beat, synchronise and form metachronal waves.
The kinesin molecular motors generate gliding motion between anti-parallel micro-
tubules, and anchor parallel ones. The length of active microtubule bundles goes from
10µm up to 100µm and controls the beat frequency [16].

The second example consists of actin �laments, grown on actin nucleation sites,
and which are all oriented in a parallel direction. Bundle formation occurs sponta-
neously, in the presence of a depleting agent, and myosin molecular motors. These
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bundles are active, exhibit periodic beating, wave propagation and synchronisation
[17].

The two previous examples provide strong evidence that beating, and wave prop-
agation, are universal features of active �laments. By replacing all of the ingredients
which compose an axoneme, an oscillatory behaviour is still observed, thus showing
that self-sustained bending waves, are not restricted to the particular interplay be-
tween microtubules, dyneins, nexin and so on.

1.1.3 Biochemistry of an active filament
We will do a very short description of the most important proteins which consti-

tute an active �lament. These proteins are of two main types: the elastic �bres which
make the backbone of the full �lament, and the molecular motors which drive them.
They can be either microtubules and their associated molecular motors, dyneins and
kinesins, or actin �laments and their associated superfamily of molecular motors, my-
osins. All known molecular motors are ATPases, and convert chemical energy to me-
chanical energy through the hydrolysis of ATP [36].

Microtubules are the biggest and sti�est of the cytoskeletal �laments. They are
assembled out of tubulin heterodimers in a helical fashion and are therefore polar.
The helicity de�nes a plus and a minus end. Microtubules are highly dynamic, with
phases characterised by slow polymerisation or fast depolymerisation, however in an
axoneme the length is static [37,38]. A microtubule has a width of around 12µm [37]
and a persistence length ranging from 500µm to 3000µm depending on its length
[39, 40], and a bending sti�ness of around 2 · 10−22 Nm2 [40].

Dyneins belong to a family of closely related molecular motors. They have one
to three heads, are processive, and directed towards the minus end of a microtubule,
with 10 nm long steps [41–43]. The other important family of processive molecular
motors are kinesins. Unlike dyneins they move towards the plus end of a microtubule,
with 8 nm long steps. There are 14 di�erent known families of kinesins [44, 45]

The second family of bio�laments which we are concerned with are actin �la-
ments, constituted of small globular proteins called actin monomers (G-actin), which
spontaneously assemble into thin polymers (F-actin) of 7 nm in diameter. Actin �la-
ments are helical, with a periodicity of around 37 nm, as a corollary F-actin are polar,
with a plus and a minus end. The persistence length of an actin �lament (F-actin) is
around 20µm and the bending rigidity is around 7·10−26 Nm2 [37,40]. The only su-
perfamily of molecular motors associated with actin are myosins. Of these molecular
motors, some are processive, such as myosin-V, while some are not, such as myosin-
II [46, 47]. One of the most important, and well-known, functions of myosin-II is
that of muscle contraction. The step-size of myosin-V is slightly smaller than 37 nm,
the periodicity of F-actin, therefore processive myosins have a helical trajectory around
the �lament, towards one of the ends [48, 49].
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Figure 1.1: Examples of active �laments: (a) cross-section of an eukaryotic �agel-
lum, showing the 9+2 axoneme surrounded by a membrane, adapted from [30], (b)
Chlamydomonas Reinhardtii, adapted from [34], (c) reconstituted actomyosin bun-
dles [17], (d) sea urchin spermatozoa in arti�cial sea water, adapted from [35], (e) sea
urchin spermatozoa in highly viscous arti�cial sea water (4 Pa s), adapted from [35],
(f ) microtubule bundle and (g) air bubble covered by beating microtubule bundles
adapted from [16].
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1.2 Theoretical study of cilia and flagella: a
short history

Active �laments have a long history in biology; they are the oldest known or-
ganelles, described in 1675 by Anthony van Leeuwenhoek [50, 51], ten years after cells
were �rst described by Robert Hooke in 1665 [52]. We will however jump over a cou-
ple hundred years, reviewing the development of the modern theoretical treatment of
the dynamics of biological active �laments.

The physics community was �rst interested in the question of propulsion: how
do cells propel themselves in a very low Reynold’s number regime? The displace-
ment of animals of macroscopic size had been treated by James Gray [53–57], how-
ever the principles underlying the locomotion of larger scale organisms—based on
inertial forces—cannot be extended to the study of the motility of microscopic or-
ganisms, where viscous forces are dominant. Sir Geo�rey Taylor, closely followed by
Hancock, was the �rst to mathematically study the propulsion of spermatozoa in the
non-inertial regime [58–60]. The propulsion velocity of a micro-organism was then
related to the undulations of an in�nite sheet, under the assumption of small wave
amplitudes. The results of Taylor were extended by Gray and Hancock to larger am-
plitudes, and �nite �lament lengths, using the experimental data of sea-urchin sper-
matozoa [61, 62].

In the previous studies, the dynamics of the �agellum itself were ignored, and
the question of how it was able to dynamically change its shape was not posed. In
particular, is a �agellum driven at the base, or are there bending moments produced
along it? It was Machin who �rst attempted to answer this question [63], and showed
that a basal drive was unable to describe the motion of a �agellum. He instead posited
the existence of bending moments f , balanced by elastic and frictional moments. The
balance of torques gives rise to the Machin equation:

ξ⊥∂ty = −κ∂4
sy − ∂2

sf, (1.1)

where y(s, t) is the transverse deformation of the �lament, ξ⊥ is the �uid friction,
κ the bending rigidity of the �agellum, and {s, t} are the �lament arc-length and the
time respectively. What is the nature of the active bending moment f? It was nat-
urally assumed by Machin that the �agellum was composed of contractile elements:
“A �agellum can be idealized into an elastic �lament surrounded by or enclosing a se-
ries of bilaterally arranged contractile elements, di�erential contraction of elements
on the two sides producing localized bending moments [63].”

The approach was quickly extended to model the active bending moment f more
explicitly, and to take into account possible e�ect of nonlinearities [64], as well as the
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structural heterogeneity of a �agellum [65]. It was assumed that f was a function of
the curvature’s rate of change.

Electron microscopy revolutionised the physical study of the �agellum, as it en-
abled for the �rst time to see the inner structure, the axoneme [66–70]. Insights
from the axonemal structure lead to the development of the sliding �lament model by
Brokaw and Satir [71–75]. From then on, the main theoretical question was the nature
of the active bending moment f , which was now assumed to generate shear within the
active �lament. Three main approaches developed (with some overlap) [13,76,77]: (a)
treat f as a black box, assuming some relationship between the Fourier transform of
f and the Fourier transforms of either the curvature, the shear between microtubule
doublets or the normal force [64, 71, 74, 78–82], (b) write f explicitly, either as a time-
delayed curvature term, as the output of a phenomenological evolution equation, or
as the result of stresses internal to the �agellum [75, 83–89],(c) model the molecular
dynamics of the force generating dynein molecular motors [90–93].

Most published work on the dynamics of active �laments made the assumption
that �uid friction balances active and elastic forces1. There are, however, other fric-
tional forces. In particular, due to microscopic con�guration changes, any conforma-
tional change of a real material dissipates energy. For a �lament, there are four di�er-
ent possible deformations: bend, shear, torsion, and extension or compression [1, 2].
Each such change in conformation, is associated to a di�erent dissipative process,
coming from di�erent microscopic dynamics, and may be coupled [94–99]. Fur-
thermore, many passive bio-�laments, such as chromosomes, and even microtubules
when shorter than 5µm, are known to be dominated by internal dissipation [39,100].
The dissipation associated to shear are of particular interest. As an active �lament
shears, its constituent �bres slide with respect to each other. The intra-�lament slid-
ing is then associated with binding-unbinding events of molecular motors attached to
a pair of sliding �bres, which dissipates energy [101–105].

In light of the previous paragraph, we can highlight some novel studies of the dy-
namics of active �laments. Mondal et al. have analysed the beating of reactivated
Chlamydomonas �agella, and found that �uid viscosity does not contribute to propa-
gating waves. This lead them to develop a theory where the shear and curvature dissi-
pation are dominant [106]. Nandagiri et al. analysed beating patterns of mouse sperm,
and considered a Kirchho� rod model, where no shear is allowed. They found that
were the sperm �agellum an unshearable rod, then the dissipative contribution com-
ing from curvature changes would be ten times greater than the hydrodynamic dis-
sipation [107]. Finally, Geyer et al. have analysed the beating of isolated cilia from
Chlamydomonas in a wide variety of experimental conditions, and found that the
limit of small �uid friction provides a good �t [108].

1Exceptions coming to mind are [75,86,87,92], in which the presence of internal friction was used
to �nd stable numerical solutions
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1.3 Outline of the dissertation
The aim of the thesis is to understand the dynamic interplay between the active

�lament’s mechanics, and the active moments driving its periodic motion. In chapter
2 we construct general dynamical equations from minimisation and symmetry princi-
ples, the derivation enables the systematic treatment of di�erent frictional forces. The
general equations are fourth order nonlinear partial di�erential equations, which take
into account geometrical and structural e�ects. In chapter 3 we study the limit cases of
the equations of motion derived in the previous chapter. In particular we investigate
the existence of oscillatory instabilities in regimes dominated by external or internal
frictions. We estimate that the regime of dominant internal shear friction most closely
describes biological cilia and �agella. The theory is then applied to the dynamics of
synthetic active actin-�lament bundles, in chapter 4. These actin-bundle systems are
heterogeneous, and display highly nonlinear e�ect, such as nonlinear myosin-density
waves travelling from the base to the tip of actin-bundles. Finally, chapter 5 gives an
overview of the results, as well as discusses open questions which may be addressed by
future work.



chapter 2

Theory of planar active filaments

The present chapter constructs a phenomenological theory, independent of mi-
croscopic details, coupling the active force generation with the dynamics of the �la-
ment conformation. This coupling may, in certain conditions, lead to the appearance
of oscillatory instabilities, displaying bending wave propagation. The �lament con-
formation is governed by a balance between the dissipative, elastic forces, and active
forces.

Phenomenological laws are derived using the formalism of linear irreversible ther-
modynamics, in order to describe the non-equilibrium mechanics of the �lament. On
their own, these phenomenological laws are passive and drive the system towards equi-
librium. For the system to be active, the formalism is extended to add active forces
which do not derive from a variational principle. These terms continuously add en-
ergy to the system, and therefore drive the system out of equilibrium.

We consider an incompressible �laments whose movement is restricted to a two
dimensional plane. The motivation is out of simplicity, as three dimensional move-
ment is characterised by many geometric nonlinearities [1, 2]. However, the interest
is not purely theoretical, as the regime described by planar dynamics does describe
a large number of real systems [35, 37, 40, 109]. We also consider the �lament to be
incompressible

2.1 Geometry of a filament
An active �lament, of length L, is embedded in a viscous �uid. Its centreline

corresponds to a curve γ parametrised by s ∈ {0, L}, whose position in space is
r(s, t) = x(s, t)ux + y(s, t)uy, with {ux,uy} an orthonormal basis spanning the
two dimensional Euclidean plane. The �lament is of widthw(s). At each point along
γ we can also de�ne the tangent and normal vectors t:

t(s, t) = cos (ψ(s, t))ux + sin (ψ(s, t))uy, (2.1)
n(s, t) = − sin (ψ(s, t))ux + cos (ψ(s, t))uy, (2.2)

whereψ(s, t) is the angle between the tangent vector t(s, t) andux. The �lament
must obey the following geometrical constraints:

8
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Figure 2.1: Schematic of a planar �lament in black, in a two dimensional plane spanned
by axesx andy, with the position vectorr in green, the tangent t and normaln vectors
in red, as well as the tangent angle ψ in blue.

∂sr(s, t) = t, (2.3)
∂sψ(s, t) = C(s, t), (2.4)

whereC is the centreline curvature. If the �lament is incompressible, a bend must
be related to a shear a∆ + O(a2), where a is the distance from the centreline. We call
∆ the geometrical shear, which is de�ned as:

∆(s, t) = ∆0(t) +

s∫
0

ds′C(s′, t), (2.5)

Where ∆0 is the basal shear. See Appendix A for more details on he derivation of
the shear. From equations (2.4,2.5) we observe that the arc-length derivatives of the
angle ψ and the shear ∆ are equal:

∂sψ = ∂s∆. (2.6)
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Symmetries of the system

Time translation t→ t+ t0

Spatial translational invariance r → r + r0

Rotational invariance ψ → ψ + ψ0

Mirror symmetry {C,ψ,∆} → {−C,−ψ,−∆}

Broken symmetries

Time reversal t9 −t

Polarity s9 −s

Table 2.a: List of the respected and broken symmetries of planar �laments considered
in this dissertation

It may seem redundant to de�ne ∆ in addition toψ, as they di�er only by a func-
tion of time ∆(s, t) = ψ(s, t)+∆(0, t)−ψ(0, t). However, the shear is rotationally
invariant, while the tangent angle is not. Furthermore, we shall see in subsequent sec-
tions, that in the case of a simple �uid, the tangent angle’s rate of change does not
dissipate energy [99].

2.2 Symmetry considerations
All physical systems are constrained, and characterised, by their symmetries; the

dynamical equations and state variables of a given system must obey the symmetries
of the studied system. As a corollary, a physical system with a broken symmetry may
display many novel phenomena, which are forbidden in a system where the symmetry
is not broken. A characteristic symmetry of an equilibrium system is the time-reversal
symmetry: the arrow of time is unde�ned and a movie played forwards is undistin-
guishable from the same movie played backwards [110, 111]. While time-reversal sym-
metry is not su�cient for a system to be in equilibrium, it’s breaking is a su�cient
condition for a system to be out-of-equilibrium. We study systems in which the time-
reversal symmetry is broken, as it is the case for most biological systems.

In the following few paragraphs, as summarised in Table 2.a, we list the symme-
tries relevant to the class of systems under consideration. Notable symmetries are
the time translation invariance, the spatial translation invariance, and the rotational
invariance—these imply conservation of energy, conservation of linear momentum,
and conservation of angular momentum, respectively.
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We assume that mirror symmetry holds—that is, changing the sign of the curva-
ture, the tangent angle, and the shear, does not change the dynamics of the system.
It is important to note here that in most real systems, whose internal components are
chiral, this assumption is not correct. The e�ects of chirality are not treated in this
dissertation, as this requires a more general three dimensional treatment, we can how-
ever note that many biological �agella display helical oscillations, and that even for
those exhibiting planar beating, it is planar only in the time-scale of a few periods, and
can be regulated by viscosity [35]. However, the arti�cial active �laments seen in [16]
might not be a priori chiral because the authors do not control the alignment of the
microtubules.

All known active �laments are polar: going from the basal end to the distal end of
the �lament, or vice-versa, is important to the overall dynamics. The breaking of that
symmetry is fundamental for the existence of bending waves directed in a preferential
direction, which enables the motility of �agellates.

Depending on the particular subclass of systems, we may decide to uphold more
symmetries, such as centreline translation invariances→ s+s0, in which case explicit
functions of the centreline arc-length—such as position dependent width—would
not be allowed. We note that conjugate forces to the system �uxes must display the
same symmetries as these �uxes [112], with the exception of time-reversal symmetry,
in which case the sign of a time-reversal transformations depends on whether a �ux is
reactive of dissipative.

2.3 Thermodynamics of a filament
In this section we derive the phenomenological equations describing the dynam-

ics of a �lament. We �rst write a free energy from the symmetry considerations, and
compute its variation variation, taking into account mechanical and geometrical con-
straints. The variation enables us to write the entropy production of a passive �la-
ment. Linear irreversible thermodynamics lead to relaxation dynamics, which are be
generalised by adding active forces. The active forces do not derive from free energetic
considerations.

