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Abstract

CrossMark

We review the general hydrodynamic theory of active soft materials that is motivated in
particular by biological matter. We present basic concepts of irreversible thermodynamics
of spatially extended multicomponent active systems. Starting from the rate of entropy
production, we identify conjugate thermodynamic fluxes and forces and present generic
constitutive equations of polar active fluids and active gels. We also discuss angular
momentum conservation which plays a role in the the physics of active chiral gels. The
irreversible thermodynamics of active gels provides a general framework to discuss the
physics that underlies a wide variety of biological processes in cells and in multicellular

tissues.
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molecular motors, irreversible thermodynamics

(Some figures may appear in colour only in the online journal)

1. Introduction

Cells and tissues provide extraordinarily complex examples
for active condensed matter far from thermodynamic equi-
librium. Cells are inherently dynamic and exhibit force
generation by active molecular processes and the genera-
tion of spontaneous movements [1]. Active processes on the
molecular scale are driven by chemical free energy provided
by metabolic processes [2]. Examples are cell motility such
as the gliding of cells on a solid substrate, and cell division.
An important phenomenon is the ability of cells to gener-
ate forces and to control their shape. The prototype example
for active molecular processes are motor molecules which
interact with filaments of the cytoskeleton [3]. Motors bind
to specific filaments. These have two different ends and thus
display a polar asymmetry, providing a local direction for the
motion of motors. Motor molecules catalyze the hydrolysis of
Adenosinetriphospate (ATP) to Adenosinediphospate (ADP)
and inorganic phosphate. ATP serves as a chemical fuel, and
motor molecules generate spontaneous movements along

1361-6633/18/076601+27$33.00

filaments driven by the chemical free energy provided by ATP
hydrolysis. These movements proceed even in the presence of
an external load and the motors can perform mechanical work
[3]. Dynamic processes on the cell scale arise as collective
behaviors of many molecular components, including motor
proteins, in the cell cytoskeleton.

The cytoskeleton governs the material properties of cells
and their response to external forces [4]. Filaments of the
cytoskeleton turn over by polymerization and depolymeri-
zation processes [5]. They can be cross-linked by a number
of associated proteins. A first class of cytoskeletal filaments
are microtubules, which are stiff filaments that can become
tens of micrometers long. They play a key role to organize the
mitotic spindle and they form the basis of motile cilia. Kinesin
and dynein motor proteins exert forces and movements along
microtubules. A second important class of cytoskeletal fila-
ments that can form active materials are actin filaments. Actin
filaments are semiflexible, less stiff and typically shorter than
microtubules. They often form gel-like materials in the cell,
assembling into contractile bundles such as stress fibers. In
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the presence of myosin motor proteins and ATP, mechanical
stresses and movements are generated in actin filaments sys-
tems. The actin cytoskeleton also plays a key role to deter-
mine the mechanical properties of cells and the cell shape.
It forms a thin layer of an actin gel below the outer plasma
membrane of cells, the cell cortex, which generates contractile
tension that governs cell surface tension. The actin cytoskel-
eton thus forms a complex material based on a network of
filaments, motors and other molecular components. This net-
work is dynamically organized in space and time and governs
cellular material properties and cell mechanics. In many situ-
ations, this material is anisotropic. When filaments align on
average, the network can be locally characterized by polar or
nematic order [6], see figure 1. The associated order param-
eter can couple to force generation and movement [7-12].
Cytoskeletal networks thus are important examples for active
materials with complex dynamics and unconventional mat-
erial properties. This class of systems has been termed active
gels, see figure 2. These are gel-like materials that are subject
to active processes that give rise to active stresses and sponta-
neous flows [10, 11, 13-18]. Similar concepts describe mat-
erial properties of multicellular systems and tissues, and it has
been shown that tissues can also exhibit properties of active
matter, both as active solids or as active liquids [19-31].

An important conceptual approach to active biological
matter is to identify general physical principles and robust
properties of active matter. This can be achieved using a
hydrodynamic approach that captures the slow dynamics of
modes that correspond to conservation laws or broken symme-
tries [17, 32, 33]. Here we review the general hydrodynamic
theory of active gels and fluids based on irreversible thermo-
dynamics. We discuss the basic thermodynamic concepts and
derive expressions for entropy production in such systems.
Using linear constitutive relations between generalized ther-
modynamic fluxes and forces we obtain a generic theory of
active fluids and gels with polar or nematic asymmetries. This
hydrodynamic theory generalizes the hydrodynamics and
statistical mechanics of liquid crystals [6, 34-39] to systems
maintained away from thermodynamic equilibrium by chemi-
cal processes driven by fuels provided in external reservoirs.
Coupling soft materials to chemical reactions leads to mech-
ano-chemical couplings and the transduction of chemical free
energy to active mechanical stresses and spontaneous material
flows. In addition to active polar and nematic systems, we also
discuss active processes in chirally asymmetric systems. The
hydrodynamic approach shows that chiral active processes
such as motors interacting with chirally asymmetric filaments
can give rise to pronounced chirality at larger scales and active
chiral hydrodynamic processes. In order to discuss active chi-
ral processes, the conservation of angular momentum plays
an important role. This is different from hydrodynamics of
passive fluids, where intrinsic rotations do not play significant
roles on long time scales.

The paper is organized as follows. After the introduction,
we present in section 2 the key conservation laws of mass,
energy, momentum and angular momentum. Chemical reac-
tions specify the number of conservation laws for molecular

components in a given system. In section 3, we define ther-
modynamic quantities and discuss the balance of entropy
and free energy. To build the hydrodynamic theory of active
matter, we identify pairs of conjugate thermodynamic fluxes
and forces that determine the rate of entropy production.
Section 4 presents the constitutive relations for active matter
using linear response theory and symmetry arguments. The
cases of polar active gels, active nematics and active chiral
gels are discussed. Examples for the application of contin-
uum theories to cellular processes and tissue dynamics are
discussed in section 5. The paper concludes with a discussion
in section 6.

2. Conservation laws

We construct the general theory of active matter starting
from fundamental conservation laws. We consider a spatially
extended macroscopic system of soft condensed matter in
the presence of chemical reactions. We use a coarse-grained
description that is based on a large number of local volume
elements in which densities of molecular components, of the
momentum and of the energy are defined. We consider a con-
tinuum limit that is valid on large length scales as compared
to the size of volume elements. The microscopic equations of
motion of the molecular components satisfy several conserva-
tion laws. These conservation laws are generally valid both in
and out of thermodynamic equilibrium and at all scales. On a
coarse grained level they can be expressed as continuity equa-
tions for conserved densities.

Mass conservation. First, we consider mass conservation
which can be expressed as

Orp + 0a(pv4) = 0. (1

Here p is the mass density or mass per volume. We use a sum-
mation convention where summation over repeated vector
indices is implied. Equation (1) defines the local center-of-
mass velocity v,. The mass flux is given by the momentum
density go = pUq.

Energy conservation. Energy conservation implies that the
energy density e in local volume elements obeys

Oe + 0, =0, )

where Ji, = ev,, + j¢, is the energy flux. Here we have intro-
duced the relative energy flux j¢, in a reference frame that
moves with the local volume elements.

Momentum conservation. Momentum conservation can be
expressed as a continuity equation for the momentum balance
g Which reads

D180 — Dpop = 0. A3)

Here, the momentum flux is the negative total stress ,Jg)tﬁ_

We write 0‘0% = 0aB — 8a08, Where 0,5 denotes the stress in
a reference frame moving with local volume elements.
Angular momentum conservation. Similarly, angular

momentum conservation can be expressed as
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Figure 1. (a) Coarse graining of an active gel. The gel is a dynamic meshwork of filaments that interact with molecular motors. Filaments
have an average direction that can be characterized by a polarity vector p. Motors consume the fuel ATP which is hydrolyzed to ADP and
inorganic phosphate. The chemical free energy provided by this reaction drives force generation of motors. Averaging filament polarity
(red), and center of mass movements (blue) in small volume elements provides the basis for a coarse grained hydrodynamic description
on large scales. (b) The hydrodynamic theory of active gels is based on broken symmetries that are characterized by order parameters. A
filament system can be isotropic or it can for example exhibit polar or nematic anisotropies. Since individual filaments are chiral, chiral

asymmetries in active gels can also play a role.

Sy — O,Mgs., = 0. 4)

Here, the antisymmetric tensor [J; = eqp,/y" describes the
angular momentum density and li;“ is the angular momentum
density pseudo vector. We denote the total angular momentum
flux by Mgz)tﬁv’ which is antisymmetric in the first two indi-
ces. The angular momentum density can be decomposed in an
intrinsic or spin angular momentum density /, g and an orbital

contribution which corresponds to the angular momentum

of the center-of-mass motion: [0y = log + (Xa8p — X58a )

where the position vector is denoted x,. We also decompose
the angular momentum flux into an intrinsic or spin angular
momentum flux M7 5. and the flux of orbital angular momen-
tum as M};"M =M, —Hcaatﬁ"fY — xgaf)‘jir.

Using these definitions, angular momentum conservation
can be rewritten in the form [33, 39]

tot

D(Xa8p — Xp8a) — 04 (Xa0 — xp00s) = 2005  (5)

Olap — OyMyg, = —2045 (6)

where
a 1 tot tot
Oap = E(Gaﬁ - Uﬁa) @)

is the antisymmetric part of the stress. Note that equations (5)
and (6) follow directly from equations (3) and (4).

Particle number balance—chemical reactions. In addition
to mass balance, the particle number densities of molecular
species can obey conservation laws. We write balance equa-
tions for the particle number densities n; of molecular species
iwithi=0,...,N:

ADP +P ADP + P
f E
=, > <o

Figure 2. (a) The cell cytoskeleton is a filament network in which
molecular motors can act as active cross-linkers. When a filament
pair (red arrows) interacts with a small aggregate of molecular
motors (green), the motors introduce a force and a counter force
in the network in the presence of the fuel ATP. The material can be
maintained away from thermodynamic equilibrium if the fuel and
reaction products are kept at constant concentration by external
reservoirs. (b) The force exerted by motor on a pair of filaments
introduces a force dipole in the material. On larger scales, the
average density of force dipoles corresponds to the active stress.

Om; + 0,0, =1 (8)

where Ji, = v, +ji, are particle currents and we have
defined the relative fluxes j,. In the absence of chemical reac-
tions, these densities are all conserved. Chemical reactions
contribute to sources r; in equation (8). We denote chemical
reactions by the index I =1,...,M, where M is the num-
ber of reactions. These chemical reactions can in general be
expressed in the form
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> dia; =o. )
i=0

Here, A; denotes the chemical symbol of molecule species i.
The numbers a! are the stoechiometric coefficients for reac-
tion / which obey Zﬁvzo a{mi = 0, where m; are the masses
of molecules of species i. For af > 0, molecular species i is a
reaction substrate, for af < 0, species i is a reaction product.
For a! = 0 the molecular species i is not taking part in reac-
tion 1. The rates r; at which molecular species i is generated by
chemical reations can thus be written as a sum over contrib-
utions from different reactions

M
ri = 72&{7’1,
I=1

where we have introduced the chemical fluxes r/, which are
the rates at which chemical reactions 7 proceed.

The currents ji, describe relative movements of differ-
ent molecular species. The mass density can be written as

p= Zf;o m;n;. Mass conservation (1) then implies

N N
Zmij’a =0 and Zmiri =0.
i=0 i=0

We can therefore express the current and the source rate of
one molecular species (we choose the solvent i = 0) by the
remaining currents and rates:

(10)

(11)

0 1 N i

Jo =~ ;mua (12)
1 N

= ;miri. (13)

The reaction rate ry and flux j% are thus not independent
variables and can be eliminated. In addition to overall mass
conservation, for N+ 1 molecular species and M linearly
independent chemical reactions there are thus N — M conser-
vation laws for molecule number densities.

3. Irreversible thermodynamics of active matter

3.1. Balance of entropy and free energy

In order to understand the dynamics of a complex system of
condensed matter, one has in principle to solve microscopic
equations of motion. At thermodynamic equilibrium, the
behaviours of a many-particle system can be understood to a
large extent from the knowledge of thermodynamic potentials
which are functions of only a few thermodynamic variables.
Here we employ the framework of irreversible thermodynam-
ics in order to discuss the dynamics of a complex system in the
vicinity of a thermodynamic equilibrium [33]. More precisely,
we describe the case where a system is locally at equilibrium
while being maintained away from equilibrium globally. Such
local thermodynamic equilibrium can be considered if small

volume elements equilibrate at times that are short compared
to the slow dynamics of hydrodynamic modes at large scales.
We discuss the equilibrium thermodynamics of local volume
elements of volume V at temperature 7 containing N; = n;V
particles of type i with free energy density F' = fV and entropy
S = sV, where f and s denote the densities of free energy and
entropy, respectively. We have s = —9f /0T and the chemi-
cal potentials are given by p; = 9f /0On; in each local volume
element. The system as a whole is in general not at a global
thermodynamic equilibrium. However its total free energy
F = [d’xf and entropy S = [ d’xs are always well defined
as the sum of the contributions of locally equilibrated volume
elements.

For such a non equilibrium system, the total entropy S in
general increases over time according to the second law of
thermodynamics. Accordingly, we can express changes of
entropy in the system with a balance equation for the entropy
density:

Ohs + oS, =0 (14)

where 6 > 0 denotes the entropy production rate per unit vol-
ume due to irreversible processes and Ji, = sv, + Ji, is the
entropy flux. Here we have introduced the relative entropy
flux j§,. We can also write a balance equation for the free
energy density f

Of + 0aJL = 6; (15)

where we have introduced the free energy flux J/ and the
source of free energy 0. The free energy density obeys the
local thermodynamic relation f=e — Ts between densi-
ties of energy, entropy and free energy. We express the free
energy flux also as a convected part and the flux j/ relative
to the center of mass, J. = fv, + j/. The total energy flux
is then the sum of free energy transport and heat transport
J¢, = (f + Ts)va +jl + j2. Here, we define the heat flux as
Jj& = Tji,, which is the entropy flux with respect to the center
of mass motion (note that other definitions of the heat flux are
also sometimes used [33]). Thus, the relative free energy flux
jt =j¢ —j¢ is the part of the relative energy flux that is not
in the form of heat. The projected free energy flux at the sys-
tem boundaries —j/n,, can be interpreted as work performed
per unit area by the environment on the system. Here n,, is a
unit vector normal to the boundary pointing outwards. In iso-
thermal systems which are maintained everywhere at temper-
ature 7 by a thermostat, the local reduction rate of free energy
is directly related to the rate of entropy production: 760 = —6,
which follows using equation (2), see equation (A.22). In the
following, we will limit our discussion for simplicity to this
isothermal case. The irreversible thermodynamics of a multi-
component fluid, taking into account temperature variations,
is reviewed in appendix A.

3.2. Equilibrium thermodynamics of a polar fluid

We consider a polar fluid that is characterised by a local vec-
torial anisotropy described by the vector p,. In the context of
the cell cytoskeleton, the vector
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Pa = (Pa) (16)
could for example correspond to the average in a local volume
element of vectors p?, that define the directions of individual
filaments # in a filament network, see figure 1. Considering a
local equilibrium, we denote the free energy per volume in the
reference frame moving with the center of mass velocity v,
by fo(Pa,98Pa, i, T), which in general depends on the local
polarity anisotropy p,. For inhomogeneous systems, we also
have to consider the dependence of the free energy on gradi-
ents of the polarity field O, pg. The total free energy then reads

2
F = /d3x <ga +f0(pon aal’ﬁs”i)) 5 (17)

2p
and we define the total free energy density f(pq. dapg. ni, 8a) =
2%/(2p) + fo(Pas Oapp,ni) which also contains the kinetic
energy of center-of-mass motion. The conjugate field to the
polarity pg, is ho, = —0F/p, where the functional deriva-
tive can be expressed as

_9% Bl o
B RIC )

and Fy = f d3xfo. Furthermore, we introduce the total chemi-

cal potential p!** = OF /On; with

l

he = (18)

Q= *lmivi + pi
2
where p; = Jfy/On; is the conventional chemical potential.
In an anisotropic system, the stress at equilibrium is not an
isotropic pressure but an anisotropic stress. The equilibrium
stress tensor can be obtained from considering translation
invariance.

(19)

3.3. Translation invariance of the free energy: the equilibrium
stress tensor

Using the invariance of the free energy with respect to
translations in space results in a generalized Gibbs—Duhem
equation and an expression for the equilibrium stress. The free
energy change due to an infinitesimal translation by a vector
0x,, is given by (see appendix B)

oF = / B [(9500)g0 + (O3 + hadspa] x5

+ j{dSa [(f — U 8y — W Ni)00p — a(gf;)aﬁpw} dxgs.

(20)
Here and in the following we imply summation over repeated
indices i from i = 0 to N. The area element dS,, is a vector
pointing in the direction normal to the surface in outward
direction. From the surface contribution we identify the equi-
librium stress, also called Ericksen stress

o up
8(8ﬁp7) o

Translational invariance 0F = 0 implies the Gibbs—Duhem
relation

035 = (fo— Nini)(saﬁ - 21

—0p045 = (Oapti)ni + hplapp. (22)

The generalized Gibbs—Duhem relation (22) shows that the
equilibrium stress obeys a force balance condition dgoy, 5 = 0
at thermodynamic equilibrium when J.p; and hg vanish.
However, in an out of equilibrium situation, the equilibrium
stresses do not obey a force balance and out of equilibrium
contributions to the stress must exist.

3.4. Rotation invariance and equilibrium angular
momentum flux

Rotation invariance of the free energy provides an additional
condition that is related to angular momentum conservation.
The change of free energy under an infinitesimal rotation reads

9o
6F:/d3 ¢ — 3P )€grad +7{d57a b
X [(Uﬂ BP )eﬂ"/ ’Y} 58(65[)5)1) €Byaly

23)
Equation (23) describes the vanishing net torque and we iden-
tify the equilibrium intrinsic angular momentum flux

W 0(0ypp)”" 0(O4pa)

From the condition that §F in equation (23) must vanish for
any small rotations 63, we obtain

M, = 202% + (pahp — pgha).

(24)

(25)

Note that the Ericksen stress can have an antisymmetric part
0ol = (065 — 03,)/2. At equilibrium with h, =0 and
Oilap =0, we have M7, = M, and the torque balance
equation (6) reads 9, M, 5., = 2075.

3.5. Entropy production rate of a polar fluid

Rate of change of the free energy. For an isothermal system,
the rate of entropy production obeys 7dS/dt = —dF/dr is
related to the rate of change of the free energy. We derive in
several steps a general expression for the rate of change of the
free energy for the case of a polar isothermal system. Within a
volume V of fixed shape we have

di 3 tot % éfo
T = « « i i ha « aiaa
; /Vd X [v 0180 + 170 op. } + ¢ dS 0n B)&pﬂ

:/ d3x(—(85‘()a)0':§lﬁ + NEOtri =+ (]ix + niva)aa/i?m - haatpa)
|4

. 0
+ ]{dSa (Uﬂff}?fl — i + 8(6f(;ﬂ)3rpﬁ) .

where we have used the conservation laws for mass and
momentum. Using the Gibbs—Duhem relation (22), we can
rewrite this as

(26)

dF _

dPJ)
dr

dt

o i 40 dps) 27
+j{dSa (Uﬂdga Vof — Wiy, + D(Daps) di

/ P~ 000 (0as — 0%5) + it + i Dectts — e

time
can

where
derivative

d/dt =0,+v,0, is a  convected
and Tap = 04y + Vagp- We
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decompose the velocity gradient Jgv = Vag — wap in a
symmetric part vo5 = (1/2)(0,v5 + 0pv4) and the vorticity
wag = (1/2)(0avg — 0304 ) and write

dF ) y a
a /d3x(_vaﬁ(0aﬁ - 03?3) + wap(ogs — UZ% + haps)

p D,
+ piti + joOatti — ha LI));])

» 9 dps

dS, (v —Uof — 1’ _
+% [e] < 5Uﬁa 04f :ulja + a(aapﬁ) dt

28)

where 0%, 5 = (0ap + 0pq)/2 the symmetric part of the stress

and we have introduced the convected corotational time

derivative

Dp,,
Dt

of the vector p,, which is the time derivative evaluated in a co-
rotating and co-moving reference frame. We still have to use
angular momentum conservation to obtain the final expres-
sion that allows us to identify the local entropy production
rate. In the free energy (17) we do not take into account the
kinetic energy associated with intrinsic angular momentum.
This corresponds to the case where the density of intrinsic
angular momentum can be neglected, /o3 = 0. In this simple
case angular momentum conservation implies

= 8tpoz + v’ya'ypa + wappPs (29)

a»yMng,y — &YMZ[B,Y = 2(0’2[3 — 0'22) — (pahg _pﬂha),
(30)
where we have used equation (24). Expression (30) permits us

to eliminate the antisymmetric stress from equation (28). The
rate of change of the free energy finally reads

dr 3 d,s 1 d i Dp.,
Tl /d x(—vagoyy — E(a’Ythﬁ)Maﬁw + it + joOatti — ha D )
1 ; Ofo  Dpg
ds MT —vuf — i i
+‘¢ [¢] (U/BJBQ + 2 ﬂ’yoéwfg’Y UOLf Hij o + 8(8apﬁ) Dt
(3D

Here we have introduced the symmetric deviatoric stress

Tah = Tap — O (32)
and the deviatoric part of the angular momentum flux
d
Mopy = Mopy — Mog,- (33)

The rate of change of the free energy given by equation (31)
has a bulk and a surface contribution. The bulk term vanishes
at thermodynamic equilibrium and can be identified with the
free energy source [ d3x9f. In isothermal systems it is directly
related to entropy production 78 = —0;. The surface contrib-
ution describes the mechanical and chemical work performed
on the system at the surface. It is of the form — §dS,JZ with
J/ = fv, + jl. From equation (31), we thus identify the rela-
tive free energy flux

1 - . afO Dpﬁ
iwﬁvMﬁm + Hifo — m Dt

Jh = 05050 —

(34)

The first term describes the mechanical work of surface forces.
The second term accounts for the work of surface torques. The
remaining terms describe chemical work on the surface and
the work associated with changes of the polarity field.

Rate of entropy production. The form of equation (31)
ensures that all bulk contributions to free energy changes
involve conjugate pairs of thermodynamic fluxes and
of generalized forces that all vanish for thermodynamic
equilibrium states. Equilibrium states correspond either
to systems with zero or constant velocity v, or to situa-
tions with constant vorticity w,g corresponding to a spin-
ning equilibrium system. For nonequilibrium situations the
entropy production reads

M
S|
TO = vagoi’zg + E(avwaﬁ)Miﬁ»y + Z A
=1

N
- ijxaaﬂi + ha

i=1

Dp,,

Dr (35)

Here we have introduced the the relative chemical potentials

_ m;

Mi = Hi — %Mo, (36)

and the chemical free energy change associated with reaction /
is Ap' = - @l p;. From mass conservation S mial = 0
it follows that

N
Ap' =" dlp; (37)
i=1
From equation (13) we also have Zf;o Jhop = Zf\;l ji i and
thus only N diffusion fluxes dissipate. The contributions of
the chemical reactions I = 1...M to entropy production are
written explicitely. Each chemical reaction / is driven by the
chemical free energy changes Ayl associated with the corre-
sponding reaction. Note that >3 /Ayl = =S¥ rifi.

3.6. Irreversible thermodynamics of a nematic fluid

If the local order of filaments is not polar but nematic, the
relevant order parameter becomes a traceless symmetric
tensor

n _n 1 n_n
Qaﬂ = <pap6> - §<p'yp'y>6aﬁ’ (38)
where the average is over the directions p?, of individual fil-
aments in a local volume element. The free energy density
2%/ (2p) + fo(ni, Qap, Oy Qap) now depends on the nematic

order parameter and its gradients. The field H,g = — 52205’
conjugate to the nematic order, is given by
9o 9o

H,p=— +0 . 39

T 00us 1 0(0,009) &

Here, the tensor H, g is traceless because only traceless varia-
tions of Q,p are permitted when determining the functional
derivative. The equilibrium stress then reads
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9o

O—(ex = fO — M 504 - 78&Q v 40
B ( ) B a(aﬂQ’W) v (40)
and the Gibbs—Duhem relation is given by

—05055 = (Oapti)i + Heyp 0o Q- (41)

Invariance under infinitesimal rotations implies the relations
(B.6) and (B.7). The rate of change of free energy then reads

drF d,s 1
dr :/ Ex(~vapoyy — 5(3vwaB)Miﬁv + pri

DQa,B )
Dt

] U
+ %dSa (Ug(fga + EMB”/QWB”/ — Uof

o DQB’Y)

+jiaaa,ufi - Hozﬁ

—Miiil t a5 A 42

9(0.05,) Di (42)
where the convected co-rotational time derivative of a tensor
is defined as [40]

Droﬁ
Dt

Note that there exist several definitions of corotational time
derivatives of a tensor. Equation (43) is often called upper
convected time derivative. It represents a material time deriva-
tive taken in a reference frame that is convected and co-rotated
with the center of mass motion.

= atQaﬁ + Ufya'yQozﬁ + wa'yQ’yﬁ + wﬁ’yQa'y- (43)

3.7 Irreversible thermodynamics of a visco-elastic gel

So far we have discussed the thermodynamics of fluids with
polar or nematic order. Cytoskeletal networks are gel-like
materials which in general have visco-elastic properties.
Such visco-elastic material properties can also be captured
by the generic thermodynamic approach. We thus discuss
the physics of viscoelastic systems for simplicity for the
case of a viscoelastic gel or filament network that is isotro-
pic at equilibrium. Such materials can exhibit transient elas-
tic shear stress 025 and elastic shear strain it g, which is a
traceless symmetric tensor describing local network anisot-
ropies. The elastic stress relaxes via network rearrangements
within a finite relaxation time. To describe the thermodynam-
ics of such systems, we introduce a thermodynamic ensemble
with prescribed strain and corresponding free energy density
f=28%/(2p) + fo(ni, itap) which is a function of densities n;
and of the prescribed shear strain itg. The conjugate thermo-
dynamic field

a,el — af()
P Ditgg

(44)
is the traceless elastic stress associated with it,g. The equilib-
rium stress o, 3 = —P¢Jqp is isotropic and given by

oop = (fo—nipi)das (45)

where P¢ is the equilibrium hydrostatic pressure. It obeys the
Gibbs—Duhem relation

0o P¢ = niOg i — aglyaaam. (46)
The rate of change of the free energy change is
dF . Dii,,
ki /dsx(—agva(aaﬁ + POop) + piti + jioOatli + ‘72:6 u ﬂ)
dr Dt
+ %dsa (vﬁaﬁa - Uaf - /’Lllla) ’ (47)

where the convected corotational time derivative of iqg is
defined in equation (43).

3.8. Irreversible thermodynamics of systems with intrinsic
rotations

So far, we have simplified angular momentum conservation
and have ignored the density lo5 = €4p+., of intrinsic angular
momentum in the free energy. In general, the free energy den-
sity in the center of mass reference frame fy( po, 93P« 1is lag)
depends on the density of intrinsic angular momentum /g
[41]. This dependence accounts for the kinetic energy contrib-
utions that are associated with intrinsic rotations. The intrinsic
rotation rate is defined as
9o

Qup =220

g’ (48)

with Q.3 = €448y and Quplag = 2Q4lq. The derivation of
the rate of entropy production taking into account the kinetic
energy of intrinsic rotations is given in appendix B. The
entropy production rate reads

1
d,s d.a
T0 = vap055 + (Rap — Wap)oys + 5(3vwaﬁ)Mim

M N Dp
+ D AU =Y B+ ha (49)
I=1 i=1

Here, the deviatoric antisymmetric stress is defined as

a l 1
Ui’g =0a3 — 0’2(;3 - E(pahﬁ —Pﬁha) - Ea’YMiﬁ’Y' (50)

The total stress is then given by

tot d

1 1
Top = i;s + J% — PUa¥s + o5 + 5 (Pahs — psha) + E&,MOM.

2
(5D
The total stress has an antisymmetric  part
0%5 = 05% + 3 (pahs — pgha) + 30,M%, + 0%4. Often

only the reactive or equilibrium part of this antisymmetric
stress o + 2(pahs — pgha) is discussed. However in gen-

eral dissipative contributions to the antisymmetric stress can
exist [41, 42].