The phenomenological equations describe a large number of dynamical regimes,
including previous models of �agellar beat [78–82], as well as in new regimes, in par-
ticular regimes where internal dissipation cannot be neglected.

2.3.1 Balance laws
The thermodynamics of a �lament is described by potentials such as the energy

U , the entropy S , the free energy F and so forth. These potentials are integral
quantities de�ned over the �lament length:
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U =

L∫
0

ds′u(s′, t), S =

L∫
0

ds′σ(s′, t), F =

L∫
0

ds′f(s′, t), (2.7)

where u is the energy density of the �lament, σ the entropy density, and f the free
energy density. The variation of these quantities follows the global conservation laws:

∂tU = −JU , (2.8)
∂tS = Θ− JS , (2.9)
∂tF = ΘF − JF , (2.10)

where JU , JS and JF are the total energy, entropy and free energy �uxes, re-
spectively, Θ and ΘF are the entropy and free energy production, respectively. These
conservation laws in their local form are:

∂tu+ ∂sju = 0, (2.11)
∂tσ + ∂sjσ = θ, (2.12)
∂tf + ∂sjf = θf , (2.13)

where ju, jσ and jf are the local energy, entropy and free energy �ux, respectively;
θ and θf are the entropy and free energy production density, respectively. In a small
line element, the equilibrium relation f = u−Tσ is valid. We assume that the system
is isothermal, therefore in contact with a heat bath, then we have [113]:

jf = ju − Tjσ, (2.14)
θf = −Tθ. (2.15)

2.3.2 The free energy functional
We write the free energy functional for a �lament. The free energy takes into ac-

count the con�guration of the �lament at any given time. The most general form of
the free energy, up to quadratic order, without spatial derivatives and which obeys the
symmetries stated in the previous section is [114–118]:

F [C,∆] =

L∫
0

ds′
(κC

2
C2 +

κ∆

2
∆2 +

κC,∆
2

C∆
)
, (2.16)



Chapter 2. Theory of planar active filaments 13

Dimensions of the parameters
Bending elasticity [κC ] = ML3

T 2

Shear elasticity [κ∆] = ML
T 2

Active moment relaxation rate [kd] = 1
T

Activation constant [ka] = ML2

LT 2

Dimensions of the friction coefficients
Curvature friction coe�cient [ξC ] = ML3

T

Shear friction coe�cient [ξ∆] = ML
T

Angular friction coe�cient [ξψ] = ML
T

Normal friction coe�cient [ξ⊥] = M
LT

Dimensions of the Lagrange multipliers
Angular moment [Mψ] = ML2

T 2

Shear moment [M∆] = ML2

T 2

Force [Fr] = ML
T 2

Table 2.b: Physical quantities and their dimensions, where T is the dimension of
time,M is the dimension of mass and L is the dimension of length

where κC and κ∆ denote the bending and shear rigidity, respectively. The pa-
rameter κC,∆ describes an elastic coupling between curvature and shear. All of the
parameters are in principle, functions of the centreline arc-length s. Terms which are
explicitly functions of r and ψ are not allowed due to translational and rotational in-
variance. The addition of gravitational e�ects, magnetic �elds, or any other form of
potential would break translational symmetry and thus allow for the presence of fur-
ther terms depending on the position or the orientation. We ignore such e�ects in the
present dissertation.

External forces and torques can act on the �lament at its boundaries, and can be
described by the following work function:

W = +
kψ
2

(ψ(0, t)− ψ0)2 − Tψ0 ψ(0, t)− TψLψ(L, t)

+
k∆

2
(∆(0, t)−∆0)2 − T∆

0 ∆(0, t)− T∆
L ∆(L, t)

− F ext
0 · r(0, t)− F ext

L · r(L, t).

(2.17)

The time derivative ofW is the work done by external forces and torques. Adding
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W to F we obtain the potential G :

G = F +W. (2.18)

When taking the variation of this sum, the boundary contributions due to the free
energy �ux and the work function balance each other, and only the bulk contribution
remains, which is equal to the free energy production. If the system is isothermal, be-
cause of (2.15), the free energy production is proportional to the entropy production.

2.3.3 Entropy production of a filament near equilibrium
We derive in this section the entropy production for a �lament. The rate of change

of the potential G can be written, using the de�nition (2.18) and equations (2.13,2.15),
as:

dG

dt
= −TΘ− JF +

dW

dt
. (2.19)

The variables C , ∆ and r are not independent, but must satisfy the geometri-
cal constraints outlined in section 2.1. In order to do compute the rate of change we
therefore introduce the Lagrange functional:

C =

L∫
0

ds′ (Mψ (∂sψ − C) +M∆ (∂s∆− C) + Fr · (∂sr − t)) , (2.20)

whereMψ,M∆ andFr are Lagrange multipliers with the dimensions of two mo-
ments and a force, respectively. When taking the variation of the potential G , the con-
straint functional C cannot be neglected, because its variation can be �nite. Therefore
equation (2.19) becomes:

d

dt
(G + C ) = −TΘ− JF +

dW

dt
, (2.21)

where Θ and JF are the entropy and free energy �ux de�ned in equations (2.9,
2.10). The integration by parts of the functional C yields a bulk term and a boundary.
The boundary term is identi�ed to the free energy �ux such that:

−JF =

L∫
0

ds′∂s (Mψ∂tψ +M∆∂t∆ + Fr · ∂tr) . (2.22)
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Variables Fluxes Conjugate thermodynamic forces Dimensions

CurvatureC ∂tC − δG
δC

= −κCC − κC,∆∆ +Mψ +M∆ [C] = 1
L

Shear ∆ ∂t∆ − δG
δ∆

= −κ∆∆− κC,∆C + ∂sM∆ [∆] = 1

Tangent angle ψ ∂tψ − δG
δψ

= ∂sMψ + Fr · n [ψ] = 1

Position r ∂tr − δG
δr

= ∂sFr [r] = L

Table 2.c: Conjugated thermodynamic �uxes and forces

Because the free energy �ux and the work function rate of change are boundary
contributions, their sum vanishes:

−JF +
dW

dt
= 0. (2.23)

We can �nally write the entropy production as:

−TΘ =

L∫
0

ds′
(
δG

δC
∂tC +

δG

δ∆
∂t∆ +

δG

δψ
∂tψ +

δG

δr
· ∂tr

)
, (2.24)

where the functional derivatives take into account the geometrical constraints
given by the functional C . The explicit form of these functional derivatives is written
in Table 2.c

2.3.4 Linear irreversible thermodynamics
The entropy production of a system near equilibrium is a bilinear quadratic form,

consisting of the sum of the products of thermodynamic �uxes and their conjugates
thermodynamic �uxes, which we write in a concise form as:

TΘ = −
L∫

0

ds′∂tη ·
δG

δη
, (2.25)

where η = (C,∆, ψ, x, y)T . The formalism of linear irreversible thermodynam-
ics—developed by Onsager, Casimir, Machlup and others in the �rst half of the twen-
tieth century [94–98]—assumes a linear relationship between the forces and the �uxes
such that:
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Ξ∂tη = −δG
δη

, (2.26)

where Ξ is the friction tensor, whose elements are ξη,η′ . Using this linear relation
to substitute the thermodynamic forces in equation (2.25), we �nd:

TΘ =

L∫
0

ds′∂tη · Ξ∂tη. (2.27)

Because the entropy production is always positive, the tensor Ξ must be semi-
de�nite positive. Therefore its determinant is such that:

det Ξ = 0. (2.28)

This is ensured if the following condition between the diagonal and o�-diagonal
elements is respected [94, 119, 120]:

ξ2
η,η′ ≤ ξη,ηξη′η′ . (2.29)

To ensure microscopic time-reversibility, the o�-diagonal elements of the tensor
Ξ follow Onsager’s reciprocal relations [94–98], such that:

ξη,η′ = ξη′,η. (2.30)

In the case of systems with inertia, or which break microscopic time-reversibility,
such as in the presence of magnetic �elds, the above relations are replaced by the
Onsager-Casimir reciprocal relations [96–98].

2.3.5 Equations with active forces
The equations of linear irreversible thermodynamics de�ned by (2.26), describe

a system with relaxational dynamics, with an initial transient followed by an equi-
librium steady state. In order to drive the system continuously out of equilibrium,
energy has to be injected into the system in the form of active forces and torques. In
order to do this, we write modi�ed phenomenological equations:

Ξ∂tη = −δG
δη
− f act., (2.31)
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where f act. is a vector of active moments and forces. The above equation extends
the Onsager theory of near-equilibrium thermodynamics to active systems not de-
scribed by a free energy principle. A system described by a free energy principle is
such that the evolution equation for a �eld φ has the form ∂tφ = −δF/δφ. Here
the active force vector does not derive from a free energy therefore ∂tφ = f(φ) where
f 6= δF/δφ [121]. In principle the active force vector may have active contributions
speci�c to each variable, however, for the sake of simplicity we suppose that it only
has one single contribution, the active moment conjugate to shear, so that:

f act. =


0
ma
0
0
0

 . (2.32)

The dynamics of the active moment densityma is discussed in section 2.4.3.
Dissipation is either internal or external. Internal dissipative forces are related to

changes in the internal con�guration of the �lament, either by changing the curvature
or by shearing of the �lament. External dissipative forces are related to the displace-
ment of the �lament in the �uid medium. We assume that no cross-coupling exists
between internal and external sources of dissipation. The Onsager matrix therefore
takes the following form:

Ξ =


ξC ξC,∆ ξC,ψ 0 0
ξC,∆ ξ∆ ξ∆,ψ 0 0
ξC,ψ ξ∆,ψ ξψ ξψ,x ξψ,y

0 0 ξψ,x ξx,x ξx,y
0 0 ξψ,y ξx,y ξy,y

 . (2.33)

The top left sub-matrix describes internal friction, while the bottom right sub-
matrix describes external friction. The friction coe�cients associated to the tangent
angle’s rate of change ξψ could be either external or internal. External rotational fric-
tion could be due to the active �lament being embedded in a chiral �uid [99]. Inter-
nal rotational friction cannot be ruled out to exist, but its mechanism is unknown.
We will assume the active �lament to be immersed in a simple �uid, therefore exter-
nal rotational viscosity vanishes, we will also assume internal rotational friction to be
negligible, therefore ξψ = 0. Because of relation (2.29), the o�-diagonal coe�cients
also vanish, therefore ξψ,x = ξψ,y = 0 and ξC,ψ = ξ∆,ψ = 0.

The external friction sub-matrix is can be further sub-divided, with the bottom
right 2x2 viscous friction tensor Ξr, describing the friction due to translation, such
that Ξrt = ξ‖t and Ξrn = ξ⊥n, and can therefore be written as:
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Ξr =

(
ξx,x ξx,y
ξx,y ξy,y

)
=

(
ξ‖ cos2 ψ + ξ⊥ sin2 ψ

(
ξ‖ − ξ⊥

)
sinψ cosψ(

ξ‖ − ξ⊥
)

sinψ cosψ ξ‖ sin2 ψ + ξ⊥ cos2 ψ

)
, (2.34)

where the tangential and normal friction coe�cients ξ‖ and ξ⊥ are functions of
the �uid viscosity ξf, the length of the �lament L and its width w(s). Slender-body
theory gives the following expressions for these coe�cients [122–125]:

ξ‖ =
4πξf

ln
(

2 L
w(s)

)
+ 1

2

, (2.35)

ξ⊥ =
2πξf

ln
(

2 L
w(s)

)
− 1

2

. (2.36)

We can now write the phenomenological equations explicitly, we then have two
equations for the internal degrees of freedom:

ξC∂tC + ξC,∆∂t∆ = −κCC − κC,∆∆ +Mψ +M∆, (2.37)
ξ∆∂t∆ + ξC,∆∂tC = −κ∆∆− κC,∆C + ∂sM∆ −ma, (2.38)

and one vectorial equation for the translational degrees of freedom:

Ξr∂tr = ∂sFr. (2.39)

As a consequence of the absence of rotational friction, we have the following re-
lation between the Lagrange multipliersFr · n andMψ:

∂sMψ = −Fr · n. (2.40)

2.3.6 Force and torque balance at the boundaries
The boundary terms coming from the free energy variation must balance the ex-

ternal forces applied on the �lament. Therefore equation (2.23) must hold. In which
case, for arbitrary rates of change of the variables at the boundaries, the following
equations follow at the basal boundary:

0 = −T∆
0 + k∆

0 (∆(0, t)−∆0)−M∆(0, t), (2.41)
0 = −Tψ0 + kψ0 (ψ(0, t)− ψ0)−Mψ(0, t), (2.42)
0 = −F ext

0 − Fr(0, t), (2.43)
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while for the distal boundary we have:

0 = −T∆
L + k∆

L (∆(L, t)−∆L) +M∆(L, t), (2.44)
0 = −TψL + kψL (ψ(L, t)− ψL) +Mψ(L, t), (2.45)
0 = −F ext

L + Fr(L, t). (2.46)

2.4 Dynamics of an active filament

2.4.1 Equations of motion
As said previously, the variablesC , ∆,ψ andr are not independent, but are related

to each other through geometrical constraints. We now reduce the number of dynam-
ical equations to a single equation of motion for the �lament’s shape. Replacing the
curvature C by the derivative of the shear, and rearranging equations (2.37,2.38), we
get two expressions for the Lagrange multipliersMψ andM∆:

∂sM∆ = ξ∆∂t∆ + ξC,∆∂t∂s∆ + κ∆∆ + κC,∆∂s∆ +ma, (2.47)
Mψ +M∆ = ξC∂t∂s∆ + ξC,∆∂t∆ + κC∂s∆ + κC,∆∆. (2.48)

We introduce the line tensionF‖, and the normal forceF⊥, de�ned as the tangen-
tial and normal components ofFr:

F‖ = Fr · t, (2.49)
F⊥ = Fr · n. (2.50)

Using relation (2.40) and equations (2.47,2.48) yields an expression for the normal
force:

F⊥ = (ξ∆ − (∂sξC,∆))∂t∆ + (κ∆ − (∂sκC,∆))∆ +ma

− ∂s (ξC∂t∂s∆ + κC∂s∆) .
(2.51)

When internal friction forces exist, the normal force is a di�erential operator act-
ing on the shear, such that F⊥ = F⊥(∂t, ∂s)∆. Taking the time derivative of the
incompressibility constraint ∂sr = twe �nd the following equations:

t · ∂s∂tr = 0, (2.52)
n · ∂s∂tr = ∂tψ. (2.53)
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Equation (2.52) is equivalent to ∂tt2 = 0, and encodes the local force balance on
the �lament. Using Equation (2.39) we �nd the following partial di�erential equation:

∂s
(
ξ−1
‖ ∂sF‖

)
− ξ−1

⊥ (∂sψ)2 F‖

= F⊥∂s(ξ
−1
‖ ∂sψ) +

(
ξ−1
‖ + ξ−1

⊥

)
(∂sψ) ∂sF⊥.

(2.54)

Equation (2.53) yields another partial di�erential:

∂tψ − ∂s
(
ξ−1
⊥ ∂sF⊥

)
− ξ−1

‖ (∂sψ)2 F⊥

= F‖∂s(ξ
−1
⊥ ∂sψ) +

(
ξ−1
⊥ + ξ−1

‖

)
(∂sψ) ∂sF‖.

(2.55)

Equations (2.51,2.54), in conjunction with with boundary conditions (2.41–2.46),
are partial di�erential equations coupling the line tension pro�leF‖ to the time–evo-
lutions of ∆ and ψ.