3.9. Conjugate pairs of thermodynamic fluxes
and generalized forces

By combining the different cases discussed above, we can
now extend equation (35) and write a general form of the
entropy production rate. We decompose the symmetric

part of the stress tensor 07,5 = (0ap + 0a)/2 in the form
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ol 5= ol st 00q3, Where &%, P is the traceless symmetric
shear stress and o = (1/d)0?,., denotes the isotropic stress with
d the number of space dimensions. Similarly, the deviatoric
part of the symmetric stress that enters the total stress in equa-
tion (51) is decomposed as oi’g = &i s+ Ud5a5 in a traceless
part 54 5 and the isotropic part ¢, with ¢ = o + P¢, where
P¢ = —(1/d)os; denotes the equilibrium pressure. Finally,
we decompose the symmetric part of the velocity gradient
Vap = Uapg + (0,04) ééag in a traceless rate of pure shear 0,
and local expansion rate, which is the divergence 0, v, of the
flow velocity. The total entropy production rate then reads

T0 = 0,07 + 0apGoh + (Qap — wap)oes

M N
1 ia -
+ 5(8,Ywa5)M‘iB,y + g A — E JoOafii
I=I

i=1

DQop _  a Ditap

D
+ho 2% 4 Hyp af "y

Dr Dt (52)

where we consider the isothermal case for simplicity. The
rate of entropy production (52) is a sum of independent
contributions which are products of a generalized thermo-
dynamic force F, and a conjugate thermodynamic flux J, of

the form
TO = JuF,.

Here, the index n specifies a thermodynamic variable or a
tensor or vector component of a given variable. From equa-
tion (52) we can identify the set of conjugate pairs of thermo-
dynamic fluxes and generalized forces given in table 1.

The generalized forces and fluxes can be characterized by
their signature e under time reversal. We denote by ¢, the time
reversal signatures of the generalized thermodynamic forces
F,, which are given in table 1. For example, under the trans-
formation t — —¢, we have 0,3 — —0ag Which corresponds
to €, = —1 while h, — hq and €, = 1. Because the entropy
production € has signature €9 = —1, the time reversal sig-
nature of the conjugate thermodynamic fluxes J, is given by
—eép, opposite to those of F,. The time reversal signatures of
thermodynamic forces are listed in table 1.

(53)

4. Constitutive relations and hydrodynamic
equations

4.1. Onsager relations

At thermodynamic equilibrium all thermodynamic fluxes J,
and generalized forces F,, vanish and no entropy is produced,
T6 = 0. Irreversible thermodynamics provides a systematic
expansion of the fluxes J, in terms of the generalized forces
F, in the vicinity of equilibrium. These relations define the
dynamic properties of the system and represent constitutive
relations characterizing the material properties. To linear
order, we have [43-46]

Jp = Z Oanm P (54)

Table 1. List of the pairs of conjugate thermodynamic fluxes J,
and forces F,,. The signatures of the thermodynamic forces F,
under time reversal €, are given. The time reversal signature of the
corresponding thermodynamic flux J, is —e¢,. Scalars, vectors and
tensorial objects differ in their transformation behaviours under
coordinate rotations.

Time-reversal

Flux J, <> force F, signature ¢, of F,, Rotation symmetry

~d’ ~ _
Ua;B < Vag 1 Traceless.
symmetric tensor
d _
0% < 0,0y 1 Scalar
Dpa Vector
Dr < ha +1
DQa
Dt@ & Heyp +1 Traceless.
symmetric tensor
Jh e —Oafii +1 Vector
e At +1 Scalar
d 1 _
Mg, < 50,Wap 1 Rank three tensor
d, _ . .
O’ag, < (Qap — wap) 1 Antisymmetric
tensor
Diin s 1 1 Traceless symmetric
o 7024/3 + Y
tensor

which ensures that all J, vanish when the F, are zero. This
linear relation between thermodynamic fluxes and generalized
forces defines the constitutive relations that describe the prop-
erties of a given material or system. Here we have introduced
the matrix of Onsager coefficients O,,, = 0% + O’ which
can be decomposed in a dissipative part O%  and a reactive
part 0", . Only the dissipative part O¢, with the Onsager sym-
metry property O¢ = 0% contributes to entropy production
and dissipation. The reactive part is antisymmetric and obeys
0!, = —O0,... Because of this antisymmetry the reactive coef-
ficients do not contribute to entropy production and describe
reversible phenomena. Time reversal symmetry implies that
the dissipative coefficients O¢, are nonzero if the generalized
force F, and the flux J,, have opposite time reversal signature
(and thus F, and F,, have the same signature): €,¢€,, = 1 and
vanish if F, and the flux J,, have the same signature. Similarly,
the reactive coefficients O}, are nonzero only in the case
where F, and J,, have the same time reversal signature (and
thus F,, and F,, have opposite signature) or €,¢e,, = —1.

In addition to time reversal symmetry, the coefficients 04,
and O;,, have to reflect the spatial symmetries of a given sys-
tem. This is called the Curie principle. The Curie principle
provides a guide to determine the form of the matrix O,
based on the symmetries of a system [47]. In particular, the
Curie principle demands that the transformation properties of
scalars, vectors and tensors under coordinate changes have
to be respected. The thermodynamic fluxes J,, can be scalars,
vectors or tensors, see table 1. If a particular constitutive equa-
tion describes a scalar flux, this flux can involve vector quanti-
ties only via scalar products. Similarly, a thermodynamic flux
which is a vector can be constructed from other vectors or
from the contraction of a second rank tensor with a vector.
The coefficients O,,, can themselves be vectors or tensors if
the system exhibits vectorial or tensorial asymmetries such
as polar or nematic order parameters. We will now discuss
the constitutive relations of different classes of active systems
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using the Curie principle to express the Onsager relations
given by equation (54).

4.2. Active gels

Active polar gels. Using this formalism, we can now con-
struct the theory of active polar gels. We consider the sim-
ple case of an incompressible medium with divergence free
flow, 0,0, = 0. In this case, the isotropic stress ¢ = —P or
the hydrostatic pressure P becomes a Lagrange multiplier
to impose the incompressibility constraint. We are left with
the pairs of conjugate variables &i’g “ UaB, Dpo /Dt <> hq,
Jb e —0afii » '+ Ap! and Ditop /Dt <+ fafllﬁ. Here we
neglect for simplicity dissipative contributions to the antisym-
metric stress which are irrelevant in the hydrodynamic limit,
see also section 4.4 below and appendix C.3 [39, 41].
Writing terms obeying scalar, vectorial or tensorial sym-

metries only, the Onsager relations (54) of an active polar gel
read [11, 16, 18, 48, 49]

_ds - v 2 ~
544 = 0% + 2Bap + - (Pahs + Paha — 2Pyhy0ap) + ¢ Apldag

2 3
v _ 2 _
= 5 (Ps0afti + Padpii = gpwawﬂi(saﬁ) (55)
Dp 1 -
Dla = ;ha — iPalap — XPaTas + A palipt!
+ MAL POy + NoAW'Pr0spa + NsA 'y Oapsy+ria i
(56)
o = =N fi; — X'paotls — V'pplas + N pa A + X 95085
+ €l Ap'padypy + & Ap'py0ypa—rha (57)

r =AM A — Gapbas — V' Gapot s+ N paha
+ )‘{hapaavpv + )\éhapvaypa
+ /\ghanaaPW - )‘llpaaaﬂi - elll(aa/]i)paa’vp’Y

— € (Dafii)P+ 0P (58)
Diap _ - a X 2
D(; =0aB — Fcralﬂ + E(pahg + pgha — gp,yh,ydaﬁ)
+ wIA:U'IQa,B
X' _ 2
- E(paaﬂﬂi +pB8a/~Li - §p'ya'y/~’fi5aﬁ)
. B 1 _

= X1(0a0pfii = 50,0y [1ibap) (59)

where we have have defined the traceless symmetric tensor

- 1
daB = Palp — 7p'yp'y(5aﬁ~ (60)

3
We have introduced dissipative and reactive Onsager coef-
ficients that obey symmetric relations: The viscosity 7, the
polarity-flow-coupling coefficient v, the coefficients ¢’
describing the generation of active stress by reaction /, a
coefficient v/ coupling the chemical potential gradients to
the stress as well as <y, describing dissipation associated to

polarity changes. The coefficient x couples elastic stresses
to polarity while the coefficient A’ can serve as a Lagrange
multiplier to impose the constraint p?, = 1. We included the
coefficients M, M and A} of second order terms in p,, that can
exist in polar systems. While a term proportional to p,Oap~
described by the coefficient A} also exists in passive polar sys-
tems, the other two coefficients Af and X} are specific to active
systems and generate interesting physics [12, 17, 50]. The
coefficients ' describe the coupling between diffusion fluxes
and polarity. The matrix AY describes diffusion coefficients
and cross-diffusion and we take into account the coupling of
elastic stresses to diffusion fluxes via the coefficients y; and
x1: and couplings to polarity gradients via the coefficients €
and €. The coefficients A’ describe molecular fluxes gener-
ated by chemical reactions such as the effects of molecular
motors. The coefficient I' describes the relaxation of elastic
strain and ¢’ captures the generation of active elastic stresses
by chemical reactions. Finally, the coefficients A” describe
the chemical reaction rates. Note that in the constitutive equa-
tions (55)—(59), the component indices run fromi=1,...M
and do not include the solvent i = 0. The solvent flux j° fol-
lows from other fluxes through the mass conservation equa-
tion (equation (12)).

Note that the elastic stress —02[3 enters in equation (55)
with Onsager coefficient —1 and 7,4 in equation (59) with
coefficient 1, consistent with a reactive coupling. The magni-
tude of the dimensionless coefficients can be chosen without
loss of generality to be £1. The total stress is given by

o8 = —pUals + G — Pdap + %(pahﬂ —ppha) + 643,

(61)

where 77, ; denotes the traceless part of the equilibrium stress
o, 3 defined in equation (21).

Hydrodynamic limit. In the hydrodynamic limit, the system
is governed by the slow dynamics of hydrodynamic modes
which follow from conservation laws. The relaxation time
of these modes diverges in the limit of long wave-lengths.
Because the strain variable relaxes on a finite time scale, in
the hydrodynamic limit it has relaxed to a steady state value
with Diiag/Dt = 0. The elastic stress 0! 5 can then be deter-
mined from equation (59). The gel then behaves as a viscous
fluid. On long length scales all terms proportional to spatial
gradients can be neglected. After eliminating the elastic stress
of! 5 in equation (55), we arrive at the hydrodynamic theory of
an active polar fluid [11, 16, 18, 48]

Z/T'ff 2 1 I~
T(Pahﬁ +P5ha - gpvhwéaﬁ) + CeffAH dopB

(62)

eff >

&ig =27 Uap +

Dp,, 1 X’ppps X -
e = 2PV 2 hgpg — U
Dt (m 2T a” gpPaltsPp = VI PsVap

+ Mpa Ap! + N Ap'pod,p,

1
+ NAUPyOpa + NAU Py Dapy — %Au’pﬁéaﬁ
(63)

Joo = =N0afi! + Npa Apt! (64)
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1,17
= (AH - Téaﬁflaﬁ)Aﬂj - Céfféaﬂf)aﬁ

XU s+ Xpaha + M hapad
_?qa,@pa B"" Pa at 1naPaOyPy

+ )‘éhapvavpa + Aghozpvaapv - )‘”paaaﬂi- (65)
Here we have introduced the effective gel viscosity
7t =10+ 1/(2T) as well as the effective Onsager coeffi-

cient 5 = vy + x/T" and the coefficient ¢/ = ¢! + /T

eff —
describing active stresses. For simplicity, we have consid-
ered the case Xi =0, Xli =0, =0, kK=0, and e};’ =0
with k = 1,2.

Active stress. A key feature of the constitutive equations of
active polar gels given by equations (55) and (62) is the trace-

less and symmetric contribution to the stress
CIA,U/IéOcB

due to active chemical processes. This active stress plays a
fundamental role for the dynamics of active gels and fluids
and implies that in the absence of external stresses the gel
can undergo spontaneous shear. Furthermore the system can
perform mechanical work against external stresses which
are powered by chemical energy related to chemical poten-
tial differences Ap!. Because of Onsager symmetries of the
coupling coefficients, the coefficients ¢! also enter the chemi-
cal reaction rates (58) and (65), which effectively become
mechanosensitive.

In the biological context, the molecular processes that gen-
erate active stresses are often mediated by molecular motors.
These motors are fueled by the hydrolysis reaction of ATP to
ADP and inorganic phosphate. This hydrolysis reaction there-
fore is the dominant chemical reaction / that couples via the

~act __
Jaﬁ =

(66)

coefficient ¢ to active stress. The active stress U?ffa emerges

from a large number of force generating events that occur
in the anisotropic material. A small assembly of molecular
motors that locally interacts for example with two aligned
filaments in the presence of ATP generates a pair of equal and
opposite forces £f"p?, in the material, see figures 2(a) and (b).
Here £p”, are unit vectors, characterizing the opposite orien-
tations of the two aligned filaments and » is an index over
such pairs of aligned filaments that are cross-linked by active
motors. This force and counter force correspond to a force
dipole with force density
)

a a
ba = 1Pl (3(x = X0 + 5P") = d(x—x0 = 3P’

at position Xg in the material. Here a denotes the distance at
which force and counter-force act. On large length scales or
in a continuum limit, this can be expanded in the microscopic
length a. To first order it corresponds to the point dipole

(67)

ba = af"Papi0sd(x — Xo) = gog s (68)
with the corresponding stress [15]
o4 = fapap. (69)

In a continuum description, the density of these force dipoles
in a local volume elements V is the active stress

10

ohh = %Zf"ap’;p'}; (70)
n

where the sum is over motor-induced force dipoles in the vol-
ume V. The anisotropic part of this active stress is given in
equation (66) to linear order in the chemical force Ayul. In
the context for motor protein generated active stress the ATP
hydrolysis reaction drives the generation of the active stress
and Ap! corresponds to the chemical potential difference of
the fuel ATP and its reaction products.