2.4.2 Force and moment balances
The global force balance is given by integrating equation (2.39) over the �lament

length, using boundary conditions (2.43, 2.46):

L∫
0

ds′Ξr∂tr = F ext
L + F ext

0 . (2.56)

The global torque balance is given by integrating equations (2.40,2.39) over the
entire �lament:

Tψ0 + TψL − k
ψ
0 (ψ(0)− ψ0)− kψL (ψ(L)− ψL)

=

L∫
0

ds′n(s′) ·

F ext
L −

s′∫
0

ds′′Ξr∂tr

 .
(2.57)

2.4.3 The active moment
The last ingredient in need to be speci�ed are the active forces. As remarked in the

introduction, there are many di�erent approaches. A particularly fruitful approach
is to assume a speci�c form for the active forces in Fourier space [78–82]. Another
approach, is to write an explicit time-evolution equation, using symmetry consid-
erations. In 1894, Pierre Curie stated in his seminal paper Sur la symétrie dans les
phénomènes physiques [112]:
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Lorsque certaines causes produisent certains e�ets, les éléments de
symétrie des causes doivent se retrouver clans les e�ets produits.

Lorsque certains e�ets révèlent une certaine dissymètrie, cette dis-
symétrie doit se retrouver dans les causes qui lui ont donné naissance

Which we translate as:

When certain causes produce certain e�ects, the elements of symme-
try of the causes must be found in the produced e�ects.

When certain e�ects show some asymmetry, this asymmetry must be
found in the causes which gave it birth.

In particular, the forces acting on the system variables must obey the same sym-
metries as these variables. Furthermore, the force cannot obey these symmetries if
its evolution equation breaks them; however, if the evolution equation of the active
forces obeys the symmetries, the active forces themselves also obeys them.

We construct the dynamical equation for the moment density �eldma which ap-
pears in equation 2.32 from the symmetry principles outlined above by Pierre Curie.
The active moment density �eld ma obeys the same symmetries as its rate of change
∂tma, with the exception of time reversal symmetry, and its conjugate variable, the
shear ∆. The symmetries are given in Table 2.a. Because of rotational invariance, and
mirror symmetry, only odd powers of the shear, the curvature, and their derivatives,
are allowed to play a role in the time evolution ofma. The tangent and normal vectors
could also appear in scalar products, however we do not consider such terms. In this
way, in�nitely many terms may be added. However, it is important to keep in mind,
that we do not know the precise mechanisms behind the behaviour of the active mo-
ment. Therefore, while the addition of more terms might generate more realistic beat-
ing patterns, they might not increase our understanding of the phenomena we aim to
study. Up to linear order, we only add terms which are necessary and su�cient for
the existence of an oscillatory instability. For example, the rate of change of the active
moment must have term taking into account the e�ect of the �lament con�guration,
and a relaxation term, if the former is proportional to the shear, then an oscillatory
instability does not always exist (see Appendix D.)

Taking into account the previous considerations, the linear equation of motion
for the active moment density �eldma is:

∂tma = ka∂s∆− kdma. (2.58)

The above equation describes an active moment which senses the �lament con-
�guration through a curvature control mechanism; moments are generated in regions
of high curvature with a phase di�erence due to a time-lag. The phase di�erence then
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drives the �lament in areas of lower curvature, thus generating propagating bending-
waves. Equations (2.54, 2.55, 2.58) and the boundary conditions (2.41 – 2.46) fully
specify the nonlinear dynamics of an active �lament.



chapter 3

Beating of homogeneous active filaments

3.1 Linearised dynamical equations
The general theory, presented in the previous chapter, describes the nonlinear dy-

namics of an arbitrary, heterogeneous �lament. In order to study the oscillatory in-
stability thresholds which such systems might display, it is more convenient to use
linearised equations of motion, because near a bifurcation the nonlinear terms are
small. For the sake of simplicity, in this section, the framework is applied to the lin-
ear dynamics homogeneous �laments, subject to neither external forces nor torques,
with a basal shear elasticity.

A homogeneous �lament is characterised by an additional symmetry: the trans-
lation along the centreline arc-length leaves the dynamical equations, as well as the
parameters of the system, unchanged. Therefore the rigidities, the internal dissipa-
tions, as well as the width of the �lament, are all constant. Because the �uid friction
depends locally on the �lament width, it is also constant. It is important to note that
homogeneity does not imply isotropy: the �lament remains polar.

The linearised local force balance, in a homogeneous �lament, follows the equa-
tion ∂2

sF‖ = 0. Because there are no external forces acting at either end of the �la-
ment, the tension vanishes along the entire �lament:

F‖ = 0. (3.1)

The local moment balance can also easily be obtained from equation 2.55, and
takes the form of an advection equation:

ξ⊥∂tψ = −∂sj, (3.2)

where j = −∂sF⊥ is the angular momentum density current. While the above
form of the equation is concise, it is more interesting to write it explicitly, by using
equation (2.51), which leads to a fourth order, parabolic, partial di�erential equation:

ξ⊥∂tψ − ξ∆∂
2
s∂tψ + ξC∂

4
s∂tψ = κ∆∂

2
sψ − κC∂4

sψ + ∂2
sma. (3.3)

The dynamical equation governing the evolution of the active moments remains,
to linear order, unchanged:

23
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∂tma = ka∂s∆− kdma. (3.4)

The above equations require four boundary condition. In the case of the homoge-
neous �lament, the absence of external forces at the boundaries yields two boundary
conditions:

ξ∆∂t∆(0, t)+κ∆∆(0, t)+ma(0, t)=∂s(ξC∂t∂sψ(0, t)+κC∂sψ(0, t), (3.5)
ξ∆∂t∆(L, t)+κ∆∆(L, t)+ma(L, t)=∂s(ξC∂t∂sψ(L, t)+κC∂sψ(L, t); (3.6)

the absence of torques at the boundaries results in the following two boundary
conditions:

ξC∂t∂sψ(0, t)+ξC,∆∂t∆(0, t)+κC∂sψ(0, t)+κC,∆∆(0, t)=k∆∆(0, t) (3.7)
ξC∂t∂sψ(L, t)+ξC,∆∂t∆(L, t)+κC∂sψ(L, t)+κC,∆∆(L, t)=0. (3.8)

The momentum balance (3.3) displays di�erent dynamical regimes, de�ned by the
relative magnitudes of the frictional coe�cients, with the wavelengths of the oscilla-
tions. This can be readily seen with the spatial Fourier transformation of the left-hand
side of the momentum balance equation, which takes the form:

ξ⊥

(
1 +

ξ∆

ξ⊥
q2

(
1 +

ξC
ξ∆

q2

))
∂tψ̃ = −q̄2

(
κ∆ψ̃ − κC q̄2ψ̃ + m̃a

)
. (3.9)

The ratios
√
ξ∆/ξ⊥ and

√
ξC/ξ∆ de�ne length-scales characterising the dynam-

ics of the active �lament. Travelling waves on the �lament are dominated by di�er-
ent friction mechanisms depending on their wavenumbers, which de�ne the length
` = 1/q. Indeed, for a given value of the ratio ξ∆/ξ⊥, the e�ect of external friction
is large if the length ` is large enough so that ξ∆/ξ⊥ < `2. The e�ect of internal fric-
tion becomes larger for smaller values of `, when ξ∆/ξ⊥ > `2 holds. Likewise, the
dominant internal friction is �xed by whether ξC/ξ∆ is larger or smaller than `. If
ξC/ξ∆ < `2 then shear friction is dominant.

We study three limiting cases: the case of dominant external friction, where the
ratio ξ∆/ξ⊥ � `2; the case of dominant shear friction, where ξ∆/ξ⊥ � `2 and
ξC/ξ∆ � `2; the case of dominant curvature friction, where q2ξ∆/ξ⊥ � 1 and
ξC/ξ∆ � `2. These limiting cases are considerably simpler than the mixed friction
regimes, because the boundary conditions in the dominant external and shear fric-
tion cases are not dynamic, but static. The dominant curvature friction case retains a
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Dimensionless time t̄ = kdt

Dimensionless arc-length s̄ =
s

µ⊥

Dimensionless shear rigidity κ̄⊥ =
κ∆

κC
µ2
⊥

Control parameter Ω̄⊥ =
ka

kd

µ⊥
κC

Dimensionless active moment m̄⊥ =
kd

kaµ⊥
ma

Dimensionless �lament length L̄⊥ = L
µ⊥

Dimensionless basal shear rigidity k̄⊥ = k∆µ⊥
κC

Table 3.a: Dimensionless parameters in the limit of dominant external friction

dynamic boundary condition. The linear stability of each case are analysed, and nu-
merical solutions are shown if applicable. Before proceeding, we further simplify the
system by neglecting the cross-couplings ξC,∆ andκC,∆, which until now only appear
in the boundary conditions.

It is important to note that in the case of high internal friction, the equations of
motion are linear, not due to a small amplitude expansion, but because of the fact
that the nonlinearities are geometrical, and describe the shape-dependent movement
of the �lament embedded in a plane. Therefore, when external friction is neglected,
these a�ects are also neglected.

3.2 Analysis of the filament’s beating
Before analysing speci�c limiting cases of equation (3.3), we de�ne some impor-

tant tools, used later for the analysis of the properties �lament’s dynamics. The pe-
riod of the �lament beating is obtained by a Fourier transform of the beating signal
at the middle of the �lament, the maximum intensity gives the �rst mode frequency
f = ω̃/2π, and the period is T = 1/f . Because in this chapter we remain very close
to the instability threshold, the waves are dominated by their �rst mode. Taking the
Fourier transform of the tangent angle one obtains:
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ψ̃(s, ω̃) =

t0+T∫
t0

dt′ψ(s, t′)e−iω̃t′ , (3.10)

where the transform ψ̃(s, ω̃) is a complex number, and has the form ψ̃(s, ω̃) =

|ψ̃| exp(−iφ(s, ω̃)), and where t0 is large enough so that the oscillations are in the
limit-cycle. The phase is obtained by taking the natural logarithm:

φ(s, ω̃) = i ln

(
ψ̃(s, ω̃)

|ψ̃|

)
. (3.11)

We relate the local wave vector to the phase as:

q̃(s, ω̃) = −∂sφ(s, ω̃). (3.12)

Finally, from the phase we can de�ne the phase velocity as:

v(s, ω̃) =
ω̃

q̃(s, ω̃)
. (3.13)

During the analysis of the numerical solutions of the equations of motion in dif-
ferent limits, we plot the real and complex part of the transform with respect to s at
the measured frequency, the phase as well as the phase speed. In the following sections
the analysis is done in dimensionless units, becauseφ is dimensionless by construction,
the above de�nitions apply with no modi�cation.

3.3 Limit of dominant external friction
The limit of dominant external friction has been extensively studied, and, as seen

in the introduction, has been the case most often considered historically, as well as
the �rst one to be studied theoretically, by K.E. Machin in 1958. Our approach di�ers
from most others by an explicit modelling of the active moments ma, it is however
not unique, Hines and Blum in 1978 studied similar dynamics [86]. The equations
of motion can be written in an dimensionless form, using 1/kd as our unit time and
µ⊥ = (κC/(ξ⊥kd))1/4 as our unit length, as:

∂t̄ψ = −∂4
s̄ψ + κ̄⊥∂

2
s̄ψ + Ω̄⊥∂

2
s̄m̄⊥, (3.14)

∂t̄m̄⊥ = ∂s̄ψ − m̄⊥, (3.15)
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where t̄ and s̄ are the dimensionless time and arc-length, while κ̄⊥ = µ2
⊥κ∆/κC

is a parameter whose magnitude encodes the strength of the shear rigidity, Ω̄⊥ =
kaµ⊥/(kdκC) is a control parameter, and m̄⊥ = kdma/(kaµ⊥) is the dimensionless
active moment. Their expressions as function of the dimensional parameters can be
seen in Table 3.a. The boundary conditions are:

κ̄⊥∆(0, t̄ ) + Ω̄⊥m̄⊥(0, t̄ ) = ∂2
s̄ψ(0, t̄ ), (3.16)

κ̄⊥∆(L̄⊥, t̄ ) + Ω̄⊥m̄⊥(L̄⊥, t̄ ) = ∂2
s̄ψ(L̄⊥, t̄ ), (3.17)

∂sψ̄(0, t̄ ) = k̄⊥∆(0, t̄ ), (3.18)
∂sψ̄(L̄⊥, t̄ ) = 0. (3.19)

3.3.1 Stability analysis
We look for an oscillatory instability in the limit of dominant external friction. In

order to do so we solve the eigenvalue problem associated with the equations of mo-
tion (3.14, 3.15), using the ansatzψ = ψ̃ exp(−q̄s̄+ω̄t̄ ) andma = m̃ exp(−q̄s̄+ω̄t̄ ),
where q̄ is the complex wave-vector, and ω̄ is the complex angular frequency, respec-
tively. The choice of q and ω as the ansatz, instead of the more common choice of iq̄
and iω̄, is perhaps an odd one. The reason for that choice is the following: �nite linear
systems can have diverging modes for both the wave-vector and the angular frequency,
it is slightly more straightforwards in these cases to have the positive real part corre-
spond to diverting modes, rather than the negative imaginary part, and likewise for
the negative real part corresponds to relaxing modes instead of the positive imaginary
part. Inserting the ansatz in the equations of motion, we �nd the complex dispersion
relation:

q̄4 +
Ω̄⊥

1 + ω̄
q̄3 − κ̄⊥q̄2 + ω̄ = 0. (3.20)

The complex dispersion relation has the symmetry {q̄, Ω̄⊥} → {−q̄,−Ω̄⊥}.
Because under such a transformation the angular frequency remains unchanged, a
change in the sign of the control parameters changes the direction of wave propaga-
tion. This is in contrast with previous theories of �agellar beat, where the direction of
the wave propagation is controlled by the boundary conditions [81, 82]. Furthermore
the dispersion relation admits the trivial solution {q̄ = 0, ω̄ = 0}, corresponding to
a uniform static angle pro�le.

We �rst study the stability of an in�nitely long �lament, in which case there are no
boundary conditions. For a �nite value of q̄, two non-trivial solution for the angular
frequency exist and are:
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ω̄± =
1

2

(
−1 + κ̄⊥q̄

2 − q̄4 ±
√

(1 + κ̄⊥q̄2 − q̄4)2 − 4Ω̄⊥q̄3

)
. (3.21)

An in�nitely long �lament is unstable if, for a range wavenumbers and control
parameters, there exists a range of angular frequencies with a positive real component.
This can be easily seen by plotting the real part of ω̄+ as a function of q̄. Indeed, as
seen in �gure 3.1 for κ̄⊥ = 0, above a critical value of Ω̄⊥ ' 1.755 there exists a
region in which ω̄+ has a positive real part. As κ̄⊥ increases, the critical value of Ω̄⊥
also increases, and for κ̄⊥ = 1 the critical value of the control parameter increases to
Ω̄⊥ ' 4.077 thus demonstrating that shear rigidity inhibits beating. We can therefore
conclude that an oscillatory instability does exist for an in�nitely long �lament. In
the corresponding limit-cycle, the dominant mode corresponds to the most unstable
wavevector q∗, with its associated angular frequency ω̄+(q∗) having a maximal real
positive part. As shown in �gure 3.1, the most unstable wavevector as a function of
Ω̄⊥ and κ̄⊥ remains of order one. As seen in �gure 3.2, the transition is �rst order, and
the angular frequency associated with the most unstable mode has a �nite value at the
onset of the instability.

The stability analysis of a �lament of �nite length is more complicated, and there-
fore done numerically. The equations of motion (3.14, 3.15) can be written as �nite
di�erence equations, whose eigenvalues correspond to the complex angular frequen-
cies of the system. A �nite �lament displays an oscillatory instability if, by varying
continuously the control parameter, we can go from a state in which no angular fre-
quencies have positive real components, to a state in which a single pair of complex
conjugate angular frequencies have a vanishing real component with a �nite imagi-
nary component. For a �nite �lament, boundary conditions play a key role, as the
�nite di�erence matrices must be modi�ed accordingly. In the present case, we solve
for the limit in which k̄ →∞, and κ̄⊥ → 0.

3.3.2 Numerical solutions
Numerical solutions of the equations of motion, near the onset of the instability,

were obtained through an implicit-explicit �nite-di�erence scheme. However, some
precautions must be taken: because the dynamical equations are linear, they are unsta-
ble. In a real system, there exist physical mechanisms which stabilise the system, there-
fore preventing its divergence. Near the onset of the instability, for a low-amplitude
description, this mechanism manifests itself as a relatively low order polynomial cor-
rection to the equations of motion. Without any knowledge of the microscopic details
of a particular system, it is di�cult to determine the precise form of the nonlinearity,
as there is an in�nite number of choices. The only constraints are that they must obey
the symmetries of the system.
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Figure 3.1: Stability of an in�nite �lament: (a) Mode growth as a function of the
wavenumber for di�erent values of the control parameter and at κ̄⊥ = 0 (b) Mode
growth as a function of the wavenumber for di�erent values of the control parameter
and at κ̄⊥ = 1. The wavenumber corresponding to the maxima of Re[ω̄] is q̄∗
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Figure 3.2: Properties of the most unstable mode as a function of Ω̄⊥ (a) wave vector
q̄∗ (b) real part of the angular frequency (c) imaginary part of the angular frequency
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Figure 3.3: Stability of a �nite length �lament: (a) onset of the instability as a function
of the length L̄⊥, above the black line the region is unstable, below the oscillations
are damped (b) angular frequency distribution in the complex plane for a �lament of
length L̄⊥ = 15, light grey case Ω̄⊥ ' 4.2 has only stable modes, its position in the
phase space is also marked by a light grey dot in �gure (a), red case Ω̄⊥ ' 6.2 has
one pair of unstable modes, its position in the phase space is marked by a red dot in
�gure(a), dark grey case Ω̄⊥ ' 8.2, has unstable modes, its position in the phase space
is marked by a dark grey dot in �gure (a).
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Figure 3.4: Beating patterns of a �lament of di�erent lengths, with no shear rigidity
κ̄⊥ = 0. The upper, longer �lament, marked with a green dot , is of length L̄⊥ =
15, Ω̄⊥ ' 6.2 and ε = 0.08. The middle �lament, marked with a red dot , is of
length L̄⊥ = 10, Ω̄⊥ ' 6.6 and ε = 0.1. The lowermost �lament, marked with a
blue dot , is of length L̄⊥ = 5, Ω̄⊥ ' 7.5 and ε = 0.15. Their positions in the phase
space are marked with their respective coloured dots in the lower right quadrant. For
more details on the phase space see �gure 3.3. Here x̄ = x/µ⊥ and ȳ = y/µ⊥, are the
dimensionless units of the euclidean plane.

For the purpose of �nding numerical solutions, this nonlinearity is of fundamen-
tal importance, as otherwise there is no limit cycle. Keeping this in mind, we choose
a simple nonlinear cubic term to stabilise the equations of motion, which we add to
the active moment equation:

∂t̄m̄⊥ = ∂s̄ψ − m̄⊥ − εm̄3
⊥. (3.22)

Near the threshold of the instability, the nonlinearity sets the amplitude of the
waves. We choose to simulate �laments with vanishing basal shear elasticity (k̄⊥ = 0)
and no internal shear rigidity (κ̄⊥ = 0). Because there are no external torques at
either side of the �lament, the basal tangent-angle is 0 ψ(0) = 0. We remain close to
the threshold, therefore all e�ects are linear. Filaments of three di�erent lengths were
chosen, with L̄⊥ = 5, 10, 15. We �rst show the shape of the oscillations, which can
be seen in �gure 3.4. For longer �laments, the amplitudes of the oscillations are small
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Dimensionless time t̄ = kdt

Dimensionless arc-length s̄ =
s

µ∆

Dimensionless shear rigidity κ̄∆ =
κ∆

κC
µ2

∆

Control parameter Ω̄∆ =
ka

kd

µ∆

κC

Dimensionless active moment m̄∆ =
kd

kaµ∆

ma

Dimensionless �lament length L̄∆ = L
µ∆

Dimensionless basal shear rigidity k̄∆ = k∆µ∆

κC

Table 3.b: Dimensionless parameters in the dominant shear friction case

at the beginning of the �lament, before giving rise to higher amplitude oscillations.
As shown in �gure 3.5, the amplitudes are dominated by the �rst mode, with waves
traveling from the base to the apex. Although the �lament dynamics are described by
linear equations, and dominated by the �rst Fourier mode, the phase velocity of the
�lament tangent-angle waves are nonlinear.

The in�nitely long �lament displays an instability at Ω̄⊥ ∼ 1.6, yet the onset
of the instability for a �lament of �nite length seems to reach a plateau of Ω̄⊥ > 5
as the length increases. How these two scenarios can be reconciled remains an open
question.

3.4 Limit of dominant shear friction
We now consider the case of dominant shear friction. This is the limit when

q2ξ∆/ξ⊥ � 1 and q2ξC/ξ∆ � 1. We obtain a second order di�erential equation
of motion, thus much simpler than the limit of dominant external friction. Because
the external friction is neglected, only internal degrees of freedom remain, and all geo-
metrical nonlinearities, describing external degrees of freedom, vanish. Therefore the
equations of motion are linear, not because of a linearisation in the context of a small
amplitudes development, but because of the properties of the system.

The equations of motion may also be written in a dimensionless form, using 1/kd

as a unit time, and µ∆ =
√
κC/(ξ∆kd) as a unit length:
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Figure 3.5: Properties of tangent angle waves ψ(s̄, t̄ ) in the limit of dominant exter-
nal friction on �laments of length L̄⊥ ∈ {5, 10, 15}, shown in green, red and blue,
respectively: (a) phase, (b) wave vector, as de�ned in section 3.2 The brackets 〈·〉 are
averages over the �lament length.
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Figure 3.6: Properties of tangent angle waves ψ(s̄, t̄ ) in the limit of dominant exter-
nal friction on �laments of length L̄⊥ ∈ {5, 10, 15}, shown in green, red and blue,
respectively: (a) phase velocity, (b) �rst Fourier mode representation, as de�ned in
section3.2.
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∂t̄∆ = −κ̄∆∆ + ∂2
s̄∆− Ω̄∆m̄∆, (3.23)

∂t̄m̄∆ = ∂s̄∆− m̄∆, (3.24)

where κ̄∆ = µ2
∆κ∆/κC is the dimensionless shear elasticity, Ω̄∆ = kaµ∆k

−1
d κ−1

C

the control parameter, and m̄∆ = kdma/(kaµ∆) the dimensionless active moment.
The expressions of the dimensionless parameters are given as a function of their di-
mensional counterparts in Table 3.b. Because the equations of motion are second or-
der, only two boundary conditions are needed:

∂s̄∆(0, t) = k̄∆∆(0, t), (3.25)
∂s̄∆(L̄∆, t) = 0. (3.26)

These boundary conditions can be derived from the more general equations (3.5–
3.8), the �rst two equations become, in the limit of dominant internal shear friction,
identical to the equations of motion, while the second two equations result in the
boundary condition written above. The parameter k̄∆ describes the basal shear rigid-
ity of the �lament. Because no external torque is present, ψ(0) = 0. For k̄∆ = 0, the
onset of the instability has an analytical closed form, as well as analytical solutions for
the dynamics at the instability in the time-domain.

3.4.1 Linear stability analysis
In order to extract the complex dispersion relation governing the propagation of

waves in the active �lament, we use the Laplace ansatz: ∆ = ∆̃ exp(−q̄s̄+ ω̄t̄ ), and
m̄∆ = m̃ exp(−q̄s̄+ ω̄t̄ ). With q̄ the complex wavenumber, ω̄ the complex angular
frequency, ∆̃ and m̃ the amplitudes. Substituting the ansatz into equations of motion
(3.23–3.24), we �nd:

q̄2 +
Ω̄∆

1 + ω̄
q̄ − κ̄∆ − ω̄ = 0. (3.27)

As in the previous section, the complex dispersion relation is invariant upon the
change of signs of the wave vector and the control parameter{q̄, Ω̄∆}→{−q̄,−Ω̄∆}.
Therefore the direction of wave propagation is given by the sign of Ω̄∆.

Linear stability of an infinitely long filament

Following the same procedure as in the previous section, we analyse the stability of
travelling waves in an in�nitely ling �lament, in the limit of dominant shear friction.
The complex angular frequencies as a function of the complex wavevectors are:
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Figure 3.7: Stability of an in�nite �lament: (a) Mode growth as a function of the
wavenumber for di�erent values of the control parameter and at κ̄∆ = 0 (b) Mode
growth as a function of the wavenumber for di�erent values of the control parameter
and at κ̄∆ = 1. The wavenumber corresponding to the maxima of Re[ω̄] is q̄∗
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Figure 3.8: Properties of most unstable mode as a function of Ω̄∆ (a) wave vector q̄∗
(b) real part of the angular frequency (c) imaginary part of the angular frequency
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ω̄± =
1

2

(
−1− κ̄∆ + q̄2 ±

√
(1 + κ̄∆ − q̄2)2 − 4

(
κ̄∆ − q̄2 − Ω̄∆q̄

))
. (3.28)

Because the �lament is in�nitely long, the wavenumbers must be purely imagi-
nary, that is iq̄ ∈ R. The �lament presents an oscillatory instability, if, for some range
of−iq̄ and Ω̄∆, the real part of either ω̄+ or ω̄− become positive. In this case, as seen
in �gure 3.7, for κ̄∆ = 0, the real part of ω̄+ becomes positive for any Ω̄∆ > 1. We
call the most unstable mode the pair {q̄∗, ω̄(q̄∗)}, such that Re[ω̄] is maximal. The
system exhibits, for κ̄∆ = 0, a second order transition, with the angular frequency
Im[ω̄] associated to the most unstable wavenumber approaching 0 as Ω̄∆ approaches
its critical value of 1 as seen in �gure 3.8.

Finite values of the shear elasticity inhibit beating, by increasing the critical value
of Ω̄∆ needed for the instability to occur. The transition becomes �rst order, as the
most unstable wavenumber approaches a �nite value as Ω̄∆ approaches the onset of
the instability.

Linear stability of a finite filament

In the case of a �lament of �nite length, the stability analysis is remarkably simple,
and a number of quantities can be derived in an analytical form. Because the �lament
is of �nite size, we solve the above dispersion relation for the complex wavenumber q̄:

q̄1,2(Ω̄∆, κ̄∆, ω̄) = −1

2

Ω̄∆

1 + ω̄
± 1

2

√(
Ω̄∆

1 + ω̄

)2

+ 4 (ω̄ + κ̄∆). (3.29)

Because there are two wavenumbers for each angular frequency, the shear and the
active moment can be written as:

∆(s̄, t̄ ) =
∑
ω̄∈S

∑
i∈{1,2}

∆̃ie
−q̄is̄+ω̄t̄ + c.c., (3.30)

m̄∆(s̄, t̄ ) =
∑
ω̄∈S

∑
i∈{1,2}

m̃ie
−q̄is̄+ω̄t̄ + c.c., (3.31)

where S is the set of angular frequencies, such that ∆ and m̄∆ satisfy the bound-
ary conditions. The setS can be determined by substituting the above equations into
the aforementioned boundary conditions. This procedure yields two equations de-
termining the amplitudes for the shear:



Chapter 3. Beating of homogeneous active filaments 40

Figure 3.9: Stability of a �nite length �lament: (a) Plot of the f(ω̄) = (q̄1/q̄2)(k̄∆ +
q̄2)/(k̄∆ + q̄1)− exp((q̄1 − q̄2) L̄∆) for L̄∆ = 2, roots marked with blue bordered
dots are the allowed modes, roots marked with red bordered dots are the (vanish-
ing) trivial solution q1 = q2, the color hue and the brightness represents the phase and
the amplitude of f and are for illustration purposes. First row corresponds to k̄∆ = 0
and is symmetric for negative and positive values of Ω. Second row corresponds to
k̄∆ →∞. For

∣∣Ω̄∆

∣∣ = 15 two roots are unstable, for
∣∣Ω̄∆

∣∣ = 1.5 all roots are stable.
(b) Critical value of the control parameter as a function of the length
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∆̃1

∆̃2

= − k̄∆ + q̄2

k̄∆ + q̄1

, (3.32)

∆̃1

∆̃2

= − q̄2

q̄1

e(q̄1−q̄2)L̄∆ . (3.33)

Substituting the ratios of the amplitudes yields an equation whose solutions de-
�ne the set S:

q̄1

q̄2

k̄∆ + q̄2

k̄∆ + q̄1

− e(q̄1−q̄2)L̄∆ = 0. (3.34)

The equation has the trivial solution q̄1 = q̄2 = q̄, however these modes vanish
identically. This can be easily checked by substituting ∆(s̄, t̄ ) = (∆̃1+∆̃2) exp(−q̄s̄
+ω̄t̄ ) in one of the boundary conditions. For an arbitrary k̄∆, the relation 3.34 does
not admit closed form non-trivial solutions, and must instead be solved numerically.
The system admits an oscillatory instability, if one can go through a situation in which
all angular frequencies allowed by the boundary conditions have a negative real part,
to one in which at least one pair of angular frequencies have a vanishing real part,
by varying the control parameter Ω̄∆. The distribution of angular frequencies in the
complex plane can be visualised in �gure 3.9, were we can see that there indeed exists
an oscillatory instability.

The amplitudes for the active moment can be derived by substituting equations
(3.30,3.31) in the active moment equation (3.24) at the boundaries, thus yielding:

m̃1

m̃2

= −e(q̄1−q̄2)L̄∆ (3.35)

m̃1

∆̃1

=
k̄∆Ω̄∆

1 + ω̄

1− q̄1
q̄2

e−(q̄1−q̄2)L̄∆

1− e−(q̄1−q̄2)L̄∆
. (3.36)

The above is enough to fully characterise the dynamics of the shear, and the active
moment, at the onset of the instability.