Visco-elastic gel. On shorter time scales, the active gel
exhibits elastic behaviors. Writing Uglﬂ = Ku,g, where K is

an elastic modulus, The equation (59) for the elastic stress
becomes [49]

D 1. X 2
(14720085 = 50ap + 51 (Pahs + Psha = 3Pyholap)
[A I
N wTu%ﬁ (71)

where 7 = 1/(KT")is a Maxwell relaxation time. Equation (71)
thus is the generalization of a Maxwell model of viscoelastic
gels to the case of polar and active gels. Permeation of this
Maxwell gel by solvent is captured in this theory when we
include the coefficient X} from equation (57) in equation (64)
for i = g, where g denotes the gel material. We then have

7 = —A0. 1 + N'pa Ap' + x§0p0% 5. (72)

Using J4, = j& + ngv, and J§ = ngvé, this can be written as
a permeation equation

X (08, — 0g) = —AY04 j1; + N pa Ap’ + g0l s, (73)

which describes the effects of the elastic force density dzo®! 3
pushing the fluid through the gel [51]. Here, the permeation
coefficient is A® = n,/x;. Furthermore, A% = A%¥/x{ and
NI = N /x$. The contribution A$'p, Ap! describes the force
density due to the action of chemical reactions or molecular
motors.

In the long-time limit, the elastic stress is governed by gel
viscosity and active stresses and is of the form [49]

2
0S5~ 15 (0o 0% + 0508, — gavvff‘saﬁ)

[LAVI X
T Qaﬁ + =

* 2r

(Pahp + ppha — %thvéaﬂ>-

(714)
Gel viscosity and gel permeation coefficient introduce a
characteristic length £ = (1,/A%)!/2. On length scales large
compared to ¢, the contribution 35025 can be neglected in
equation (72) and we recover in the hydrodynamic limit the
form of equation (64). On short length scales, however, the
friction due to permeation A$(v$, —v,) can be neglected.
In this limit, the permeating fluid can be ignored and equa-
tion (73) for A8 = 0 describes the force balance of the gel
alone. In this limit a simplified one-component model of only
the gel [11, 16, 52] can be used to capture the main features
of the active gel.
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4.3. Active nematics

Nematic liquid crystals are characterized by the tensor order
parameter Q,g, which is traceless and characterizes local
anisotropies. In the presence of active processes and on
time scales when elastic stresses have relaxed, we consider
the conjugate variables 62’;&5 < Va8, DQop/Dt < Hyg,
jb > —Oafi; and r' <> Ap!. We again describe an incom-
pressible system and the pressure P serves as a Lagrange
multiplier to impose incompressibility. An active nematic
fluid is then characterized by the following constitutive rela-
tions [53, 54]

&i’g = 277604B + VlHaB + CIAMIQQB (75)
DQap 1 = I I
K, = — ap — «a A a A
Dr ” B8 — V10ag + XN QapAp (76)
Jo= —A0afij+ ' Ap'd5Qap (77)

= A Ap — 1 Qoptap + N QapHap — Gil(aaﬂi)aﬁQ%BS’)

where we have introduced phenomenological coupling coef-
ficients vy, y1, A/, €. They are related to coefficients with the
same name in the polar case given in equations (55)—(59), but
correspond here to a nematic system and do not have the same
values. The total stress is given by

tot

0% = poavs + 545 — Poap + QarHpy — OpyHar + 505,

79
with the equilibrium stress ¥, 3 defined in (40). 7)

4.4. Active chiral systems

The molecular building blocks of biological systems are chi-
ral. In particular, the filaments of the cytoskeleton form helical
structures along which molecular motors move. As a conse-
quence active processes that generate forces and movements
at molecular scales are chirally asymmetric. This implies that
in the constitutive material equations terms are allowed that
are chirally asymmetric. Such terms can involve the totally
antisymmetric pseudo tensor €, which can couple antisym-
metric tensors with vectors.

Active chiral processes generate torques. More precisely,
they introduce torque dipoles in the active gel which con-
tribute to fluxes of angular momentum. To capture the phys-
ics of such active torque dipoles, we include the variables
describing intrinsic rotations and angular momentum fluxes
in the discussion of active chiral systems [42, 55]. We thus
consider an active chiral polar fluid and focus on the pairs of

conjugate variables &i’g <> Doy Dpa/Dt < ha, ¥ A/,
Ml < Dywap/2 and Ui’g  (Qup — wap).
The constitutive relations then read

2 -
Pvhydap) + CIANICI&B

~ ~ 1%
GO = 2nap + ?I(Pahﬁ +ppha = 3
(30)

1

n

217787“’@6

d,a
ool =21 (Qap — wap) +

19
+ 5 (Pahs = psha) + vs€apyhy
1 1
+ AU preapy (81)
Dp, 1 -
Dr = e = ipglap + vapp(Qag — wWap) = Va€agy(Usy — wsr)
1 ol
v v v
+ fﬂvpﬂaw%ﬂ - fﬁwﬂam@é%ﬂ - ffwﬂéﬂaaawﬂ

+ )‘IpaAﬂl + )‘11 A,“'Ipa&yp'y + )\éA,uflp’ya'ypa (82)

Mg, = KOywap + 1P (Qap — Was)
+ %Pw(PahB — ppha) + V3eapshspy + Vacapypshs
+ AW apy + QAU €apupupy
+ GAL (carspsps — €prsPsPa) + GAN (Sanps — GpaPa)
(33)

r :AIJAUJ - Cl‘?aﬁéaﬁ + )\Ipaha + )‘Ilhapaa'yp’y

+ )\éhapwawpa + C;(Waﬁ — Qap) Pr€apy
. &,waﬁ

2
+d(5avl’ﬁ - 5&7[’&)] .

[C{E(lﬁ’y + Céeaﬁl/pup'y + Cg(@vyépép,@ - Eﬁvépépa)
(84)

Here, we have introduced new Onsager coefficients that
describe antisymmetric stresses, angular momentum fluxes
and active chiral terms. The dissipative coefficients 7/, 7, &
and the reactive coefficients v, and 7, also exist in nonchiral
passive systems and are irrelevant in the hydrodynamic limit.
The chiral terms described by the coefficients v3, 73 and 4 are
passive and also irrelevant in the hydrodynamic limit. Active
chiral terms are described by the coefficients ¢Z, ¢!, ¢} and ¢J.
The active term with coeffient ¢} also exists in nonchiral active
systems [42].

What are the roles of the new variables 2,3, agg and
Mgﬂy? The total antisymmetric stress depends on JZ’% and
Mg 3+ through equation (50). Therefore both the dissipative
antisymmetric stress and the angular momentum flux enter the
momentum conservation equation (3), which generalizes the
Stokes equation and determines the velocity field. These new
variables thus capture the effects of active chiral processes
on the flow field. Using the angular momentum conservation
equation (6) and the definition of the dissipative antisym-
metric stress (50), one obtains an equation for the angular
momentum density (appendix C.2)

= —20%

(9tla,3 + 87(0710,5) — (Qalg — Q@la) aB

(85)
Therefore, the dissipative antisymmetric stress 0%¢ provides
a source for the angular momentum density and influences
the intrinsic rotation rate 2,4. In passive fluids or liquid
crystals, the intrinsic rotation rate approaches the vorticity
field, Qa3 =~ wap in the hydrodynamic limit and Q45 — wag
becomes irrelevant. As we show now, the intrinsic rotation
mismatch £, — wag can persist in active chiral systems.
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We consider the limit where the angular momentum den-
sity lop is small and can be neglected in equation (85) as
compared to terms proportional to the rotational viscosity 1’

that contribute to ag’g. In that case equation (85) reduces to

ag’g = 0. From equation (81) we then obtain an equation for

the intrinsic rotation rate mismatch:

el

Ui
Qap —wap = — 477,1%57%6 “ 4y Pahs — pgha)

v 1
- ZT;,Eaﬁvhv - Z%,A//Pveaﬁv- (86)
The intrinsic rotation mismatch corresponds to differences
between the intrinsic rotation rate and the local rotation vor-
ticity. Here, terms on the right-hand side correspond to differ-
ent processes generating a rotation mismatch when the fluid
is out of equilibrium. The last term corresponds to an active
term describing chemical reactions driving such rotation devi-
ations. Note that equation (86) shows that for active systems
with é nonzero, the rotation mismatch §2,3 — wqpg can persist
in the hydrodynamic limit and for long times. This is a novel
and original feature of active chiral systems.

In situations where the intrinsic rotation rate mismatch is
not experimentally accessible or not of interest, equation (86)
can be used to eliminate the intrinsic rotation rate 0, from
the constitutive equations. The equations for the rate of polar-
ity change and for the dissipative part of the angular momen-
tum flux then take the form

Dpg, 1 IjgpwpﬂY + 41/% V3 .
=|(—+ =)o — — hg — %
Dr ((71 + 27 )0as 477,1704]7,3 B — V1PUlas
ﬂeff Eeff Ty
+ S PPpOywap = - ExpaPsdss — 5 EpaPadswss

+ Xl Apl + M Aulpa(%py + XA py0ypa

)

+ Ta€apypshs + G AW €apy + G A eapupupy
+ (AL (€arsPopp — €proPsPa)
+ CA{AMI(éa'ypﬁ - 5571711)’

(87)

=2

7’ ljeff
Mgﬁ’y = </§5,Y5 - 477,177176

aéwaﬁ + %p'y(l)ahﬁ *[7/3/’1@)

+ ﬁ;ffpyh(; €aps

(88)
where we have introduced the effective coefficients
B =0y —fjva ) (20'), 5% = 0 — s /(20 ), N = N Gl
and (3" = ¢ — ¢! /(21). Eliminating the rotation mismatch
thus leads to a renormalization of phenomenological coeffi-
cients. In addition, new anisotropies are introduced in the term
proportional to Ag in equation (87) and proportional to Oswag
in equation (88). These terms are allowed by symmetry in
equations (82) and (83) but were neglected for simplicity. The
corresponding antisymmetric part of the total stress is given
by 045 = 00 + 1(pahs — psha) + %a.yMiﬁ,y.

It is also possible to derive the constitutive equations of
an active chiral fluid using symmetric stresses only. In fact,
using a specific redefinition g’ of the momentum density
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and using a redefined angular momentum density 7/, 5 and
angular momentum flux My, 5. with [, ; = 0 and M. =0,
the corresponding redefined stress tensor o7, 3 becomes sym-
metric [39], see appendix C.3. With these redefinitions one
obtains a hydrodynamic theory in which the stress tensor
is symmetric. In the case of passive systems with Au/ =0,
this theory with symmetric stress tensor afw contains the
same physics on large scales as the theory presented in the
previous sections that is based on asymmetric stress ten-
sors. However, differences can arise on smaller scales.
Importantly, for an active system with active chiral terms
differences between both approaches can arise even in the
hydrodynamic limit. This is because a theory based on a
symmetrized stress tensor misses the physics of internal
rotations and it does not contain the internal rotation mis-
match (2,3 — wag. However this term can be critical: while
for passive systems this internal rotation mismatch vanishes
in the hydrodynamic limit, this is not so in the presence of
active chiral processes where it can persist at long times as
described by equation (86).

4.5. Fluctuations and noise

We have presented a systematic procedure to construct consti-
tutive equations for polar, nematic and visco-elastic active gels
based on the principles of irreversible thermodynamics and
Onsager relations governing conjugate thermodynamic fluxes
and forces. In this framework, one can systematically add the
effects of fluctuations, taking into account the fluctuation dis-
sipation theorem that applies at thermodynamic equilibrium.
Realistic biological systems operate far from thermodynamic
equilibrium and the fluctuation dissipation theorem is broken.
However introducing noise according to rules from irrevers-
ible thermodynamics is a useful starting point [56]. Far from
equilibrium specific arguments are needed to characterize the
properties of the nonequilibrium noise [57].

The linear response relations (54) can be extended to
include noise terms which then leads to noisy hydrodynamic
equations. The extended linear response reads [32]

T =" OwnF + mu(t). (89)
m
The noises 7, () are Gaussian stochastic variables with aver-
age (n,(t)) = 0 and variance

(1 (1) (1)) = 2kpTO,,6(t — 1) (90)
where 04 = (Opp + Op)/2 is the symmetric part of O,
and the fluctuation dissipation theorem has been used to set
the noise amplitude. Higher order correlations follow from the
Gaussian statistics of these variables.
We illustrate this principle by adding appropriate noise
terms to the constitutive equations of a polar active gel (55)—
(59) which read [56]
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The Gaussian noises are the stress fluctuation 5((;’5), the polar-

ity fluctuations 5&” ), the current fluctuations gif ), the reaction
rate fluctuations ¢/(") and the strain fluctuations féuﬁ) They all

vanish on average and have the correlations

(€5 (1, x)E (¢, X)) = 2k TN |05 + 5Oy — %5(1;3%6
5(t—1)5(x —x') (96)
€D (0D (1. x) = 22T 5050 — s —x) o)
(D (1, %)) (1. X)) = 2ksTAY G056 (t — 1')8(x — x')
(93)
(5,3 X)) = 2kgTAY5(t — )5 (x — X') (99)

(€9 x)ED (7 X)) = 2k TT [Dar G55 + dasdsn

—g(saﬂaﬁ 5t — £)5(x — X').
(100)

There are further dissipative couplings which imply the
cross-correlations

(€D (X (1 X)) = keTx[Baspy

%%Ihﬁ(l —1)i(x —x)
(101)
(€ (130" (¢, X)) = 2T [Npa + Nipa (D7)
+A0 (03pa) + Nypy (Oapy)]
x 6(t—1)5(x —x') (102)

+ Saps —

13

€, x)fg(j) (X)) = —2kpT K 6apd(t — ')6(x — X')

(103)
(€9 (1, )€5 (1,X)) = ks TX' [0appy + darpp
200l = 1) —x)
KT S+ Gan D — 205300160 — £)6(x — X
(104)

(D (.)€ (X)) = 2k T [Xpa + €' pa(Oyp5)

+€§Ipv (ay a)]

X 6(t—1)5(x —x') (105)

(€L x)ED (X)) = 2ksTY Gapd(t — )0(x —X'). (106)

The noisy constitutive relations characterized by the noise
correlations equations (101)—(106) together with the conser-
vation laws provides stochastic dynamic equations for active
gels in the vicinity of thermal equilibrium. Note that some
noise correlations depend on the polarity field p,(x,f) and
the noise is therefore state dependent or multiplicative. In
this case, the specific conventions that are used when defining
time integrals of these stochastic variables become relevant.
Using Stratonovich or Ito conventions requires the addition of
compensating drift terms in the stochastic differential equa-
tions in order to satisfy the fluctuation dissipation theorem.
When using the isothermal convention, such compensating
terms do not occur in the Langevin equations [58-60].