Existence of a slowmode

Figure 3.9 shows that, in some cases, there is a mode near the origin of the com-
plex plane. This mode is called a slow mode, and describes slow relaxation dynamics.
Subtracting the equations of motion (3.23,3.24), for κ̄∆ = 0 we obtain the following
conservation equation:
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Figure 3.10: Slow mode expansion ω̄slow, as a function of the control parameter Ω̄∆: (a)
varying the length of the �lament, (b) varying the basal shear rigidity of the �lament.
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∂t
(
∆− Ω̄∆m̄∆

)
= −∂s(Ω̄∆∆− ∂s∆), (3.37)

where ∆−Ω̄∆m̄∆ is the slow mode. If the left-hand side vanishes, then the general
solution of the equation is:

∆(s̄, t̄ ) = ∆1(t̄ )
eΩ̄∆s̄

Ω̄∆

+ ∆2(t̄ ) (3.38)

m̄∆(s̄, t̄ ) =
∆(s̄, t̄ )

Ω̄∆

. (3.39)

It is easy to check that with the boundary conditions, the solutions of these equa-
tions vanish identically. However, such equations often display long transients, char-
acterised by a dispersion relation such that the angular frequency is proportional to
the wavenumber ω̄ ∼ q̄ as ω̄ becomes small. Expanding ω̄± in (3.28) for small values
of q̄, the angular frequency reads:

ω̄± =
1

2
(−κ̄∆ − 1 + |κ̄∆ − 1|)± iΩ̄∆q̄

|κ̄∆ − 1|
+O(q̄2). (3.40)

The angular frequency ω̄± is proportional to q̄ only if the shear rigidity vanishes.
Let ω̄slow be the slow mode, describing a long transient in the dynamics of the active
�lament. In the case κ̄∆ = 0, by expanding equation (3.34) multiplied by q̄2k̄∆+q̄1q̄2,
we �nd an expression for the slow mode:

ω̄slow =



k̄∆Ω̄2
∆eΩ̄∆L̄∆

Ω̄∆ − k̄∆ + eΩ̄∆L̄∆

((
k̄∆

(
Ω̄2

∆ − 1
)
− Ω̄∆

)
+ δ
) Ω̄∆ > 0,

0 Ω̄∆ = 0,

k̄∆Ω̄2
∆eΩ̄∆L̄∆

Ω̄∆ − k̄∆ + eΩ̄∆L̄∆

(
k̄∆

(
Ω̄2

∆ − 1
)
− Ω̄∆

) Ω̄∆ < 0,

(3.41)

where δ = L̄∆Ω̄∆k̄∆(Ω̄2
∆−2). The expansion is valid as long as ω̄slow is small. For

Ω̄∆ > 0, this is only the case when Ω̄∆ � 1 therefore in this case a slow mode is never
concurrent with stable oscillations. For Ω̄∆ < 0, this is the case if the denominator
is not small, and always valid if

∣∣Ω̄∆

∣∣ � L̄∆, therefore in this case, a slow mode can
be concurrent with stable oscillations, and we may observe oscillations biased to one
side over the other. The dependence of ω̄slow as a function of the parameters can be
seen in �gure 3.10
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Figure 3.11: Analytical solutions of the waveforms and �lament conformation, for
κ̄∆ = 0 at the instability: First for a �lament of length L̄∆ = 5 and Ω̄∆ ' 3.9 (a)
shear, (b) active moment, (c) �lament shape. Second for a �lament of length L̄∆ = 10
and Ω̄∆ ' 3.1 (d) shear, (e) active moment, (f ) �lament shape
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Figure 3.12: Analytical solutions of the waveforms and �lament conformation of a
�lament of length L̄∆ = 5 and κ̄∆ = 2 at the instability Ω̄∆ ' 9.6 with (a) shear,
(b) active moment, (c) �lament shape

3.4.2 Filamentwithout basal shear rigidity: analytical
results

In the limit of a �lament with no basal shear rigidity, k̄∆ = 0, Equation (3.34),
which selects the modes, is a simple algebraic equation, in which the wavenumbers q̄1

and q̄2 are related to each-other by the phase di�erence:

q̄1 − q̄2 =
2iπn

L̄∆

, (3.42)

with the integer n numbering triplets of modes. The case n = 0 corresponds to
the trivial, vanishing, solution. Substituting the wavenumbers q̄1,2 by their expression
given in equation (3.29), we �nd the following family of third degree polynomials,
whose solutions are the allowed angular frequencies:

(
π2n2

L̄2
∆

+ κ̄∆ + ω̄

)
(1 + ω̄)2 +

Ω̄2
∆

4
= 0. (3.43)

The solutions of the above polynomials are plotted in �gure 3.9. Because the co-
e�cients of the polynomial are real, if one solution is complex, then another one is
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its complex conjugate, and the third one is a real number. Therefore, the onset of the
instability can be found by looking for pairs of solutions {Ω̄∆ = Ω̄n, ω̄ = ±iω̄n}.
These solutions are:

Ω̄n = ±2
√

2

(
π2n2

L̄2
∆

+ κ̄∆ + 1

)
, (3.44)

ω̄n = ±

√
2
π2n2

L̄2
∆

+ 2κ̄∆ + 1. (3.45)

As the integer increases,
∣∣Ω̄n

∣∣ also increases, therefore the system becomes unsta-
ble when

∣∣Ω̄∆

∣∣ ≥ |ω̄1|. For Ω̄∆ = Ω̄1, the complex wavenumbers can then be written
in the following form:

q1,2(ω̄1) = −sgn
(
Ω̄1

) √2

2
(1− iω̄1)± i

π

L̄∆

, (3.46)

where sgn
(
Ω̄1

)
= Ω̄1/

∣∣Ω̄1

∣∣ ∈ {−1,+1} is the sign of the variable Ω̄1. With the
above wavevectors and angular frequencies, and using equations (3.32,3.33,3.35,3.36),
the exact dynamics of ∆ and m̄∆ at the instability are determined:

∆(s̄, t̄ ) = Aesgn(Ω̄1)
√

2
2
s̄

[
a(s̄) sin

(
ω̄1

(
t̄− sgn

(
Ω̄∆

) √2

2
s̄

)
+ θ

)

+b(s̄) cos

(
ω̄1

(
t̄− sgn

(
Ω̄∆

) √2

2
s̄

)
+ θ

)]
.

(3.47)

The variable amplitudes a(s̄) and b(s̄) read:

a(s̄) = −sgn
(
Ω̄1

) √2

2
sin

(
πs̄

L̄∆

)
+

π

L̄∆

cos

(
πs̄

L̄∆

)
,

b(s̄) = +sgn
(
Ω̄1

) √2

2
ω̄1 sin

(
πs̄

L̄∆

)
.

The active moments have the form:

m̄∆(s̄, t̄ ) = Besgn(Ω̄1)
√

2
2
s̄ sin

(
πs̄

L̄∆

)
sin

(
ω̄1

(
t̄− sgn

(
Ω̄1

) √2

2
s̄

)
+ ϕ

)
.

(3.48)
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Figure 3.13: Beating patterns of a �lament of di�erent lengths. The upper, longer �l-
ament, marked with a green dot , is of length L̄∆ = 15, Ω̄∆ ' 3 and ε = 0.08.
The middle �lament, marked with a red dot , is of length L̄∆ = 10, Ω̄∆ ' 3.1 and
ε = 0.1. The lowermost �lament, marked with a blue dot , is of length L̄∆ = 5,
Ω̄∆ ' 3.9 and ε = 0.15. Their positions in the phase space are marked with their
respective coloured dots in the lower right quadrant. Here x̄ = x/µ∆ and ȳ = y/µ∆,
are the dimensionless units of the euclidean plane.

The amplitudes A = |∆̃1/q2|/4 and B = 4 |m̃1| are determined by the nonlin-
earities, and the phases θ and φ are determined by the initial conditions. The phase
velocity of a travelling wave is given by v = λ/T , where λ = sgn

(
Ω̄1

)
2π
√

2/ω̄1

is the wavelength, and T = 2π/ω̄1 is the period. Therefore the wave velocity of the
shear and the active moment is:

v = sgn
(
Ω̄1

)√
2. (3.49)

The phase velocity is constant and independent from all other parameters, such
as the length of the �lament, the shear rigidity, and its sign is determined by the sign
of the control parameter.
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Figure 3.14: Properties of tangent angle waves ψ(s̄, t̄ ) in the limit of dominant shear
friction on �laments of length L̄⊥ ∈ {5, 10, 15}, for κ̄∆ = 0, shown in green, red
and blue, respectively: (a) phase, (b) wave vector, as de�ned in section 3.2. The brack-
ets 〈·〉 are averages over the �lament length.
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Figure 3.15: Properties of tangent angle waves ψ(s̄, t̄ ) in the limit of dominant exter-
nal friction on �laments of length L̄⊥ ∈ {5, 10, 15}, for κ̄∆ = 0, shown in green,
red and blue, respectively: (a) phase velocity, (b) �rst Fourier mode representation, as
de�ned in section3.2.
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Figure 3.16: Beating patterns of a �lament of di�erent lengths and internal shear rigid-
ity κ̄∆ = 2. The upper, longer �lament, marked with a green dot , is of length
L̄∆ = 15, Ω̄∆ ' 8.6 and ε = 2. The middle �lament, marked with a red dot , is of
length L̄∆ = 10, Ω̄∆ ' 8.7 and ε = 2. The lowermost �lament, marked with a blue
dot , is of length L̄∆ = 5, Ω̄∆ ' 9.6 and ε = 2.

3.4.3 Numerical solutions
We show numerical solutions for the equations of motion, computed using a

modi�ed Crank-Nicolson �nite di�erence scheme [126], with a time step of δt̄ = 0.06
and a spatial step-size of δs̄ = L̄∆/101. As in section 3.3.2, a cubic nonlinearity is
added to the dynamical equation of the active moment, in order to stabilise the nu-
merical solutions, so that we have:

∂t̄m̄∆ = ∂s̄ψ − m̄∆ − εm̄3
∆. (3.50)

We do not present a systematic review of the con�guration space, but only show-
case some particular examples at the onset of the instability. We do not explore the
nonlinear regime in this section. For an active �lament at the onset of the instability,
the basal shear rigidity has very little e�ect on the dynamics, therefore, for the sake of
simplicity, we only show active �laments such that k̄∆ = 0.

The beating patterns made by �laments with no internal shear rigidity, κ̄∆ = 0,
are shown in �gure 3.13 for �laments of length L̄∆ ∈ {5, 10, 15}. We observe that
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Figure 3.17: Properties of tangent angle waves ψ(s̄, t̄ ) in the limit of dominant shear
friction on �laments of length L̄⊥ ∈ {5, 10, 15}, for κ̄∆ = 2, shown in green, red
and blue, respectively: (a) phase, (b) wave vector, as de�ned in section 3.2. The brack-
ets 〈·〉 are averages over the �lament length.
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Figure 3.18: Properties of tangent angle wavesψ(s̄, t̄ ) in the limit of dominant exter-
nal friction on �laments of length L̄⊥ ∈ {5, 10, 15}, for κ̄∆ = 2, shown in green,
red and blue, respectively: (a) phase velocity, (b) �rst Fourier mode representation, as
de�ned in section3.2.
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the superposition of their conformations in time forms trumpet-like shapes. Figure
3.16 shows some of the properties of their beating. Because k̄∆ = 0, we know that the
phase velocity of travelling shear waves along the �lament is v =

√
2. The numerical

solutions are in agreement, with nearly constant phase velocity in the centre of the
�lament, and deviations at the boundaries. As the analytical solution predicts, the
beating has only a single Fourier mode.

Increasing the internal shear rigidity to κ̄∆ = 2, we see in �gure 3.16 that the
shape of the �lament changes, and becomes more tubular. The analytical calculation
predicts that the phase velocity does no change from the previous case. This is indeed
the case, with a constant phase velocity v '

√
2 at the centre, with a deviation at the

boundary.

3.5 Limit of dominant curvature friction
The �nal limit we consider in this chapter is the case of dominant curvature fric-

tion. This limit is reached when q2ξ∆/ξ⊥ � 1 and q2ξC/ξ∆ � 1, or more concisely,
when q4ξC/ξ⊥ � 1. The equations of motion are, in dimensionless form:

∂t̄∂
2
s̄∆ = ∆− κ̄C∂2

s̄∆ + Ω̄Cm̄C (3.51)
∂t̄m̄C = ∂s̄∆− m̄C . (3.52)

With the dynamic boundary conditions:

∂s̄∂t̄∆(0, t̄ ) + κ̄C∂s̄∆(0, t̄ ) = k̄C∆(0, t̄ ), (3.53)
∂s̄∂t̄∆(L̄C , t̄ ) + κ̄C∂s̄∆(L̄C , t̄ ) = 0. (3.54)

The arc-length is here rescaled by µC =
√
ξCkd/κ∆ and the time is rescaled by

1/kd. The dimensionless parameters are given as functions of the dimensional param-
eters in table 3.c.

Using the same Laplace ansatz as in the previous section, with ∆ = ∆̃ exp(−q̄s̄+
ω̄t̄ ) and m̄C = m̃C exp(−q̄s̄ + ω̄t̄ ), we �nd the dispersion relation for the case of
dominant curvature friction:

(κ̄C + ω̄) q̄2 +
Ω̄C

1 + ω̄
q̄ − 1 = 0. (3.55)

The complex angular frequencies ω̄± solution fo the dispersion relation are:
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Dimensionless time t̄ = kdt

Dimensionless arc-length s̄ =
s

µC

Dimensionless shear rigidity κ̄C =
κC
κ∆

µ2
C

Control parameter Ω̄C =
ka

kd

µC
κ∆

Dimensionless active moment m̄C =
kd

kaµC
ma

Dimensionless �lament length L̄C = L
µC

Dimensionless basal shear rigidity k̄C = k∆µC
ξCkd

Table 3.c: Dimensionless parameters in the limit of dominant external friction

ω̄± =
1− q̄2 (1 + κ̄C)

2q̄2
± 1

2q̄2

√
(1 + q̄2 (1− κ̄C))2 − 4q̄3Ω̄C . (3.56)

An in�nite �lament is unstable if there exists a real part of the complex angular
frequency as a function of purely imaginary q̄ ∈ iR. For κ̄C = 0, the onset of the
instability occurs for Ω̄C = 1, in which the most unstable mode is for q̄ → ∞, as
can be seen in �gure 3.20. Finite values of the rigidity κ̄C suppress this ultraviolet
divergence.

Unlike the previous cases, a �lament of �nite length in the case of dominant curva-
ture friction has dynamic boundary conditions, which depend on the time derivatives
of the curvature. This makes the numerical solutions more complex, and are beyond
the scope of the dissertation. However some analytical calculations can be obtained.
The complex wavenumbers q̄, solutions of the dispersion relation, are:

q̄1,2 = −1

2

Ω̄C

(1 + ω̄)(κ̄C + ω̄)
± 1

2

√
Ω̄2
C

(1 + ω̄)2(κ̄C + ω̄)2
+

4

κ̄C + ω̄
. (3.57)

The complex angular frequencies ω̄ aresolutions of the following transcendental
equation:
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Figure 3.19: Stability of an in�nitely long �lament: (a) Mode growth as a function of
the wavenumber for di�erent values of the control parameter and at κ̄C = 0 (b) Mode
growth as a function of the wavenumber for di�erent values of the control parameter
and at κ̄C = 1. Wavevector corresponding to the maximum of Re[ω̄] is q̄∗
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Figure 3.20: Properties of the most unstable mode as a function of Ω̄C (a) wave vector
q̄∗ (b) real part of the angular frequency (c) imaginary part of the angular frequency
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q̄1

q̄2

q̄2 + k̄C
1+ω̄

q̄1 + k̄C
1+ω̄

− e(q̄1−q̄2)L̄C . (3.58)

Remarkably, as in the case of limit of shear friction, the case of no basal shear rigid-
ity k̄C = 0, corresponds to the case q̄1 = q̄2 + 2iπn/L̄C . Therefore, the complex
angular frequencies can be written as the solutions of the following family of polyno-
mials:

Ω̄2
C

4
+ (κ̄C + ω̄) (1 + ω̄)2

(
1 +

π2n2

L̄2
C

(κ̄C + ω̄)

)
= 0. (3.59)

Looking for pair of solutions {Ω̄C = Ω̄C,n, ω̄ = ±iω̄n}, we �nd that the �lament
becomes unstable, with the following values of the complex angular frequency and the
control parameter at the onset of the instability:

ω̄n =

√√√√√2κ̄C

(
π2n2

L̄2
C

(1 + κ̄C) + 1
)

+ 1

2π
2n2

L̄2
C

(1 + κ̄C) + 1
, (3.60)

Ω̄C,n = ±2
√

2 (1 + κ̄C)
1 + π2n2

L̄2
C

(1 + κ̄C)

1 + 2π2n2

L̄2
C

(1 + κ̄C)

√
1 +

2π2n2

L̄2
C

κ̄C . (3.61)

The limit of no bending rigidity yields:

lim
κ̄C→0

ω̄n =

√
1

1 + 2π
2n2

L̄2
C

, (3.62)

lim
κ̄C→0

Ω̄C,n = ±2
√

2
1 + π2n2

L̄2
C

1 + 2π
2n2

L̄2
C

, (3.63)

in this case, the �rst unstable mode corresponds to the limit n → ∞, where
Ω̄C,∞ = ±

√
2 is the onset of the instability, which ω̄∞ = 0. This is in agreement with

the analysis of the in�nite �lament. Therefore the case κ̄C → 0 leads to an ultraviolet
divergence, where the �rst unstable modes correspond to in�nitely small wavelengths.
Finite values of the shear regularise the transition, such that the �rst unstable mode
is �nite. See �gure A.1 for the distribution of the complex angular frequencies on the
complex plane.
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Figure 3.21: Distribution of the angular frequencies in the complex plane. Each mode,
indexed by n ∈ {0, · · · 104} corresponds to two pairs of angular frequencies. For
κ̄C = 0 the plots correspond to (a) Angular frequencies for Ω̄C =

√
2 − 1, (b) for

Ω̄C =
√

2, where the system is at the instability threshold, (c) for Ω̄C =
√

2 + 1
in�nitely many modes are unstable. For κ̄C = 0 we have (d) Angular frequencies
for Ω̄C ' 4.25, (e) for Ω̄C ' 5.2, where the instability occurs for n = 2 (f ) for
Ω̄C ' 6.25 �nitely many modes are unstable.
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3.6 Relevant regimes for biological flagella
We discuss in this section the values of the parameters and friction coe�cients

relevant for biological cilia and �agella. Is there a dominant friction, or are cilia and
�agella better described by an intermediate regime, in which than one kind of friction
is relevant? Cilia and �agella are constituted of an axoneme—comprising a constant
number of microtubules and a constant density of dynein along its length—and a
membrane which varies in diameter, with a thicker base and a thinner tip. We assume
that the contributions of the membrane to the shear and bending rigidities and to the
shear and curvature frictions are small in comparison with the axonemal contribu-
tion. Because the external friction has a logarithmic dependence on the diameter, it
is also nearly constant along the �lament. Therefore we assume that a homogeneous
�lament is a good approximation of biological cilia and �agella.

As seen before, the dominant regime governing the dynamics of the �lament is
found by computing the ratio between the friction coe�cients, multiplied the square
of the wavevector. The dimensionless wavenumber q̄, in units adapted to each symp-
tomatic regime, is of order one. Therefore the dimensional wavevetor is always in-
versely proportional to the characteristic unit length for either the dominant exter-
nal friction limit µ⊥ = (κC/(ξ⊥kd))1/4, the dominant shear friction limit µ∆ =√
κC/(ξ∆kd), and dominant curvature friction limit µC =

√
ξCkd/κ∆. The con-

ditions for external friction to dominate is: ξ∆/ξ⊥ � µ2
⊥, while the condition for

internal shear friction to dominate is ξ∆/ξ⊥ � µ2
∆ � ξC/ξ∆. Finally for curvature

friction to dominate we require ξC/ξ∆ � µ2
C . We therefore need only to compare

length-scales to know wether a single mode of friction is dominant. For external fric-
tion to dominate we require:

ξ∆ �

√
ξ⊥κC
kd

. (3.64)

Water has a friction coe�cient of around ξ⊥ ' 6× 10−3 Pa s, while the bending
rigidity for an axoneme can be estimated to be κC ' 580 pN µm2, with a frequency
f ' 60 s−1 [108]. The dimensionless frequency in the case of dominant external
friction is f̄ ' 0.5, therefore kd ' 120 s−1. For external friction to dominate, it
must be the case that ξ∆ � 0.17 pN s.

The conditions for internal shear friction to dominate are:

ξ∆ �

√
ξ⊥κC
kd

, (3.65)

ξC �
κC
kd
. (3.66)
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Because the dimensionless frequency in the case of dominant shear friction is f̄ '
0.2, we havekd ' 300 s−1. Using our estimates for the bending rigidity, the curvature
friction coe�cient can be neglected if ξC � 1.9 pN µm2 s.

Likewise, for curvature friction to dominate we have:

ξ∆ �
κ∆

kd
. (3.67)

We estimate the shear rigidity to be κ∆ = 2 pN. The value is given by the rigidity
from the shear deformation of 1 nm of an axoneme of 1 µm in length [127], multiplied
by the square of a typical inter-doublet distance of ∼ 30 nm [128–130]. We take a
typical dimensionless frequency in the case of dominant curvature friction of f̄ '
3, therefore kd = 20 s−1. Thus, curvature friction dominates over shear friction if
ξ∆ � 0.1 pN s.

To decide the relevant regime for a biological �agellum, we must estimate the �ag-
ellar shear friction coe�cient ξ∆, and the �agellar curvature friction coe�cient ξC .
The shear friction for an axoneme.

The shear friction coe�cient is such that ξ∆ = ρa2kmτm ' 1 pN s, where
ρ ' 100 µm−1 is the density of dyneins along the axoneme, a ' 30 nm is the in-
ter micro-tubule pair distance, km ' 100 pN nm−1 is the rigidity of dyneins in the
weak binding-state, while τm ' 10−4 s is the life-time of the dynein cross-bridge in
the weak binding state [103, 131]. We estimate the curvature friction coe�cient to be
20 times the curvature friction of a single micro-tubule, so that ξC ' 0.8 pN µm2 s
[39, 100, 132, 133].

We conclude that the dynamics of a biological �agellum is well described by a limit
of dominant internal friction, with the most important contribution to the dynam-
ics due to shear friction. However curvature friction, while small, cannot be fully
neglected.



chapter 4

Study of reconstituted actomyosin bundles

4.1 Introduction
Arti�cial active �laments have been developed in laboratory, using biological pro-

teins, such as cytoskeletal �laments and molecular motors. This class of systems gives
fundamental insights into the characteristics of the constituent proteins, and their
collective behaviour. It also gives insight into the self-organised beating of slender �l-
aments, giving strong evidence, that spontaneous oscillations, are a generic property
of �lament-motor systems, instead of being a speci�c property, heavily dependent on
the microscopic details of a given system.

The �rst arti�cial active �lament that were studied, are reconstituted microtubule
bundles driven by clusters of kinesin molecular motors [16]. These bundles, attached
to air bubbles, and formed with the help of the depleting agent polyethylene glycol,
exhibit spontaneous oscillations. Biological cilia and �agella, in contrast, are driven by
dynein molecular motors. Therefore, spontaneous beating of active �laments is not
dependent on the properties of the dyneins themselves.

The second type of arti�cial active �lament to be engineered [17], are actin bundles
formed by growing actin �laments from a nucleation site in the presence of myosin
molecular motors, and the depleting agent methylcellulose. These �laments and mo-
tors assemble into bundles and spontaneously oscillate. In this case, both the molec-
ular motor and the cystoskeletal �laments are di�erent from those of a biological �ag-
ellum.

In the present chapter, we �rst describe the phenomenology of the active actin �la-
ment bundle’s dynamics, and then we adapt the framework developed in chapter 2, to
describe the experimental data. In particular, we take into account the heterogeneous
nature of actin-bundles, which are structures constituted of many actin �laments of
various lengths. We also take into account the myosin molecular motors, which ex-
hibit nonlinear dynamics coupled to the bundle’s shape.

4.2 Active actin filament bundles
In the presence of myosin motors and ATP, and a depleting agent, polymerising

actin �laments and myosin molecular motor self-assemble into bundles in vitro, which
exhibit spontaneous beating, with travelling bending waves moving from the base to-

61
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Parameter De�nition myosin-II myosin-V

L (µm) Bundle length 15.9± 6.1 18.3± 5.4

` (µm) Wavelength of bending waves 17.1± 6.1 15.88± 3.52

T (s) Tangent-angle period 15± 9 53.6± 27.1

v (µm s−1) Bending-wave phase velocity 1.6± 0.8 0.57± 0.15

vm (µm s−1) Myosin-density wave velocity n.a. 0.7± 0.2

Tm (s) Myosin-density wave period n.a. 41.1± 12.4

Table 4.a: Parameters of the beating patterns of actomyosin bundles. The numeri-
cal values for the properties of the bundle’s beating are given over mean of n = 59
bundles for myosin-II and n = 29 bundles for myosin-V, the numerical values for the
properties of the myosin-density wave are given over a mean of n = 10 bundles for
the period Tm and n = 17 for the speed vm. There is no statistical di�erence between
the mean lengths and wavelengths of bundles driven by myosin-II and myosin-V.

wards the bundle’s distal end. The properties of the actin bundle’s beating resemble,
qualitatively, those of eukaryotic cilia and �agella. This is despite the very di�erent
molecular components of the bundle, and lack of any cellular regulatory mechanism.
The bending waves are associated with myosin-density waves, travelling from a basal
recruitment zone, towards the distal end, going almost twice as fast as the mechanical
waves [17].

Actin �laments are polar, with a (-) and a (+) end, called the barbed end. Actin
�laments grow by monomer addition on the barbed end. The actin �laments grow
perpendicularly from the border of surface micro-patterns of nucleation-promoting
factor [134]. Each actin �lament has a di�erent length, with the total lengths following
an exponential distribution, with a mean length of λ = 8 µm [135]. The inclusion of
methylcellulose, a depleting agent, ensured that most �laments grew parallel to the
substrate, ensuring nearly-planar beating of the aforementioned bundles.

The molecular motors used in the experiments were either heavy meromyosin-II
(hereafter myosin-II), or myosin-Va fragment (hereafter myosin-V), fused to green �u-
orescent protein (GFP). Myosin-II is a non-processive motor, it detaches from the �l-
ament after a power-stroke, while myosin-V is processive, moving towards the barbed
end of actin �laments. Spontaneous bending waves occur with both molecular motor
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Figure 4.1: Actin micro-patterns and actin bundles driven by myosin (a) actin �la-
ments growing radially out of a nucleation disk of 60 µm of diameter, in the pres-
ence of methylcellulose (b) actin �laments growing radially out of a nucleation disk
of 60 µm of diameter, in the presence of methylcellulose and myosin-II molecular mo-
tors and ATP (c) nucleation disk of 9 µm of diameter with radial actin �laments (d)
nucleation disk of 9 µm of diameter with bundled actin �laments in the presence of
myosin-II and ATP, the yellow rectangle corresponds to the bundle shown in �gure
4.2 (e) nucleation disks of 9 µm of diameter with bundled actin �laments in the pres-
ence of myosin-V and ATP (f ) line of nucleation disks with bundles driven by myosin-
V, the yellow rectangle corresponds to the bundle shown in �gures 4.3 and 4.3. Scale
bars: 20 µm in (a) and (b), 5 µm in (c) and (d), 10 µm in (e) and (f).
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Figure 4.2: Actin bundle driven by myosin II (a) snapshots of a bundle of length
L = 14.8 µm shown with the arrow in the yellow box. (b) Beating patterns exhibit
a heart shape and an in�nity symbol. (c) Tangent angle oscillations as a function of
time at s = 5 µm (purple) and s = 10 µm (magenta) with corresponding power
spectral densities at the right (d) Amplitude of the tangent angle as a function of the
arc-length (e)Phase of the tangent angle as a function of the arc-length (f ) Color plot
of the tangent angle as a function of time and the arc-length.

types. The oscillations driven by both molecular motors is similar, however, myosin-V
is a slower molecular motor, which is re�ected in a longer beating period and slower
wave propagation. The details of actin bundle waves are written in table 4.a. The ve-
locity of tangent-angle wave propagation is nearly constant along the bundle’s length,
and across bundles. Uniform phase velocity is remarkable, because the actin bundles
are heterogeneous structures, with their thickness going from about one micrometer
thick at the base, with around a thousand individual actin �laments, to a tip with only
a hundred actin �laments. Uniform phase velocities have been observed in �agellar
beating [80, 136], however, biological �agella have a constant number of microtubule
pairs along its length. For a heterogeneous bundle, constant speed is most easily ex-
plained if an internal friction dominates, because parameters describing the internal
dynamics of the �lament are directly proportional to the number of actin �laments,
while external friction depends on the logarithm of the number of �laments. In or-
der to verify this assumption, the relative importance of internal and external friction
coe�cients will be estimated.
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Figure 4.3: Active actin bundle driven by myosin-V: (a) beating pattern, (b) tangent
angle oscillations over one period with a 2 s time step, (c) Color plot of the tangent an-
gle as a function of time and the arc-length, (d) Period (top) and velocity (bottom) of
tangent angle oscillations, driven by myosin-II (black dots, left) and myosin-V (white
dots, right), the box-plots indicate 25th and 75th percentiles with median values in red.
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Figure 4.4: Dynamic interplay between actin-bundle’s bending waves and myosin-
density waves: (a) myosin-density waveform snapshots over twenty-two periods in
light grey, snapshots over one myosin-density period in color from dar blue to dark
red, (b) actin-bundle’s curvatures snapshots over twenty-two periods in light grey,
snapshots over one curvature period in black, colored snapshots in (a) and (b) cor-
respond to the same times, (c) kymograph of the actin bundle’s curvature over time
with a 2 s time-step, (d) kymograph of the myosin density pro�le with same time-step,
(e) position along the bundle’s arc length of the curvature maxima (red dots •) and
minima (blue dots •), and position of the myosin-density maxima (black line) over
time.
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Figure 4.5: Bundle distribution of myosin-density: (a) �uorescence images at di�er-
ent time-steps for actin (red), myosin-V (cyan) and the superposition of both signs at
the bottom, (b) Position of the myosin density peaks in the bundle, (c) Position of
the myosin density peaks for an individual bundle which grows with time, (d) mean
position of myosin density peak shown in (c).

Myosin-density waves

Because myosin-V is labelled with GFP, myosin-V density could be observed exper-
imentally through �uorescence intensity measurements. Myosin-V density exhibits
wave behaviour, with the abrupt apparition of a density peak near the base of the �ag-
ellum, which then travels towards the distal end. As seen in �gure 4.5, the shape of the
peak conforms dynamically to the local shape of the bundle, elongating as the bundle
becomes thinner.

Comparing the myosin-V density pro�le, with the local curvature pro�le along the
bundle, it is possible to observe that the frequency of myosin-density waves is twice
the frequency of the bundle’s oscillation, corresponding to a period of about 41.1±
12.4 s for the myosin-density wave and a period of about 20.7± 6.0 s for the bundle
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beating. We remark that the number shown here for the bundle is di�erent from the
one in table 4.a, this is because these numbers come from a subsection of n = 10
observations, corresponding to a third of the total number of observations made on
the actin bundles driven by myosin-V. The observed speed of the myosin-density waves
is 1.4 to 3 times larger than observed speed of myosin-V in gliding or bead assays [47,
137, 138], but comparable to the speed of single myosin-V motors on actin �laments
[139], and in vivo cellular transport velocities [140]. Whether the myosin-density wave
velocity is due to the processivity of myosin-V molecular motors, or due to some other
collective mechanism, is not known

The myosin-V density peak appears in a basal region characterised by a threshold
curvature C∗ = 0.65 ± 0.09 µm−1, at an arc-length of s∗ = 6.9 ± 1.8 µm, after
which the bundle curvature and tangent angle reaches a plateau. As the myosin-wave
density peak travels towards the distal end, it does not change in magnitude, and re-
mains saturated. Because the myosin-density wave travels faster than the curvature
wave, the myosin-density peak does not colocalize with the curvature extrema. The
observations suggest that the myosin recruitment is triggered by curvature, but only
at the base, after which it is not recruited anymore.

Estimates of external and internal friction

We �rst determine which friction contribution is most important in the dynamics
of the actin bundle, in particular, whether the bundle’s dynamics are better described
by a regime dominated by either external or internal friction. To do this we estimate
the values of the di�erent friction coe�cients, which are compared to the observed
wavevector of the bundle’s travelling bending wave. In the actin bundle, the wave-
length is of the order of the total length of the bundle, therefore q ' 2π/L.