5. Nonequilibrium processes in cells and tissues

5.1. Active gels in cell biology

The hydrodynamic theory presented in the previous sec-
tions provides a general framework to capture key aspects
of material properties and the dynamics of biological matter.
On mesoscopic scales, cellular materials and in particular the
cell cytoskeleton can be considered as active gels. Such sys-
tems can exhibit unconventional material properties of active
matter. In situations where the filaments are short compared
to mesoscopic length scales of cellular structures, a hydro-
dynamic or continuum approach can capture the key features
of intracellular flows and force generation. Actin filaments
together with myosin molecular motors and many associated
proteins form very dynamic gels with contractile properties.
Early continuum approaches to cellular gels that are perme-
ated by a solvent were based on two phase descriptions [13].
In many situations, filaments are organized in anisotropic
arrangements that can be polar or nematic. Here, the full prop-
erties of active polar or active nematic gels become relevant.
Cell locomotion and cellular shape changes are key exam-
ples for processes that are governed by the mechanics and
hydrodynamics of active gels. Cells crawling on a solid sub-
strates such as fish keratocytes have been studied extensively
[2, 52, 61-63]. The emerging motion of such cells is a com-
plex biophysical process involving the interplay of adhesion,
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(a)

Figure 3. The cell cortex can be represented as a thin layer of an active gel of thickness / below the cell membrane. (a) In the simplest
case, the average filament polarity vector p,, is normal to the surface. By integrating over the thin dimension z one can obtain an effective
two-dimensional hydrodynamic theory of the system in the x — y plane with an isotropic active tension T%';; in the plane. (b) In the
general case, a normal component p and a tangential component p| of average filament orientation with respect to the surface exist. In this

case, the active tension Tfj‘-Ct is anisotropic.

active contractile stresses in an actomyosin gel that undergoes
polymerization and depolymerization. Importantly, all these
processes are organized in space and time. Continuum theo-
ries of active gels allow to capture the essential force balances
involved in lamellipodium protrusion and can explain the ori-
gin of retrograde flows as a consequence of contractile active
stresses in the polarized actomyosin gel [52].

The actomyosin cell cortex is an important intracellular
structure where continuum approaches to active gels have
been useful for describing cytoskeletal deformations and
flows [53, 64-70]. The cell cortex is a thin layer of actomyo-
sin gel associated with the cell membrane [4]. The height of
the layer is small compared to its lateral extents, and an effec-
tive two-dimensional theory of the dynamic cell cortex can be
obtained [53, 64, 71] with equations for the densities of actin
filaments and actin monomers that are contained in the bal-
ance equations equation (8).

To illustrate the basic ideas, we consider a thin layer of an
active gel on a solid support. The active film equations can
be found most easily by writing the active gel theory in two
dimensions. Alternatively, one can derive these equations tak-
ing the thin film limit of a three dimensional gel layer of thick-
ness i ~ v,/k, see figure 3. This thickness is set by a balance
of filament polymerisation with velocity v, and depolymerisa-
tion which eliminates filaments at a rate k. The planar geom-
etry below the membrane implies that an axis of anisotropy
is provided by the normal to the surface. In the simplest case,
the filaments are on average oriented normal to the surface,
see figure 3(a). In general, one can distinguish a normal and a
tangential component of the average polarity, see figure 3(b).
While in three dimensions we usually consider the active
material to be incompressible, no incompressibility condition
exists in the effective film equations in two dimensions. This
is because material can be exchanged between the two dimen-
sional film and its surroundings. Integrating the incompress-
ibility condition 0,0, = 0 along the z-axis perpendicular to
the film, we have

v, ~ —h(D,0, + ,3,) (107)

Thus, the resulting average two-dimensional flow field v; with
i =x,y is not divergence free. The divergence 0,0; in two
dimensions defines a velocity v, that for a gel with constant
density corresponds to the rate of height changes. For a thin
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gel in which the dynamics of filaments maintains a preferred
film height A, v, becomes proportional to the net flow veloc-
ity of material leaving the gel and entering the cytosol after
depolymerisation.

In order to discuss the dynamic equations of the active film
we write the constitutive equations of an active gel in the long
time limit (62) in d = 2. For simplicity, we consider the case
where the system is isotropic in the plane of the film and we
therefore do not introduce a polarity field p,, and the conjugate
field A, in the plane, corresponding to figure 3(a). Because
the active gel turns over and material can escape in the third
dimension the active gel is compressible in two dimensions.
The film tension tensor can be defined as an integral of the
stress over the film thickness

h
Tij:/ dZ(T,'j.
0

The stress tensor in two dimensions Tj;, where 7,j = x,y are
indices in two dimensions has units of energy per area. The

constitutive equation for the active film read

(108)

1 _
Ty = 2n(vyj — zvkkéij) + Moy + (CAp — P*)5;. (109)

Here, we have introduced the two-dimensional shear and
bulk viscosities 77 and 7, respectively, P?¢ is the two dimen-
sional pressure and the two-dimensional active tension is
T = ( Ap. Material balance of the film can be expressed as
as equation for its two dimensional actin density p

dp

dt
where d/dt denotes a convected time derivative. The film
turns over at a rate k by polymerization and depolymeriza-
tion and has a steady state area density po. The film pressure
is P2 = x(p — po)/po, where X is a compressibility in two
dimensions. On times long compared to the turnover rate k,
the density is stationary, dp/dt ~ 0 and we have

= —pokvr — k(p — po) (110)

P~ —%&vk. (111)

Therefore, the 2d pressure effectively renormalizes the bulk
viscosity in equation (109) and we have
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1
Tzf/' = 2’]7(’0,']' — Evkkéij) =+ 77’0](](5,']' + Ta“é,;,- (112)

with the effective two dimensional bulk viscosity
71 = 1 + x/k. The force balance can then be written as

OT; = v, (113)

where v is a coefficient describing friction forces with respect
to a substrate.

A simple case is an effectively one-dimensional geom-
etry, where gradients are all in x — direction and vanish in the
y — direction. In this case, Ty, = (1 + 7)0x0x + T, Using
OxTyx = 70y, we finally obtain the hydrodynamic equation for
the flow velocity in x — direction

O T* = yo, — (n + )00, (114)

It is interesting to consider the simple case where the active
stress is piecewise constant with 7% = T, for x < 0 and
T* = Tp for x > 0. In this case, 0,7*" = (Tp — T4)d(x) and
the flow field is given by

)

Uy = TP — TA e—|x|/€.
( )77

— (115)
Thus, gradients of active stresses induce flow patterns in the
active film governed by the hydrodynamic length

n+n

()"

The magnitude of these flows increases linearly with this
length scale.

Actomyosin flows that serve to establish cell polarity in
the Caenorhabditis elegans embryo can be described within
this framework, by considering the spatial distribution of
active stress generated by myosin molecular motors in the
thin cortical layer together with viscous stresses as well as
external friction forces acting on the cortex when it moves
relative to the outer egg shell [64]. Flows within an actin ring
powering zebrafish epiboly can be understood with a similar
approach [72]. Myosin induced cortical flows also provide a
physical mechanism for stable bleb amoeboid motion [73]
and for the adhesion independent migration of cells in narrow
tubes [74]. Furthermore cell division is driven by actin fila-
ments assembling into a contractile ring [53, 70, 71]. Actin
filaments are aligned along the cell equator, and this align-
ment can be generated by actomyosin flows converging upon
the equatorial region and compressing the network which in
turn will generate alignment. A continuum theory of an active
nematic gel can capture this flow-alignment coupling and the
corresponding dynamics as measured in the one cell stage
Caenorhabditis elegans embryo [70].

Active stresses in the actin cytoskeleton of cells are con-
trolled by regulatory pathways. These pathways are based on
sets of regulatory molecules that typically diffuse in the cell.
Specific regulators control molecular processes in the acto-
myosin gel. They can for example regulate myosin density
and thereby control overall myosin activity and the amount
of myosin-based force generation. In general, regulatory

(116)
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processes therefore modify and control active and passive
material properties in the cell cortex. This in turn implies that
couplings and feedbacks exist between active mechanical
processes in the material and chemical processes. These cou-
plings can arise through mechano-sensing, but also through
advective transport where the regulators that control molecu-
lar processes in the gel are transported by gel flows [75-77].
From the point of view of physics, morphogenesis in biologi-
cal systems is fundamentally a mechano-chemical process.
On the scale of a cell, such mechano-chemical processes cre-
ate patterns and cell flows that break cellular symmetries and
can lead for example to the emergence of cell polarity and cell
chirality [64, 78]. On a multicellular level, structures such as
tissues, organs and eventually organisms form via the collec-
tive organization of large numbers of cells in space and time.
The dynamics of tissues also involves a coupling of active
mechanical events with regulatory pathways and chemical
signals. Thus, tissue morphogenesis and the development
of organisms from a fertilized egg are examples of specific
mechano-chemical patterning processes that serve to build tis-
sue-scale structures. These processes are guided by upstream
genetic programs that define the dynamic rules of the cellular
behaviors, ensuring that appropriate structures are formed at
the right place and time.

Mechano-chemical pattern and structure formation pro-
vides a paradigm for biological morphogenesis. This mech-
anism of pattern formation is qualitatively different from
classical concepts, such as pattern formation via reaction—
diffusion processes and Turing patterns. These are essen-
tially chemical in nature and do not take into account force
balances and actively generated material flows and deforma-
tions [79-81]. Hence, mechano-chemical self-organization
represents a novel class of pattern formation processes in
Physics. General and simple features of mechano-chemical
pattern formation can be best studied in minimal systems and
simplified models. An example consists of a thin active gel
or fluid in which a regulator of active stress diffuses and is
convected by flows. The behavior of this system is character-
ized by a Peclet number that measures the ratio of diffusive
and convected transport. Steady states exist in which con-
centration and stress profiles are homogeneous and no flows
occur. Homogeneous quiescent states can become unstable
with respect to wave-like perturbations of the regulator con-
centration field. Increased concentrations of the regulator
lead to increased active stress, and beyond a critical coupling
strength between regulator concentration and active stress,
flows can arise spontaneously. These flows transport stress
regulators towards regions where stress is already increased.
This gives rise to an instability. Beyond this instability, the
system reaches a steady state exhibiting a spatial concentra-
tion profile and a flow patterns [76]. Introducing two dif-
fusing species which activate and inhibit active stress can
lead to oscillatory patterns. Such dynamic instabilities might
also be at the heart of transient aggregations of myosin into
so-called foci that are often observed in highly contractile
actomyosin cortices during the development of organisms
[82-84].
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5.2. Continuum theories of tissues

The hydrodynamic equations governing the dynamics of
active gels discussed in this review are generic and depend
only on the symmetries and conservation laws that character-
ize a given system. Beside the cell cytoskeleton, which is a
biological example of an active gel, tissues are also soft active
materials. Furthermore, tissues can exhibit vectorial, nematic
or chiral asymmetries similar to the asymmetries encountered
in the cytoskeleton. As a result, the equations for active gels
can also be applied to tissue dynamics. However there are a
few specific considerations.

Tissues are assemblies of many cells which adhere to each
other and which are often also associated to an extracellular
matrix. The extracellular matrix is an extracellular soft poly-
meric material, the components of which are secreted by cells
[85, 86]. Cells exhibit anisotropies such as cell polarity or they
may take elongated shapes, which correspond to a nematic
anisotropy. In a continuum approach, tissue anisotropies can
thus be captured by nematic or polar order parameter fields
[25, 87-89]. In addition, tissues generate active stresses and
flows. Cells may exert contractile stresses which often are
mediated by the cellular acto-myosin cytoskeleton. For exam-
ple, stress fibers in cells can contract and induce a force dipole
and thus an active stress in the tissue [90]. Growth processes
and in particular cell growth is typically associated with iso-
tropic active stresses [22]. Cell division is an anisotropic pro-
cess. Mechanical events during cell division are active and
typically contribute to anisotropic active stresses [24].

An important feature of tissues is cell division and cell
death. Cell death often occurs via a regulated process called
apoptosis. A key characteristics of tissues is the number den-
sity n(x) of cells which obeys the balance equation

O + 0o (nvy,) = (kg — ka)n, (117)

where k; and k, denote the average division and apoptosis
rates in local volume elements. Here, we have introduced the
cell velocity v¢,.

The material properties of a tissue can be elastic or visco-
elastic. Cell turnover and cell divisions can fluidify an elastic
tissue [24]. In order to discuss these properties, we start from
a tissue characterized by compression and shear elastic mod-
uli x and E, respectively. Using equation (117), the isotropic
stress then obeys

do
3. - ka s
5 )

where d/dr denotes a convected time derivative. Typically,
division and apoptosis rates are regulated by growth factors
and related chemical signals. However in general, they also
depend on local stresses and in particular the local cell pres-
sure. At homeostatic conditions, k; — k, = 0. If such homeo-
static condition exist for some pressure Pj, we can expand the
division and apoptosis rates to lowest order in the vicinity of
the homeostatic state:

~ X (v, — (ka (118)

kg — kg ~ 77 (P, + o). (119)

We then obtain a constitutive equation for the isotropic stress
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1+ d
i
dt

< >0”I70fy,yph,

where the coefficient 77 describing the pressure dependence
of kg — k4 plays the role of the bulk viscosity. The relaxation
time for isotropic stresses is 7 = 7j/x.

When considering the anisotropic stress, cell division and
apoptosis events generally introduce force dipoles that can
relax existing elastic stresses

(120)

Dt

Here, d; and d, denote the magnitudes of force dipoles asso-
ciated with individual division and apoptosis events, see
equation (69). The traceless tensor g, describes the average
orientation of these force dipoles. Taking into account that
existing stress anisotropies bias the orientation of division

Gap = 2EV,5 — n(daky + daka)qap- (121)

events, we Use Jas = gog + Gap/00, Where ), captures
stress independent anisotropies of division and apoptosis
events. We then arrive at a viscoelastic constitutive equa-
tion for the anisotropic stress

(1 + Ta;) Gap = 21055 — 00d0s, (122)
which takes the form of an active visco-elastic material with
relaxation time 7! = n(dsks + d.k,)/oo of anisotropic
stresses, viscosity 7 = E7, and an active stress of magnitude
09.

Many tissues are sheet-like epithelia. These are two
dimensional cell layers which play a key role in many devel-
opmental processes [91, 92]. An advantage of the study of
epithelia is that the cell shape can often be directly observed.
The local average cell shape can be characterized by a trace-
less symmetric cell shape tensor Qa5 which in two dimen-
sions is a 2 X 2 matrix. If both the cell shape tensor and the
tissue deformation rate v, 5 are observed, this provides infor-
mation about the decomposition of tissue shear deformations
U, in contributions from cell shape changes and from cell
rearrangements [23, 28-30, 93]

(123)

Here, R, is a traceless symmetric tensor that captures the
contributions of tissue shear stemming from cell rearrange-
ments. Using this decomposition in a continuum approach,
one can start from a constitutive equation describing elastic
cell mechanics

Gap = 2EQuap + (AUGas. (124)

where (Apugag is an active stress or equivalently a sponta-
neous cell elongation. We then also require a constitutive
material equation for cell rearrangements. Using the simplest
choice

Rap =7, ' Qup + 7AUG s, (125)

where 7, is a timescale and y a phenomenological coefficient,
we again obtain equation (122). However, in tissues we have
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the possibility to directly measure the cell shape Qa5 which
is related to the elastic deformation as separate observables.
In typical Maxwell gels this variable is not easily accessible.
Furthermore, the constitutive equation for f(’ag in typical
tissues can be more complex than equation (125) and may
involve further relaxation processes and memory effects. In
such cases the tissue rheology becomes complex and can
exhibit unconventional features [29, 30].

6. Discussion

We have reviewed a generic approach to active matter based
on fundamental concepts of irreversible thermodynamics.
Irreversible thermodynamics captures the dynamics of macro-
scopic systems in the vicinity of thermodynamic equilibrium
when only a few degrees of freedom are driven away from
equilibrium. This corresponds to a local equilibrium approx-
imation. The constitutive equations of active matter which
we discussed are based on linear Onsager relations which are
rigorously valid in a regime close to equilibrium. In the limit
of large length scales, slow hydrodynamic modes govern the
dynamics of spatially extended systems. Such hydrodynamic
modes emerge as a result of conservation laws for mass,
momentum and energy. Furthermore, broken symmetries that
are for example associated with polar or nematic order can
also give rise to hydrodynamic modes. Hydrodynamic modes
are generic and independent of the microscopic details that
underlie a particular system. Therefore, systems that can be
observed over long times and in the limit of large system sizes
exhibit robust behaviours governed by such a hydrodynamic
theory [32, 94].

The irreversible thermodynamics of hydrodynamic systems
provides a powerful framework for the study of active mat-
ter. Hydrodynamic modes represent a small number of slow
degrees of freedom of the system that are well captured by
irreversible thermodynamics. Because hydrodynamic modes
are slow, a large number of faster relaxing modes become
equilibrated when considering dynamics on large lengths
scales and in a continuum limit. Thus the local equilibrium
approximation becomes valid. Irreversible thermodynamics
therefore captures the behaviours of hydrodynamic modes
accurately. In real systems one is often also interested in the
dynamics of collective modes that relax more rapidly. In such
cases the hydrodynamic approach can be extended to faster
relaxing modes, however in such cases the local equilibrium
condition is not always a good approximation. In addition, a
continuum limit may not be always appropriate to capture the
physics of mesoscopic systems. Noise and fluctuations can be
systematically introduced to the irreversible thermodynam-
ics approach to capture fluctuations on mesoscopic scales.
However, only in the vicinity of equilibrium is there a rigor-
ous procedure to specify the properties of such noise via the
fluctuation—dissipation theorem. Thus, the conceptual frame-
work discussed here has a number of limitations in particular
when it is applied to active biological systems. One important
point is that irreversible thermodynamics is valid in the vicin-
ity of a thermodynamic equilibrium and may not capture some
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features of a system far from equilibrium. Furthermore, the
approach of irreversible thermodynamics discussed here is
based on linear response theory and expresses dynamic equa-
tions to first order in the thermodynamic forces that drive the
dynamics.

Biological systems typically differ from such ideal regimes
in several ways. Cells are mesoscopic systems and a large
length scale limit can often not be taken. Filaments of the
cytoskeleton can have lengths of a micrometer and more
which implies that a continuum limit may emerge only on
scales beyond the cell size. Biological systems also exhibit
very important dynamics on intermediate time scales, for
example the process of cell division. Events that take place on
fixed time scales do not correspond to hydrodynamic modes.
Also, biological systems are examples of matter that is driven
far from thermodynamic equilibrium. In a typical cell many
variables are dynamic and are kept away from thermodynamic
equilibrium, and many of these variables do not correspond to
classical hydrodynamic modes. This is particularly clear for
dynamic cellular processes such as cell polarization, cell divi-
sion and cellular signalling. Hence, to capture important bio-
logical phenomena a theory based on the generic properties of
hydrodynamic modes needs to be complemented by models
for non-hydrodynamic variables.

Furthermore, some dynamic processes in living cells are
expected to operate further away from equilibrium that can be
accurately captured by linear response theory. However local
equilibrium concepts do still have much value when applied
to reconstituted cellular systems or when used inside cells. In
fact, many degrees of freedom are equilibrated on time scales
relevant to cellular dynamics. For example, a local temper-
ature remains a key concept, and temperatures as well as heat
produced in biological systems and organisms can be meas-
ured [95, 96]. Key features of many collective processes, such
as the assembly of molecular compartments by phase separa-
tion, can in many cases be described using irreversible ther-
modynamics and local equilibrium approximations [97, 98].
To capture the essence of the physics of biological dynamics
and self-organization, it is therefore important for a given bio-
logical process to identify the relevant dynamic variables. The
number of such relevant variables can be significantly larger
than the number of conventional hydrodynamic modes, but
this number will still be orders of magnitudes smaller than the
total number of microscopic degrees of freedom. As a result,
models for biological dynamics are often not fully generic but
can depend in important ways on details of biological inter-
action networks and signalling pathways. To conclude, the
framework described in this review provides a systematic and
physically coherent approach to non-equilibrium dynamics
of active systems that obeys important conservation laws and
basic physical principles. It also provides the correct equilib-
rium physics in the absence of active processes.

An alternative approach to develop a hydrodynamic the-
ory of of active matter is to directly provide an expansion of
dynamic variables writing all terms allowed by the symmetries
of a given system [15, 17]. Such a general theory must still be
based on fundamental conservation laws but may not make
use of equilibrium thermodynamics. An advantage of such an
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approach is that it is not restricted to the regime in the vicin-
ity of a thermodynamic equilibrium. This advantage, however,
comes at the cost that there is no longer a systematic procedure
that helps to identify relevant variables that govern the dynam-
ics, apart from the slow modes stemming from conservation
laws and symmetries. Furthermore, a theory constructed far
from equilibrium does not necessarily provide the correct lim-
its when approaching equilibrium. In general, theories devel-
oped using more general approaches and theories based on
irreversible thermodynamics share many features in common
and often exhibit the same physics. An important example is
the active stress, which is a central concept to active matter
that was introduced independently using different approaches
[11, 15]. The active matter equations discussed in this review
can lead to the spontaneous formation of complex structures.
These include spontaneous flows, topological defects, and
spatiotemporal structures such as traveling waves [11, 76, 99].
Numerical simulations of active nematic fluids have shown
that low Reynolds number turbulence can arise in an active
system [100-102].

The hydrodynamic theory of active matter outlined here
generalizes the classic hydrodynamic theories of passive lig-
uid crystals [6, 34-39] to the case where chemical processes
maintain such liquid crystals away from equilibrium. In the
biological context, active materials are often based on the
cytoskeleton where molecular motors interact with filaments
and form an active gel. An important property of biological
matter is that it is fundamentally chiral. This results from the
chirality of biomolecules. Active chiral processes mediated
by motor molecules and chiral filaments contribute to move-
ments and flows that are generated in cells and in tissues. The
resulting chirality of cellular processes in turn plays a key role
for the breaking of left-right symmetry in cells and in devel-
oping organisms [103-106].

Equations for the hydrodynamics of active matter have
been expressed here in cartesian coordinates. Morphogenesis
in biology can also occur through deformation of thin layers
of active material, such as the cell cortex or two-dimensional
tissues called epithelia. In that case, the shape of the system is
well-described by approximating it by a moving surface. The
hydrodynamics of active matter can be generalized to con-
sider flows on a deformable manifold. A new feature is that
active internal bending moments generated in the thin layer
play a role, in addition to active stresses [107].

The approach to investigate the irreversible thermodynam-
ics of hydrodynamic systems has been powerful for shedding
light on the physical basis of biological processes ranging
from the intracellular activities to the dynamics of tissues.
In the one cell-stage Caenorhabditis elegans embryo, flows
that serve to polarize the zygote where shown to be driven by
inhomogeneities in the distribution of myosin motor proteins
[53, 64]. These flows serve to trigger the formation of a cell
polarity pattern, by transporting markers of polarity along the
cell surface [75, 108]. Cell division occurs via active contrac-
tion in a contractile ring. Active gel can capture the mechanics
of the cell cortex and the resulting cell shape changes [71].
At the multicellular scale, actomyosin flows into a supra-
cellular ring-like structure generate the forces that drive
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epithelial spreading and epiboly progression in the develop-
ing zebrafish embryo [72]. In these cases, active gel theory
was used to characterize the force-balance that underlie the
associated actomyosin dynamics. The structure of myosin in
a highly contractile cortex is known to be non-homogeneous,
myosin is concentrated into aggregates called myosin foci
that undergo a pulsatile activity, with new ones forming and
old foci disappearing on a time scale of one minute [83, 84].
Such processes result from the dynamic interplay of chemical
oscillations and active gel dynamics in a mechano-chemical
process [84]. Generally, cell dynamics typically emerges from
mechano-chemical processes that combine active gels with
chemical patterns [81].

Similar principles operate at the scale of tissues. Chemical
patterns emerge from signalling processes and such chemical
patterns can influence mechanical events. A reaction—diffusion
system consisting of several specific signalling molecules
drives digit formation in the mouse [109]. However, if and
how growth and deformation feeds back on the pattern form-
ing process in this system is not yet known. Interestingly, the
process of positioning skin follicles, the structures of the skin
that grow hairs in humans and feathers in chicken, is depend-
ent on a patterning process where mechanical and regulatory
pathways cannot be separated. The dermis of the skin, which
is a tissue layer that is below the epidermis, appears to undergo
a contractile instability, which causes compression and mecha-
otransduction of (3-catenin in the epidermis and hair follicle
specification [110]. We think that theoretical approaches based
on continuum theories of active matter will play an increasing
role to shed further light on mechanochemical patterning pro-
cesses in biology from the scales of cells to tissues.
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Appendix A. Irreversible thermodynamics
of multicomponent fluids

A.1. Thermodynamic potentials and thermodynamic variables

We briefly review the irreversible thermodynamics of mul-
ticomponent fluids [33]. We first consider the equilibrium
thermodynamics of a multicomponent fluid with local con-
centrations n; = N;/V of molecular species i and mass density
p= Z?’ZO m;n; in a volume element of volume V. The center
of mass velocity is given by

1 i
Vo = MZm,-Niva, (A.1)
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where M = Zﬁvzo Nim; is the total mass and v, the local aver-
age velocity of molecules of type i. The total momentum of
the volume element is G, = Mv,,, the momentum density is
8a = PUq-

As a result of Galilei invariance of the microscopic equa-
tions of motion, the thermodynamics of a local element of
volume V can always be studied in the the center of mass
reference frame in which v, = 0, the momentum vanishes
G, = 0 and the free energy is denoted F. The free energy
with centre of mass motion then has the form

2

Gy
om0

where N; denotes the number of particles of species i and T
denotes temperature. Similarly, we define the free energy den-
sity f(T,ni,ga) = g5/2p +fo(T,ni), with fo = Fo/V. We
then have

F(Ts VsNis Ga) = (T, V’Ni)7 (Az)

0 OF _ o A3)
« 8Ga V,Ni»T 8ga ni?T' .
We define the following thermodynamic quantities:
9K, (0)
P = - — = — N i .
0 _ 9F o
m'=zrl =3 (A5)
ilT VN T |7
0F, o
= - — = —Vi R
T |y or|, (A.6)

where Py is the hydrostatic pressure and /1,<(O)

;  are the chemical

potentials of a homogeneous system.

Inhomogeneous systems which are locally at equilibrium
can be captured using a free energy density f), where we also
include contributions of concentration gradients to the free
energy. The free energy reads

2
F = /d3x (‘;‘; + fo(T, ni,aani)) s

where f(T,n;,0anis80) = &%/2p + fo(T, ni, Oan;) is the total
free energy density. In inhomogeneous systems, we generalise
the definition of the chemical potential as u; = 0Fy/dn; and
thus write

(A7)

9 o
M= on ~ C 0(0an)”

We also introduce the total chemical potential ' = §F /dn;
with

(A.8)

tot __

Hi =

1
_Emiva + Hi
In the case of inhomogeneous systems, we also need to
generalise the concept of equilibrium pressure which becomes
an equilibrium stress. This equilibrium stress follows from

translation invariance considerations.

(A9)
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A.2. Translation and rotation invariance

We consider the change in free energy of a finite volume
element under infinitesimal translations x, = x4 + 6xq,
with constant translation vector dx,. Defining translations
as ni(x))) = ni(xy), we have on;(xy) = ni(xq) — ni(xq), or
0n;i(xo) = ni(xo — 0x) — ni(xo). This argument applies to
all variables. The free energy can then be written as

o
8(8an,-)
(A.10)
where the second term takes into account that the boundary
is displaced with the system. The change JF given by equa-
tion (A.10) must vanish in the absence of external forces
because of translation invariance. Using 6n; = —0x,041;,

08a = —0x3088q and 6T = —0x,0,T, we have

OF = /d3x(va(5ga + 1*'6n; — s0T) + j{dSa(féxa + on;),

oF = /de [(8@Z)a)ga + (8gu}°‘)n,- + SaBT] 5)(5
0 o
+ j{dSa [(f — Uygy — 1N;)00p — maﬁni dxg.