The hydrodynamic friction coe�cient is given by ξ⊥ ' 4πη/ log(L/D) ' 45×
10−3 Pa s, were η ' 15× 10−3 Pa s is the viscosity of the methylcellulose solutions
used in the experiments, and the logarithm is of order 3 ∼ 4, withD ∝

√
N(s), and

where N(s) = N0 exp(−s/λ) is the number of �laments at any given point along
the bundle, withN0 ' 1000.

Shear friction is given by ξ∆ = N(s)ξ0
∆, and ξ0

∆ = ρa2kmτm ' 10−2 pN s is the
shear friction per �lament [103], where ρ ' 6 µm−1 is the density of myosin motors
per �lament, a ' 30 nm is the inter-�lament spacing comparable to the myosin step-
size, km ' 0.2 pN nm−1 is the myosin sti�ness [141], and τm = 50 ms is the lifetime
of a myosin-cross bridge at stall force [142–144].

The curvature friction is di�cult to estimate, the relaxation of a single actin �l-
ament in a �uid is dominated by external viscous friction, not internal friction [133],
however, microtubules are two orders of magnitude sti�er than actin �laments [40,
133], assuming the same order of magnitude holds for the di�erence in curvature fric-
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tion, we estimate the bundle’s curvature friction to be ξC = N(s)ξ0
C , with the cur-

vature friction per �lament being ξ0
C = 6× 10−3 pN µm2 s.

To determine which friction dominates, we de�ne the following three quantities:

α =
ξ0

∆

ξ⊥

4π2

L2
N(s), (4.1)

β =
ξ0
C

ξ0
∆

4π2

L2
, (4.2)

γ =
ξ0
C

ξ⊥

16π4

L4
N(s), (4.3)

where N(0) = 1000 and N(L) ' 82. If α � 1 the limit of dominant inter-
nal friction is valid, if β � 1 then shear friction is dominant over curvature friction,
which can be neglected, while if γ � 1 curvature friction dominates is dominant
over external. Using the above estimates for the friction coe�cients, we compute the
ranges for the aforementioned quantities: α ∈ [2, 20], β ' 0.06 and γ ∈ [0.13, 1.3].
The e�ects of internal shear friction in relation to external friction ranges from com-
parable, near the tip, to dominant at the base.

4.3 Theoretical description of actin bundles
Equations of motion

In this section we adapt the theory presented in chapter 2 to take into account ex-
perimental observations. Because the number of �laments along the bundle follows
an exponential distribution, the bundle is heterogeneous. The parameters describing
the bundle’s dynamics depend locally on the number of �laments, and therefore de-
pend on the position. While ∆ and ψ do not depend on the number of �lament, the
active moment ma does, because the number of possible sites were a molecular mo-
tor may generate torque depends on the number of �lament pairs. Recalling that
the beating of the actin bundles is nearly planar, molecular motors cross-linking a
pair perpendicular to the beating plane do not contribute to an observed change of
shape, therefore we assume that the active moment de�ned in section 2.4.3 has the
formma = AN(s)ρa, whereA is the magnitude of the torque generated by a myosin
cross-link, and ρa = ρ+ − ρ− is the asymmetric density of cross-links, whith ρ±
the lineic densities per �lament pairs of motor cross-links producing clock-wise or
counter clock-wise torques. The actin bundles grow with time, we will assume that
this growth is adiabatic, such that the �lament can be taken to be of constant length
over one beating period.
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Figure 4.6: Numerical solutions of equations of motion (4.4,4.6,4.8): (a) spatial
conformation of bundle over time, (b) tangent angle pro�les, (c) and curvature
pro�les as a function of the arc length over time, (e) color plot of tangent angle
showcasing uniform wave propagation, (e) kymograph of bundle curvature (f ) and
motor density over time with a time-step of 2.2 s, (g) myosin density pro�le over
time, colours in (a), (b), (c) and (g) correspond to di�erent times, going from blue
(earlier) to read (later), so that the same color in all �gures corresponds to the same
time everywhere, with a time step of 2.2 s, the black lines go over the rest of one
period, (h) position along arc-length of curvature maxima (red line), minima (blue
line) and motor density maxima (black line) as a function of time. The dashed line in
(b), (c) and (g) corresponds to the position were motor-density is abruptly recruited.

We must also describe an observable not considered in chapter 2, the total den-
sity of myosin molecular motors ρ(s, t). Because the density is always positive, it does
not obey the same symmetries of ∆ and ρa, and therefore only non-linear couplings



Chapter 4. Study of reconstituted actomyosin bundles 71

between ρ and ρa are allowed. In order to take into account the dynamic properties
of the myosin density, we consider an evolution equation with an advection term and
a source term. Because the myosin-density peak appears only after when curvature
reaches a certain threshold, and because of symmetry considerations, the molecular
motor recruitment must be a function square of the curvature. However, because
myosin density is only recruited in a speci�ed basal region of the bundle, the recruit-
ment must also depend on the number of �laments. We therefore postulate the fol-
lowing form for the dynamics of the myosin density waves:

∂tρ− v∂sρ = N(s)kon(C2, N(s))− ko�ρ, (4.4)

where the nonlinear recruitment rate has a Hill function dependence onCN(s):

kon(C,N(s)) = k0 + k1

(
C
C0
N(s)

)2m

1 +
(
C
C0
N(s)

)2m . (4.5)

The motor recruitment is large when both the magnitude of the curvatureC and
the number of �laments N are larger than a threshold curvature C0. The integer m
sets the strength of the nonlinearity, we choose large enough such that it approxi-
mates a step-function, but not in�nite so as to avoid numerical instabilities. Equation
(2.58) describing the time-evolution of the active moment becomes the equation for
the asymmetric density:

∂tρa = k0
a ∂s∆− kdρa − ερρ3

a , (4.6)

where ka = N(s)Ak0
a and the nonlinearity has been modi�ed to take into ac-

count the modulation of the asymmetric density by the total density of myosin. Be-
cause the nonlinearity becomes greater in areas of high myosin-density, which are
themselves correlated to areas of high curvature, the nonlinearity also helps to describe
the curvature saturation of the bundle. In principle if ρ = 0 we must have no recruit-
ment, such that k0

a = 0, however, the linear stability of the bundle is studied around
some �nite constant ρ = ρ0, therefore variations around ρ0 have only nonlinear ef-
fects on the dynamics.

We are now left with the equation of motion for the bundle shape. With the no-
table exception of the external friction coe�cient, all parameters in the equation of
motion (2.55) are inside derivatives with respect to s, therefore extra terms taking into
account the heterogeneity appear in the linearised equation. Neglecting curvature
friction and shear rigidity we have:
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ξ⊥(s)

N0e−
s
λ

∂tψ =

(
1

λ
− ∂s

)2(
ξ0

∆∂t∆ + κ0
C

(
1

λ
− ∂s

)
∂s∆ + Aρa

)
. (4.7)

We observe that in the presence of external friction, there is an explicit arc-length
dependence in the left-hand side. Because the observed phase speed of the bundle’s
waves is constant, and because the e�ects of external friction become only comparable
to the e�ects of internal shear at the tip of the bundle, we assume that external friction
can be neglected everywhere. Therefore the equation of motion for the bundle shape
becomes:

ξ0
∆∂t∆ = κ0

C

(
∂s −

1

λ

)
∂s∆− Aρa. (4.8)

We will assume that the bundle’s base is in�nitely compliant to changes in shear,
therefore the boundary conditions for the above equation are:

∂s∆(0, t) = 0, (4.9)
∂s∆(L, t) = 0. (4.10)

Equation (4.4) also requires a boundary condition, we choose a constant concen-
tration of motors at the base, such that:

ρ(0, t) = ρ0. (4.11)

Equations (4.4, 4.6, 4.8) in conjunction with boundary conditions (4.9 – 4.11)
fully specify the system’s dynamics.

Numerical solutions

Using the same units as in section 3.4, where we recall the dimensionless unit time
is t̄ = kdt, the dimensionless unit arc-length is s̄ = s/µ, with µ =

√
κ0
C/(ξ

0
∆kd).

The dimensionless asymmetric density is rescaled such that ρ̄a = ρaµk
0
a /kd. The

dimensionless equations of motion then become:

∂t̄∆ = −1

λ̄
∂s̄∆ + ∂2

s̄∆− Ω̄ρ̄a, (4.12)

∂t̄ρ̄a = ∂s̄∆− ρ̄a, (4.13)

∂t̄ρ̄+ v̄∂s̄ρ̄ =

(
k̄0 + k̄1

(
∂s̄∆/C̄

∗(s̄)
)2m

1 +
(
∂s̄∆/C̄∗(s̄)

)2m

)
e−s̄/λ̄ − k̄o�ρ̄, (4.14)
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Figure 4.7: Numerical solutions of equations of motion (4.4, 4.6, 4.8), white dots
correspond to spatial position of motor-density peak over time, over one bundle shape
period (in grey). The trajectory of the motor density peaks forms a bow shape.

where the characteristic dimensionless curvature is C̄∗(s̄) = C̄0N0 exp(−s̄/λ̄).
The de�nition of the other parameters can be seen in table 4.b. Because there is no
basal shear rigidity, and because the dynamics of ρ do not a�ect the linear stability
analysis, we can �nd an analytical expression for the instability threshold, as a func-
tion of the dimensionless bundle length L̄, and the mean dimensionless actin �lament
length λ̄:
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Dimensionless
parameter De�nition Relation to

variables Value

L̄ Bundle length L̄ = L
µ

6

λ̄ Mean-�lament length λ̄ = λ
µ

8/3

Ω̄ Control parameter Ω̄ = Ak0
a
kd

µ
κ0
C

13.2

ρ̄0 Basal motor density ρ̄0 = ρ0µ 150

v̄
motor advection

velocity v̄ = v
kdµ

5

k̄0
Constant motor

binding rate k̄0 = k0µN0

kd
15

k̄1
Mechanosensitive

motor binding rate k̄1 = k1µN0

kd
3 · 104

k̄o� Motor unbinding rate k̄o� = ko�
kd

0.1

ε̄
Magnitude of nonlinear
ρ̄a unbinding rate ε̄ = εk2

a
(kdµ)3 0.08

C̄0
Magnitude of the
critical curvature C̄0 = C0µ

N0
0.8

Table 4.b: De�nition and values of dimensionless parameters for numerical
solutions of Eqs. (4.12 – 4.14) shown in to Fig. 5 of the main text.

Ω̄c =
1

4

(
1

λ̄2
+ 4

(
π2

L̄2
+ 1

))(
1

λ̄2
+

√
1

λ̄2
+ 8

)
. (4.15)

If Ω̄ ≥ Ω̄c, the bundle is unstable. For L̄ = 6 and λ̄ = 8/3 the critical value
of the control parameter is Ω̄c ' 3.9. As in chapter 3, the equations of motion can
be solved with a modi�ed Crank-Nicolson �nite di�erence scheme [126]. Solutions
for the dynamics of a bundle in the nonlinear regime (Ω̄ = 13.2) can be seen in �g-
ure 4.6 with parameter values written in table 4.b. The numerical solutions exhibit
the main characteristics of a beating actin bundle: heart shape displaying an in�nity
symbol; uniform tangent-angle wave velocity; saturation of the tangent angle and of
the curvature; abrupt recruitment of myosin molecular motors; myosin density peak
velocity higher than the tangent-angle wave speed; motor-density peak localised at the
centre of the heart shape (see �gure 4.7).
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We compare the numerical solutions with a bundle of length L = 20 µm, and a
beating period T = 30.62 s. This enables us to estimate the value of remaining pa-
rameters: we compute µ = L/L̄ ' 3.33 µm and kd = T̄ /T ' 6.73 × 10−2 s−1,
therefore the relaxation time of the active moment is k−1

d ' 14.86 s. The bend-
ing rigidity of a single actin �lament is κ0 = 4 × 10−2 pN µm2 [145], therefore
we independently estimate the shear friction coe�cient per �lament pair as ξ0

∆ =
κ0
C/(µ

2kd) ' 5.35 × 10−2 pN s which is consistent with the estimate in the previ-
ous subsection 4.2.

The magnitude of the torque generated by a single cross-link is A = aFstall '
75 pN nm, given by the magnitude of the stall force Fstall ' 2.5 pN exerted by a
myosin-V molecular motor [47, 142, 143, 146, 147] multiplied by the estimated distance
between actin �laments in a bundle of a ' 30 nm, similar to the step-size of myosin-
V. With the relations given in table 4.b, all other parameters can be estimated, and are
given in table 4.c.

4.4 Discussion
The theoretical framework developed in the previous chapters, and modi�ed to

take into account the speci�cs of an active actin bundle, captures qualitatively the key
behaviour of the experimental bundle. It does so in a regime which was not explored
before, and with realistic parameter values. However the value of the active moment’s
relaxation time 1/kd, is much longer than the relaxation time of myosin molecular
motors [142–144]. Because the active moment results from the collective behaviour of
the individual molecular motors, it would be expected to obtain a relaxation time of
the same order of magnitude. What sets the value of kd as a function of the properties
of this motor-�lament system is, therefore, an important open question.

Not presented in the current chapter is the dependence of the bundle’s beating
properties on the bundle’s length. The dependence is not trivial, in particular the
wavelength and the period of bending waves grows linearly with the bundle length,
therefore the phase velocity is constant [17]. The current theory cannot explain the
behaviour, instead the wavelength and the period are primarily set by the value of the
control parameter, therefore implying that the control parameter also has a hidden
length dependence. See Figure 4.8.

The theory presented here assumes that the parameters depend linearly on the
number of actin �laments. While not an outlandish assumption, the dependence
might be more complex. In particular the bending rigidity depends linearly on the
number of �laments only if the �laments are decoupled, and able to slide freely with
respect one another [116]. In the actin bundle the �laments are free to slide with re-
spect to each other, however there is a frictional force between the �laments, which
might modify the relationship between number of �laments and bending rigidity.
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parameters De�nition Parameter
relations

Values

Pr
es

cr
ib

ed
pa

ra
m

et
er

s L

(µm)
Bundle length — 20

λ

(µm)

Mean actin
�lament length

— 8.9

κ0

(pN µm2)

Actin �lament
bending rigidity

— 4× 10−2

A0

(zJ)

Motor cross-link
torque magnitude

— 75

Es
tim

at
ed

pa
ra

m
et

er
s

ξ0

(pN s)

Shear-friction
coe�cient

ξ0 = κ0

kd
µ2 5.35× 10−2

ρ0

(µm−1)

Basal
motor density

ρ0 = ρ̄0

µ
45

v

(µm s−1)

Motor advection
velocity

v = v̄µkd 1.12

N0k0

(s−1 µm−1)

Constant motor
binding rate

N0k0 = k̄0kd
µ

0.03

N0k1

(s−1 µm−1)

Mechanosensitive
motor binding rate

N0k1 = k̄1kd
µ

605.5

ko�

(s−1)

Motor
unbinding rate

ko� = k̄o�kd 6.7× 10−3

ka

(s−1)

Curvature-control
rate of ρa

ka = κ0

µ
Ω̄

A0ka
0.14

kd

(s−1)

Relaxation
rate of ρa

kd = T̄
T

6.73× 10−2

ε

(µm3 s−1)

nonlinear
unbinding of ρa

ε = ε̄(kdµ)3

k2
a

4.46× 10−2

C0/N0

(µm−1)

Characteristic
curvature

C0

N0
= C̄0

µ
0.24

Table 4.c: De�nition and values of dimensional parameters for numerical solutions
of Eqs. (4.12 – 4.14)
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Figure 4.8: (a) Wavelengths λ of actin bundle’s tangent angle’s waves as a function of
the bundle length L, driven by myosin-II (black dots) or myosin-V (white dots), (b)
PeriodT with red linear �t of 0.33 s µm−1 and phase velocityv of tangent angle waves,
(c) Color plot of the tangent angle ψ(s, t) for a single bundle driven by myosin-II at
di�erent times and bundle lengths. Numerical results as a function of the control pa-
rameter (color) and the length (abscissa) (d) dimensionless period, (e) dimensionless
phase velocity, (f ) dimensionless wavelength and (g) control parameter as a function
of the dimensionless bundle length. The black line corresponds to the onset of the
instability.



chapter 5

Summary andOutlook

The aim of the dissertation, is to present a theoretical framework to study the
dynamics of active �laments as found in biological systems, as well as synthetic active
�laments. Cilia and �agella are very di�erent from their synthetic counterparts [12,16,
17, 37], yet they both exhibit qualitatively similar behaviours, indicating the existence
of universal principles governing the dynamics of beating �laments. Starting from the
hypothesis that the same physics underlies the spontaneous oscillations of cilia and
bottom-up active bundles, we postulate that both these classes of systems are special
cases of a more general object: an active �lament.