(A.11)
We identify the equilibrium stress,

o

6(8/@1’1,')

Translational invariance then imposes the Gibbs—Duhem
relation

%5 = (fo — wini)das — Oalli. (A.12)

05045 = (Oapti)ni + 0T (A.13)

that ensures that §F = 0 for pure translations. The Gibbs—
Duhem relation shows that the equilibrium stress is divergence
free at thermodynamic equilibrium when 9, 1t; and 9, T van-
ish. However, in an out of equilibrium situation, local equilib-
rium stresses are not force balanced. In addition to translation
invariance, F also obeys rotation invariance. Rotation invari-
ance of the free energy implies that the equilibrium stress is
symmetric, og, 5 = 0, and the equilibrium angular momen-
tum flux M{, 5. and the antisymmetric part of the equilibrium
stress o3 vanish.

A.3. Rate of free energy changes

We now express the balance of free energy in several steps.
The change of free energy in a volume of fixed shape (non-
moving boundary) can be expressed as

dF 1 1
T /d3x [at (5pv2> + (M}m + Emivi) o — s@,T]
o
dSo 72— 0m;
+j{ S 8(6(1”,')8[”
:/d3x (060180 + 1" Om; — sO,T] + %dS i@,n'
« « i i aa(aani) i
= / Px(0a050%55 + 1 (ri — 0adly) — sO,T)
o
dSo ————0Om,. (A.14)
-I—j{ a(aani)a,n
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We can now to use partial integrations in order to create
boundary contributions that correspond to the total work per-
formed at the surface. We first write

C:Tf B / Ex(—(9pva)oils + piri + (J + 1ive) Dap™ — sOT)
. 0,
+ f‘dsa (‘050?}1 - ,M;Ot.]:l + a(af)nl) az"i) . (A.15)

Using the Gibbs—Duhem relation (A.13) we then have

dF

e / Ex(— (05040 ) 0% + 1'ri + j Ot — 0403075

_ v(ygﬂ(aavﬁ) — SvaaaT - sal‘T)

+ f as,, (vw}?&
= / Fx(—05va(0h + vags — 04p)

+ piri 4 J1, O pti — S(OT + v6,0,T))

+ 7{ ds., (vﬁ(gt;;

—pini) = pijo, +

1 2N/ s afO
Fmiv )(J, + niva) + 3@um)

7(/11’7

8;11,’)

1
- Ufm) + UQ(E[)VZ

8;}’1,') .

Using the definition of the equilibrium stress (A.12) in the
surface terms, we finally obtain
dF
dr

9o

58] (A.16)

; dT
[ =000 = ) + s+ ot — 5
Ofo  dnm

(9(6an,-) dt > ’
(A7)
where 0,5 = 02’% +v,gs and we have introduced the con-

vected time derivative d/dt = 0, + v 0,. The final expression
given in (A.17) has a surface contribution to free energy changes.
This surface term, except for the free energy convection —fv,,
corresponds to the work performed at the boundary of the sys-
tem. The bulk terms reflect the local sources of free energy.

)

+ jlédSa <vﬁaﬁa — Vof — Hifoy +

A.4. Angular momentum conservation

From rotational invariance of the free energy it follows that
both the antisymmetric part of the equilibrium stress and the

equilibrium angular momentum flux vanish: 02‘/‘3 =0 and

M5

afy
in principle exist in nonequilibrium conditions. For the simple
case where the density of intrinsic angular momentum [, can

be neglected, angular momentum conservation then implies

_ . . d’a d
= 0. However, deviatoric parts e and M By could

O Mg, = 2004, (A.18)

This allows us to eliminate the antisymmetric stress from
equation (A.17). We then have

dF 1
5 = /d3x(70a[3(0(sxﬁ — 0’25) - EM‘;M&YWM + it
A dr
+ o Oatti — SE)
) 1 T
+ %dSQ (‘(JﬁO’BQ — Vof — Hifo + EMﬁmwm
ofo dm;
i) A.19
0 @ ) ’ (A19)
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where 0% 5 = (0ap + 0pa)/2, Vap = (0avs + 08v4)/2 and
wWag = (0avs — 0pv4)/2. Note that a contribution corre-
sponding to the mechanical work of torques occurs at the
boundary.

A.5. Balance of free energy, entropy and energy

The surface term of equation (A.19), defines the free energy
flux JL = jI + fv, with

o

(Oan;) dr

From the bulk term, we obtain the rate of free energy produc-
tion which reads

5 (A.20)

]é = —0808a t+ :U/L]ix - ngawﬁv -

dar
dr’
(A.21)

The flux of free energy is related to the heat flux as
j2 =j¢ —jl, where j¢ is the energy flux in the barycentric
reference frame. The source of free energy 6; can be related
to the entropy production rate 6 per unit volume. Using
equations (2) with (14), (15) and J¢ = Jg + TJ:,, we have
O,(Ts) + 0a(TJ3) = —b; and jC = Tj,

T0 = —0f — J3,0,,T — s0,T
00T _ dT
o dr
We thus obtain the entropy production rate per unit volume
0 with

zMiﬁya'ywaﬂ + iy +thaaﬂt - S

O = —vap(0as — 05p)

(A.22)

—0; —

M
T0 =005(005 — Top) + Zr’Aul
=1

0o T

N
i = 1 d .0
- ;;oﬁaui + M5, Orway — J3 o, (A.23)

where Ap! =3 ; alfi;. Furthermore, we have expressed the
dissipation rate in terms of the chemical potential differences
[ = i — pom;/mo relative to the solvent i = 0. The entropy
density s = —0f°/OT obeys the balance equation (14) with
entropy source 6 and entropy flux

, i<
I =504 + 2. (A.24)
T
The energy is conserved such that the energy density
o
=f-T= A.25
e=f-To (A25)
with energy flux
JS = eva +jL +j2 (A.26)

obeys the conservation law (2).

A.6. Dynamic equations

‘We now use the quantities introduced so far to express dynamic
equations. We obtain a dynamic equation for the temperature
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using energy conservation. The conservation equation (2) for
the energy density e = f — T9fy/0T implies

Oe Oe Oe Qe
— 0T+ —O0m; + =————0,0,n; + —— —0aJ5,.
o M 9@am) M B
(A.27)
Note that because of Galilei invariance de/0g, = V,. We

then have

Oe
coT = —6—m8,ni —

oT on Oiga =

Oe
maﬁani — 000i8a

— Oa(eva +j +2)
(A.28)

where ¢ = —T9%f,/OT? is the specific heat.
Given a state of the system described by the functions 7;(r),
T(r) and v,/(r), the time derivatives of these state variables

can be determined if in addition to the free energy fthe quanti-

tot

ties ol = Tap — PUaUB, Jh, i and j are known at time :

0y = —Uﬁagva + p_laﬂaag

aﬂ’l,‘ = —aa(niva +j£1) +
9 .
T =c! (8; (Oa(nive +Jjo) — 1i)
=0 o Bs(nivs + ) — )
8(8an,~) a\0p\Ni0p .]B Ti

tot

— 005045 — Da(€Va +jh +J8) ) (A.29)

The thermodynamic fluxes o0, jt,, ri and j¢ in general are
functions (or functionals) of n;, T and v, which obey transla-
tion and rotation invariance. These functions define the mat-
erial properties and are called constitutive material relations.
Linear response theory can be used to express these consti-
tutive relations to linear order in the vicinity of a thermody-
namic equilibrium.

A.7 Linear response theory

The description of the system is completed by adding con-
stitutive relations to express the quantities v,g, ]’a r
and j¢ in terms of their conjugate thermodynamic forces
Taf — Top Oufii, Ap! and 0, T using linear response theory.
To linear order, we write

1 _
ng‘saﬁ) + 10y 0ap

1
+ ’yIA,LtlgoéB + O—f)tﬁ + Ea,yMgﬁ,y

OaB = 27](Uaﬁ —

Jo = —Ti0aiti — Ti0aT
=MVA — ”ylv,w
J& = —RO.T — Ti0a i

M7 5., = KOywag.

T (A.30)

Here we have introduced dissipative coefficients and have
neglected higher order terms. The bulk and shear viscosity are
denoted 77 and 7. Diffusion coefficients and the cross coupling
of diffusion fluxes is described by the symmetric matrix I';;.
Thermophoretic effects that couple temperature gradients to
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diffusive fluxes are characterised by the coefficients I';. The
chemical reaction kinetics is described by the symmetric
matrix M" of coefficients that specify the reaction rates as
well as a coupling 7/ to the divergence of the flow field which
captures pressure generation by chemical reactions. The coef-
ficient £ describes heat conductivity. Interestingly, there can
exist a dissipative coupling  generating a contribution to the
antisymmetric stress ¢, 5 = (#/2)0,0,wag, Which in simple
fluids is irrelevant in the hydrodynamic limit and thus usu-
ally neglected. Using 005 = 0ap — pvavs, Ap' =37, alji
and fi; = p; — pom;/mo, equations (A.29) and (A.30) provide
a dynamic description of the multicomponent fluid if the free
energy density fis given.

Appendix B. Translation and rotation invariance
of the free energy in polar and nematic systems

B.1. Translation invariance

We first consider a polar system with free energy density
f=28%/12p) + fo( Pas Ospa>ni). An infinitesimal transla-
tion of a volume V to V’/ by a small and constant transla-
tion vector dx, can be described by the displaced positions
X., = Xo + 0x4. To linear order in the displacement vector,

the change in free energy 6F = [, dxf’ — J, &xf can be
expressed as

OF = / Ex(va080 + 10N — hodpa) + ]{dSa (foxq
v

9o

(B.1)
3(3apﬁ)

+ 5pg).

Here, the first term corresponds to f” — f due to the displace-
ment of the fields in the original volume. The second term
captures the contributions to 0F at the translated boundary
when shifting from V to V'

Expressing translations of the concentration fields with
constant displacement vector dx, as ni(x)) = ni(xy),
we have 0n;(xy) = ni(xo) — ni(xq). Therefore on;(x,) =
ni(Xq — 0xa) — ni(Xa) 0xa0Oan. Similar transfor-
mations hold for the other fields: dgn ~ —6xgdsg~ and
dpg = —0x,0,pp. The free energy change due to a transla-
tion is then given by

~

OF = /d3x [(agva)ga + (D™ )n; + haﬁﬁpa] dxp
o
d o - — i 6o¢ - 0xg.
+7{ S [(f 048y = 14" 1i)0ap a(aapv)aﬁpv X
(B.2)

From the surface contribution we identify the equilibrium
stress (21). Translational invariance §F = 0 implies the
Gibbs—Duhem relation (22).

For the case of a system with nematic order Q,s and
f=28%/(2p) + fo(Qap, 0y Qap, ni), one finds using the same
arguments the equilibrium stress
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9o
Top = (fo — pini)da 76 Oyw. (B3
G S
The Gibbs—Duhem relation is given by
_aﬁagﬂ = (aa,ui>ni + H’yl/aaQ'yV- (B.4)

B.2. Rotation invariance

We consider the behavior of the free energy under infinitesi-
mal rotations described by dx, = €qg~0gx, With infinitesimal
rotation pseudo vector 6. The polarity field then transform as
0pa = —0x308Pa + €ap8sp~ and a similar expression holds
for 0g,. Scalar fields transform as én; = —dxg0gn;. Using
equation (B.1), we find

OF = / Ex[(Oppi)ni + ha(0ppa)dxs — hacapy0spy]

Ao

+ j{ dSo ((fo — pini)oxe — m@xﬁ@ﬁl’v — €48505P5))

— /dsx [(—(’)aaga)e[gvgﬁﬂ,x(; — hﬂeﬂﬂ,(;@vp,s]
o
+%dsa((fea€ (59 Xs + ————¢€ 5‘9 p5)
BatBysYy 8(8(1177) BV
o
= [ & 0% — NBPa)€sval +7{d557pa6 o0,
/ [( B B ) By 'y} 8(86176) ByaVy

(B.5)

where we have used the Gibbs—Duhem relation (22). From the

condition that F in equation (B.5) must vanish for small rota-

tions 6g, we obtain the relation (25) with the definition (24).
For a nematic system, the order parameter transforms as

Appendix C. Irreversible thermodynamics with
intrinsic angular momentum

C.1. Local thermodynamics with angular momentum

We canalsotake angularmomentum conservationexplicitly into
account following [41]. We introduce the the angular momen-
tum L, g of each volume element V. In the ensemble where total
momentum and angular momentum are given, we can define
the free energy F(V,Ni,T,Gqa,Log) = Vf(ni,T,80:1a8)
where [, denotes the free energy density. We have

1 OF
Lo

aB = (C.1)

2

VN, T.Go Alap ni.T.8a

The factor 1/2 stems from the relation QngLag = 2Q4La.
Using Gallilei invariance, the free energy can be written in
the form

2

G,
— + F
2M+ 0 )

Similarly, we write f(n;, T, ga>lap) = 84/ (2p) + fo(ni, T, lag),
with fo = Fo/V and p = . min;. We define the following
thermodynamic quantities:

F(V,Ni,T,Gqa,Log) = (V,N;,T, L, (C.2)

8F0 1

Py = =—fo+ ) wini+ 5Qaplasp C3
aV T,N;,Le, El: 2 ( )
i = 250 - (C4)

ON; T.V.NjLap On; Tilop ’

OF, oy

§S=——7 ==V C5
or V.NiLog On; Nidos €5

800p = —0x,0y00p + €ay0,0u5 + €370~ 0ar under Where Py is hydrostatic pressure and ; denotes chemical
rotations. We then find potential.
O My, = 2005 +2(QavHpy — QpuHav)  (B.6)  C.2. Rate of free energy change in a polar system with spin
with The thermodynamics of an isothermal polar system
with spin can be described by the free energy density
¢ =2 o 0w o _P_05). B f=28%/(2p) + fo(lag:Pa> Oapps, ni). Following the derivation
v 0(0,0sv) 0(0+Qav) given in equation (26), we have
dF _ 9o
&Ex [0,0,84 Q Olo ' 9n; — haOpa ]{dSaia
; o
J— 3 s 1
= /d x(Z)a(?gUtO?tﬁ + an/g(a\/Maﬁw - 20’35) + M}Ot(}’i - 6aJa) - haa,pa) + %dsaa(aapﬁ)atpﬁ
= /d3x 8ﬁva a,B + Qa,@(a M 2025) + ,LLEOlri + (Jla + niva)aa.ufgm — haOpa)
A o
+ ]{ dS, (v 0fe — W + 520, ) , C6
e I 9 o

22
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where hy = —0F/0pa, pi = Ofo/On; and Qg = 20fy/0lap.
Note that because f; contains contributions of kinetic energy
associated with internal angular momentum, the field hq
defined here contains contributions that depend on spin [41].
The equilibrium stress now reads

e of;
OaB = (fO — Hin; — l'yQ'y)(SaB - 8(850}7 )aap'y (C.7)
y
and the Gibbs—Duhem relation becomes
1
—35025 = 5(8a957)lg»y + (Oapi)n; + hgaapg. (C.8)

At equilibrium with 0,823, =0, Oapt; = 0 and h, = 0, the
equilibrium stress satisfies the force balance dgo¢ ;= 0.
Rotational invariance now implies the rotational Gibbs—Duhem
relation

avaxﬁ'y = 20—;?3 + (pozhﬁ - p@ha) + (Qalﬁ - Qﬂla)- (C.9)
At a thermodynamic equilibrium, h, vanishes and
Qalg — Qplo = 0. In this case OyM;, 5, = 2075 becomes the

equilibrium torque balance. Indeed, from equations (6) and
(C.9) it follows that at equilibrium Oylng = Qalg — 2l4. For
an equilibrium state, 9,/,, = 0. Therefore {1,/3 — 25l, must
vanish for a global thermodynamic equilibrium. In the context
of a spinning top, the same condition implies that a top spins
in a steady state around a fixed axis [111]. Only in this case
does a thermodynamic equilibrium exist.