An active �lament is a slender structure, much longer than it is wide, driven lo-
cally by active moments alongg its length. If the dynamics of the active moments are
regulated by the �lament conformation, and if these active moments are balanced by
the elastic and dissipative moments governing the shape of the �lament, then spon-
taneous oscillations and travelling bending waves may occur. In this dissertation, we
derive equations of motion for an active �lament in a novel manner using linear ir-
reversible thermodynamics and symmetry principles. These equations of motion, in
their most general form, fully describe the dynamics of a heterogeneous active �la-
ment in two dimensions. In particular, the appearance of di�erent friction terms in
the equations of motion is derived systematically. These friction forces have di�er-
ent relative importances, depending on the structural properties of the �lament, and
have important e�ects on the subsequent dynamics. The active moments follow an
explicit evolution equation. Therefore, the theoretical framework presented in this
dissertation, describes the dynamics of a �lament in the time domain.

After deriving general equations of motion, we studied particular limiting cases,
where a single source of friction dominates the dynamics of a homogeneous �lament.
The limit of dominant external friction, leads to a fourth order nonlinear equation,
which we linearised and studied numerically. The limit of dominant shear friction
leads to a second order linear equation; for a speci�c choice of the boundary condi-
tions, the equations of motion can be solved analytically. Analytical and numerical
solutions were then compared. Finally, the limit of dominant curvature friction is de-
scribed by a mixed-order partial di�erential equation, with dynamic boundary condi-
tions. Estimating the relative values of the di�erent friction coe�cients, we discovered
that the limit of dominant shear friction is particularly relevant when studying the dy-
namics of cilia, �agella, and active �lament-bundles.

We then analysed the dynamics of bio-mimetic actin bundles. These active �la-
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ment–bundles are characterised by bending waves travelling at constant speed, despite
the heterogeneous structure of the bundle, a saturation of the tangent angle max-
ima, as well as the presence of myosin-density waves, travelling from the base to the
tip at nearly twice the speed of the bending wave, and twice its frequency. An ac-
tive �lament in the limit of dominant shear friction, coupled to a phenomenological
equation modelling the dynamics of myosin-density waves, could adequately describe
the experimental observations. The equation governing the dynamics of the myosin-
density waves predicts a mechanosensitive recruitment of myosin from the ambient
solution: not only is a bent actin �lament predicted to have an increased myosin bind-
ing rate, but the e�ect is drastically increased in the case of an actin-�lament–myosin
bundle.

The dissertation leaves many doors open, and many open questions. We list some
of them below.

We have assumed throughout the dissertation that the �lament obeys mirror sym-
metry. Such an assumption is di�cult to justify: the constituent �laments of both
biological cilia and �agella, as well as arti�cial microtubule and actin bundles, are heli-
cal, and therefore break mirror symmetry [12, 16, 17, 37]. Studying the dynamics of an
active �lament, without mirror symmetry, might unveil interesting and novel regimes.

In the dissertation, we considered an active moment which is conjugate to the
shear. We assumed its evolution equation to be as simple as possible, yet complex
enough to still enable spontaneous oscillations to occur. Di�erent forms for the evo-
lution equation are possible, for example taking into account normal forces, or going
beyond a phenomenological description of active moments, modelling the molecular
dynamics of the motors. Active moments conjugate to the curvature could also exist,
and lead to di�erent dynamical regimes.

In the limits of dominant external and shear friction, the stability analysis of a �l-
ament of �nite length does not agree with the stability analysis of an in�nitely long
�lament. The in�nite length limit is not trivial, understanding it would provide key
insights into the dynamics of longer �laments and the structure of the theory pre-
sented in this dissertation. Examples of longer active �laments are numerous, such
as the �agella of Ctenophora, which can be up to 2 mm in length [11]. Are these �ag-
ella well described by an in�nite �lament? Because of the increased length, we expect
the dynamics to be dominated by hydrodynamic e�ects, however, how important is
internal friction to describe their dynamics?

Regimes in which there are severals sources of friction were not studied in detail.
The boundary conditions derived by the theory are, in general, dynamic, depending
on the time-derivatives of either the curvature, the shear, or both. Understanding
these regimes is critical to fully account for the dynamics of eukaryotic �agella: in
particular when considering the couplings between the �agellum and the cell body,
when studying the propulsion of the cell, or when interactions between two or more
�laments are important. In particular, basal or hydrodynamic couplings should lead
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to synchronisation and the emergence of metachronal waves.
While the behaviour of an active �lament in two dimensions is rich, a generic the-

ory of such systems must also describe their three dimensional dynamics. Develop-
ing such a theory, using an approach similar to the one employed in this dissertation,
would be of great interest.



appendix a

Definition of the geometrical shear

In this appendix we derive the expression for the geometric shear presented in
section 2.1. Let us consider the behaviour of two ideal curves, γ1 and γ2, parametrised
by s1 and s2 respectively, lying on each side of the centreline γ, at a constant distance
a/2 parallel from it. These two curves are not material curves, there might be nothing
where they are placed, and might be outside of the �lament itself. They will be used
to de�ne the geometric shear occurring when the centreline curves. Let ds1 and ds2

be arc-length elements on curves γ1 and γ2 respectively. The projections of ds1,2 onto
the centreline curve are called ds′1,2, and are given by the following relations:

ds′1 =
1

1 + a
2
C(s, t)

ds1, (A.1)

ds′2 =
1

1− a
2
C(s, t)

ds2. (A.2)

This can be seen by considering two disks of radiiR+a/2 andR respectively, then
the length of a circular arc given by the angle dθ1 is ds1 = (R+ a/2) dθ1 and ds′1 =
R dθ1 respectively. We can then write the �rst arc length as ds1 = (1 + aC/2) ds′1
whereC = 1/R.

The arc-length elements ds1,2 are of arbitrary size, we therefore choose them to
be equal to an arc-length element ds on the centreline curve. Doing this we may com-
pare how the curvature of the �lament dilates the projection of one of the elements,
and contracts the projection of the other. The di�erence in size will be de�ned as the
in�nitesimal sliding:

ds′2|ds2=ds − ds′1|ds1=ds =
aC

1−
(
a
2
C
)2 ds = dΥ. (A.3)

We can then integrate over the centreline arc-length to get the sliding:

Υ(s, t) = Υ0(t) +

s∫
0

ds′
aC(s′, t)

1−
(
a
2
C(s′, t)

)2 . (A.4)

The sliding is therefore related to the curvature by the local expression:
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Figure A.1: Schematic showcasing the sliding element dΥ in green, as the di�erence
between the projections of the arc-length elements ds1 and ds2 in red, of two black
curves distanced by the length a/2 from the centreline arc length in grey. The basal
and distal sliding Υ0 and Υ(L) are shown in black.

∂sΥ =
aC

1−
(
a
2
C
)2 . (A.5)

The expression diverges whenaC = 2, as there appears a kink in one of the curves
γ1,2. For aC < 2 the Taylor series expression of the in�nitesimal sliding is the geo-
metric series:

dΥ = 2
∞∑
n=0

(a
2
C
)2n+1

ds. (A.6)

The sliding depends on the distance to the centreline, in order to have a geometric
quantity independent from awe will de�ne the geometric shear as the following limit:

∆ = lim
a→0

1

a
Υ, (A.7)

which then gives the following expression for the geometric shear:

∆(s, t) = ∆0 +

s∫
0

ds′C(s′, t). (A.8)
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BecauseC = ∂sψ, we also have

∂s∆(s, t) = ∂sψ(s, t), (A.9)
∆(s, t)−∆0(t) = ψ(s, t)− ψ0(t), (A.10)

where ∆0 andψ0 are the basal shear and the basal angle respectively. The shear ∆
is a rotationally invariant transformation of the tangent angle ψ
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Toy model for the active stress

We present in this appendix a microscopic toy model, which recovers the form
of the active moment dynamical equation (2.58) in general, and of the (linearised)
equation for the asymmetric density (4.6) in particular. Let us consider a bundle of
two �laments i = 1, 2, such as the one shown in �gure A.1. On each �lament there is
a population of motors per unit length dni, such that:

dni = ρi dsi,

where ρi is the density of molecular motors per unit length, along the ith �lament.
A motor can bind or unbind to the �lament iwith the binding rate per unit length ka
and the unbinding ratekd respectively. We can therefore write the dynamical equation
for the motor number per unit length per �lament as:

∂t dni = ka dsi − kd dni.

In order to recover a dynamical equation for the whole bundle, we compute the
projections of the above quantities into the centreline arc-length using equations (??,
??). In particular the number of molecular motors per unit length and per �lament
becomes:

dni = ρi

(
1± aC(s)

2

)
ds, (B.1)

where C is the curvature of the bundle’s centreline. We de�ne the asymmetric
density of molecular motors ρa, and the symmetric density of molecular motors ρs as:

ρa =
dn1 − dn2

ds
= ρ1

(
1 +

aC(s)

2

)
− ρ2

(
1− aC(s)

2

)
, (B.2)

ρs =
dn1 + dn2

ds
= ρ1

(
1 +

aC(s)

2

)
+ ρ2

(
1− aC(s)

2

)
. (B.3)

The equations of motion are easily obtained by taking the time derivatives of equa-
tions (B.2, B.3), and inserting equation (B.1):
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∂tρa = akaC − kdρa,

∂tρs = 2ka − kdρs.



appendix c

NumericalMethods

Equations of motions described in chapters 3 and 4 were all solved numerically us-
ing a modi�ed Crank-Nicolson [126] scheme with central �nite di�erences. Because
in this dissertation there are three di�erent sets of equations of motion solved numer-
ically, this appendix will be written quite generally, instead of going into the details of
the implementation for each case.

Using dimensionless units, we de�ne a state vector Σ(s̄, t̄), which will be com-
prised of each of the independent variables of a particular case. For example, Σ =

(ψ, m̄⊥)T for the case of dominant external friction, Σ = (∆, m̄∆)T for the case of
dominant shear friction and Σ = (∆, ρ̄a, ρ̄)T for the numerical solutions of the actin
bundle system. We write the equations of motion in the general form:

∂t̄Σ(s̄, t̄) = M̂Σ(s̄, t̄) + N̂(Σ(s̄, t̄)), (C.1)

where the M̂ and N̂ are a linear and nonlinear operator respectively. For example,
in the case of dominant shear friction, the operators are de�ned as:

M̂ =

(
−κ̄∆ + ∂2

s̄ −Ω̄∆

∂s̄ −1

)
,

N̂(Σ) =

(
0

−εm̄3
∆

)
.

First, the time derivative is approximated by using a modi�ed Crank-Nicolson
scheme. We discretize in time using a tilmestep δt̄, such that t̄ = nδt̄ and Σ(t̄, s̄)→
Σn(s̄). Therefore, Equation (C.1) becomes

Σn+1(s̄)− Σn(s̄)

δt̄
= M̂

Σn+1(s̄) + Σn(s̄)

2
+ N̂(Σn(s̄)).

Rearranging the terms we get:

(
Î− δt̄

2
M̂

)
Σn+1(s̄) =

(
Î +

δt̄

2
M̂

)
Σn(s̄) + δt̄N̂(Σn(s̄)),
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where Î is the identity operator. In order to compute each consecutive time-step
as a function of the previous one, the left-hand side operator must be inverted. To do
this we must now discretize in space, so that s̄ = mδs̄, and Σn(s̄) → Σn,m. The
linear operators M̂ and Î can now be written in matrix form. The spatial derivatives
are approximated in the bulk by central �nite di�erences so that, as an example:

∂sΣn(s̄) =
Σn,m+1 − Σn,m−1

δs̄
+ O(δs̄2).

The boundary conditions are approximated by one sided �nite di�erences. For ex-
ample, in the case of dominant external friction, boundary condition (3.18) becomes:

∆n,0 =
1

1 + δs̄k̄∆

∆n,1.

Because the case of dominant external friction has up to fourth order derivatives,
the formula ∆n,0 is used to replace the term wherever it appears in the matrix M̂. The
same procedure is then done for all boundary conditions.

Every consecutive time-step can now be solved using:

Σn+1,m =

(
Î− δt̄

2
M̂

)−1((
Î +

δt̄

2
M̂

)
Σn,m + δt̄N̂(Σn,m)

)
.
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Shear control in the limit of dominant shear
friction

In this dissertation we have used an active moment controlled by curvature. An-
other possible choices to have an active moment controlled by shear. A shear con-
trolled active moment obeys the following dynamical equation:

∂tma = ka∆− kdma.

The reason why such a choice of active moment has not been made, is that there
exists cases in which no oscillatory instability exist. In this appendix we will show one
such case. Let us write the following dimensionless equations of motion:

∂t̄∆ = −κ̄∆∆ + ∂2
s̄∆− Ω̄m̄

∂t̄m̄ = ∆− m̄,

where t̄ = kdt, s̄ = s/µ, with µ =
√
κC/(kdξ∆), are the dimensionless units;

Ω̄ = ka/(k
2
dξ∆) is the control parameter, m̄ = kdma/ka is the dimensionless active

moment, and where κ̄∆ = κ∆/(kdξ∆) is the shear rigidity. For simplicity we choose
to have no basal shear rigidity, therefore the boundary conditions are:

∂s̄∆(0, t̄) = 0,

∂s̄∆(L̄, t̄) = 0.

Using the Laplace ansatz ∆ = ∆̃ exp(−q̄s̄+ ω̄t̄ ), and m̄ = m̃ exp(−q̄s̄+ ω̄t̄ ),
we �nd the following dispersion relation:

q̄2 = ω̄ +
Ω̄

1 + ω̄
+ κ̄∆.

The wave vectors are related to each other by a phase di�erence q̄1−q̄2 = 2iπn/L̄,
therefore the allowed angular frequencies must obey the following polynomials:

88



Appendix D. Shear control in the limit of dominant shear friction 89

(
ω̄ + κ̄∆ +

4π2n2

L̄2

)
(ω̄ + 1) + Ω̄ = 0. (D.1)

An oscillatory instability occurs for purely imaginary values of the angular fre-
quency ω̄ = iω̄n. Looking for such solutions in equation D.1 we �nd the two follow-
ing polynomials:

ω̄2
n = Ω̄ + κ̄∆ +

4π2n2

L̄2
, (D.2)

0 = ω̄n

(
1 + κ̄∆ +

4π2n2

L̄2

)
. (D.3)

Equations (D.2,D.3) can only be true if ω̄n = 0 or if the sum κ̄∆ + 4π2n2/L̄2 =
−1. Because κ̄∆ and 4π2n2/L̄2 are positive, ω̄n must vanish. Therefore no oscillatory
instability can exist.
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