Using the Gibbs—Duhem relation (C.8) and the relation
(C.9) we have

dr

1 T
dt = \/d3x(—(aﬂ’0a)0to?zg + EQaﬁ(ayMaﬁ,y

+ 1T+ o Ot = 0a0pots — Vagp(Oa

*miV2

(Mi* 5

+ fas, <vﬁgg>;

= /d3x(—8gva(0§tﬁ + Va8 —

L

+
N —

—Mgp,) = 2(08

+ piri + jh0atti — haOipa

+ f as.. (Uﬁ(ag;

TaB —

) (il + niva) +

(o)
- vahﬂaapﬁ - hawaﬁpﬂ -

‘ v ) — i+ 2o
O—ﬂa) +UQ(2PV lulnl) HiJ o + 6(8ap,8)atpﬁ) .

where we have used the convected time derivative
d/dt = 0; + v40,. Since a system with finite but constant Q43
can be at equilibrium, we rewrite this as

dF s e.s
G = [ Prlvanlots - )
+ (Wap — Qap) (05 UZ% —Pahp — 8 Maﬂ'y)
1 n Dp
E(a Wag) MY apy T HiTE T+ JoOatti — o Dta)
1
j{ (vﬁaﬂa — Vaf — pifio, + zwﬁ’Y(Mﬁvoz + Valgy)
2L DP/.%)
—= 1, C.12
(0ops) D1 €12
where 05 = o5 + Vags, Miﬁv MZg, — M 5, + 0ylap.
We finally identify the free energy flux
. 1 p 9  Dps
f - _ _ ™ i
Joo = U808 2w57(M[37a + Uoélﬁ’v) + Ui 8(804176) Dt
(C.13)

The entropy production rate is

1
d
aB — Waﬁ)aiﬂ + 5(37waﬂ)Mz/3’y

+Zr’Au —Zja NTER® Dpo‘
= i=1

T = vaﬂaj;‘g + (0

(C.14)

with the deviatoric part of the antisymmetric stress

— 2Uiﬁ)

- haatpa vahﬁaapﬂ

%
Ty >5”’5)

vg) 0a(0a82s+)lsy)

036) + waﬁhapﬁ

a) (Pahﬁ psha ) (Qalﬁ - Qﬁla))
1
Evalﬂvaagﬂv)

(C.10)

Rewriting the expressions and using equation (29) and the definition of the Ericksen stress (C.7) in the surface terms, we obtain

dF
= [ Ex(0us(o8 +0ugs — 055) + (@ — Qup) 08 — 0% — pas)
1 g e o Dpoc
+ EQQBa’Y(Maﬁ'y - a,B’y) - EU’Y(aVQQB)la,B + Wit +Ja80¢:u’i - haﬁ)
i 5f0 dpﬂ
+ %dsa (UB(U}?; +088a) = Va(f — 1,%y) — pijy, + B(Oups) dt ) (C.11)
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ea 1 1
005 =005 — Oas — 5 (Pahs — pgha) — i&yMgm (C.15)

2

Angular momentum conservation (6) then implies a dynamic
equation for the intrinsic angular momentum

Olap+0y(vylap) = =2055 + (Qals — pla). (C.16)

Note that the intrinsic angular momentum does not introduce
a separate hydrodynamic variable because the balance equa-
tion has a source term. Therefore, the intrinsic rotation rate €2
relaxes on non-hydrodynamic time scales [41].

C.3. Symmetrization of the stress tensor

The antisymmetric part of the stress can be eliminated by the
following redefinition of stress and momentum density [39]

1
8o = 8a+ 708l (C.17)

ls=0 (C.18)
o\ = g’g—aﬁ+ 8 avs t aMﬁW (C.19)
Ty = 0. (C.20)

The redefined stress tensor a’aﬁ is symmetric and obeys the
tot”
aff
the angular momentum conservation (4). Note that the physics
does not change under this redefinition which amounts to a use
of different variables. The pairs of conjugate thermodynamic
forces and fluxes remain the same but have to be expressed in
the new variables. For passive systems, the redefined quanti-
ties approach the original ones in the hydrodynamic limit.
One can then express in the hydrodynamic limit the thermo-
dynamic fluxes and forces directly in the redefined variables.
This suggests that in the hydrodynamic limit the thermody-

momentum conservation equation 9,8, = dgo'% as well as

namic flux ogg is not significant, and the corresponding dis-
sipative and reactive couplings do not matter. However, while
this is true for passive systems, relevant active chiral terms can
be missed by the symmetrisation of the stress tensor.

To illustrate these points, we briefly discuss the effects of
the redefinition (C.17)—(C.20) of the stress tensor in the case
of active chiral systems discussed in section 4.4. We consider
for simplicity the limit when the intrinsic angular momentum
density can be neglected, /.3 ~ 0. Using equations (80) and
(88) the redefined dissipative part of the traceless symmetric
stress reads

2 -
U B - znvaﬁ + = ) (pahﬁ +pﬂh 3p'yh'y§aﬁ) + CIA/LI‘]aB
1
+5(G A A (€arv0yGup + €v00vqua)

2

1
= 3GA (Ospo + Oaps (C21)

2
- gavp“/éaﬁ) ,

—eff __ —eff

where for simplicity, wehavesets = 7] = 05" =05 =4 =0
and have omitted terms proportional to gradlents of Au!. The
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last two terms in equation (C.21) are active terms proportional
to gradients of the polarity field. Such terms in general also
exist when including all terms allowed by symmetry in the
constitutive equation (80). However in equation (80) these
terms were not written for simplicity because they are unim-
portant in the hydrodynamic limit. This shows that active
terms that contribute to the antisymmetric stress and to angu-
lar momentum flux effectively renormalize active terms in the
redefined symmetric stress and the physics does not change.

However, the physics described by the active coefficients ¢,
which generate relative internal rotations described by equa-
tion (86) is missing when using symmetric stress tensors only.
The reason is that after redefining the stress to be symmetric,
information about the difference of rotation rates Q2,3 — wWag
is lost. Note that while {23 — wap vanishes in passive fluids in
the hydrodynamic limit, it can be finite at long times in active
chiral fluids where it is thus a relevant variable. In this case a
redefinition of the stress tensor to be symmetric misses physics
of the system even in the hydrodynamic limit.

ORCID iDs
Frank Jiilicher ® https://orcid.org/0000-0003-4731-9185
Guillaume Salbreux ® https://orcid.org/0000-0001-7041-1292

References

[1] Bray D 2000 Cell Movements: from Molecules to Motility
(New York: Garland Science)
[2] Alberts B, Johnson A, Lewis J, Morgan D, Raff M,
Roberts M and Walter P 2014 Molecular Biology of the Cell
(New York: Garland Science)
[3] Howard J 2001 Mechanics of Motor Proteins and the
Cytoskeleton (Sunderland, MA: Sinauer)
[4] Salbreux G, Charras G and Paluch E 2012 Actin cortex
mechanics and cellular morphogenesis Trends Cell Biol.
22 536-45
[5] Doubrovinski K and Kruse K 2007 Self-organization of
treadmilling filaments Phys. Rev. Lett. 99 228104
[6] de Gennes P-G and Prost J 1993 The Physics of Liquid
Crystals (Oxford: Oxford University Press)
[7] Toner J and Tu Y 1995 Long-range order in a two-dimensional
dynamical xy model: how birds fly together Phys. Rev. Lett.
75 4326
[8] Toner J and Tu Y 1998 Flocks, herds and schools: A
quantitative theory of flocking Phys. Rev. E 58 4828
[9] Simha R A and Ramaswamy S 2002 Hydrodynamic
fluctuations and instabilities in ordered suspensions of self-
propelled particles Phys. Rev. Lett. 89 058101
[10] Ramaswamy S, Simha R A and Toner J 2003 Active nematics
on a substrate: giant number fluctuations and long-time tails
Europhys. Lett. 62 196
[11] Kruse K, Joanny J-F, Jiilicher F, Prost J and Sekimoto K 2004
Asters, vortices and rotating spirals in active gels of polar
filaments Phys. Rev. Lett. 92 078101
[12] Toner J, Tu Y and Ramaswamy S 2005 Hydrodynamics and
phases of flocks Ann. Phys. 318 170
[13] Alt W and Dembo M 1999 Cytoplasm dynamics and cell
motion: two-phase flow models Math. Biosci. 156 207-28
[14] Ramaswamy S, Toner J and Prost J 2000 Nonequilibrium
fluctuations, traveling waves and instabilities in active
membranes Phys. Rev. Lett. 84 3494


https://orcid.org/0000-0003-4731-9185
https://orcid.org/0000-0003-4731-9185
https://orcid.org/0000-0001-7041-1292
https://orcid.org/0000-0001-7041-1292
https://doi.org/10.1016/j.tcb.2012.07.001
https://doi.org/10.1016/j.tcb.2012.07.001
https://doi.org/10.1016/j.tcb.2012.07.001
https://doi.org/10.1103/PhysRevLett.99.228104
https://doi.org/10.1103/PhysRevLett.99.228104
https://doi.org/10.1103/PhysRevLett.75.4326
https://doi.org/10.1103/PhysRevLett.75.4326
https://doi.org/10.1103/PhysRevLett.89.058101
https://doi.org/10.1103/PhysRevLett.89.058101
https://doi.org/10.1209/epl/i2003-00346-7
https://doi.org/10.1209/epl/i2003-00346-7
https://doi.org/10.1103/PhysRevLett.92.078101
https://doi.org/10.1103/PhysRevLett.92.078101
https://doi.org/10.1016/j.aop.2005.04.011
https://doi.org/10.1016/j.aop.2005.04.011
https://doi.org/10.1016/S0025-5564(98)10067-6
https://doi.org/10.1016/S0025-5564(98)10067-6
https://doi.org/10.1016/S0025-5564(98)10067-6
https://doi.org/10.1103/PhysRevLett.84.3494
https://doi.org/10.1103/PhysRevLett.84.3494

Rep. Prog. Phys. 81 (2018) 076601

Review

[15] Hatwalne Y, Ramaswamy S, Rao M and Simha R A 2004
Rheology of active-particle suspensions Phys. Rev. Lett.

92 118101

[16] Kruse K, Joanny J-F, Jiilicher F, Prost J and Sekimoto K
2005 Generic theory of active polar gels: a paradigm for
cytoskeletal dynamics Eur. Phys. J. E 16 5-16

[17] Marchetti M C, Joanny J-F, Ramaswamy S, Liverpool T B,
Prost J, Rao M and Simha R A 2013 Hydrodynamics of soft
active matter Rev. Mod. Phys. 85 1143

[18] Prost J, Jiilicher F and Joanny J-F 2015 Active gel physics Nat.
Phys. 11 111-7

[19] Graner F and Glazier J A 1992 Simulation of biological cell
sorting using a two-dimensional extended potts model Phys.
Rev. Lett. 69 2013

[20] Bittig T, Wartlick O, Kicheva A, Gonzalez-Gaitan M and
Jiilicher F 2008 Dynamics of anisotropic tissue growth New
J. Phys. 10 063001

[21] Marmottant P, Mgharbel A, Kifer J, Audren B, Rieu J-P,

Vial J-C, Van Der Sanden B, Marée A F, Graner F and
Delanog-Ayari H 2009 The role of fluctuations and stress on
the effective viscosity of cell aggregates Proc. Natl Acad.
Sci. 106 17271-5

[22] Basan M, Risler T, Joanny J-F, Sastre-Garau X and Prost J
2009 Homeostatic competition drives tumor growth and
metastasis nucleation HFSP J. 3 265-72

[23] Blanchard G B, Kabla A J, Schultz N L, Butler L C, Sanson B,
Gorfinkiel N, Mahadevan L and Adams R J 2009 Tissue
tectonics: morphogenetic strain rates, cell shape change and
intercalation Nat. Methods 6 458—64

[24] RanftJ, Basan M, Elgeti J, Joanny J-F, Prost J and Jiilicher F
2010 Fluidization of tissues by cell division and apoptosis
Proc. Natl Acad. Sci. 107 208638

[25] Aigouy B, Farhadifar R, Staple D B, Sagner A, Roper J-C,
Jiilicher F and Eaton S 2010 Cell flow reorients the axis of
planar polarity in the wing epithelium of drosophila Cell
142 773-86

[26] Delarue M, Joanny J-F, Jiilicher F and Prost J 2014 Stress
distributions and cell flows in a growing cell aggregate
Interface Focus 4 20140033

[27] Keber F C, Loiseau E, Sanchez T, DeCamp S J, Giomi L,
Bowick M J, Marchetti M C, Dogic Z and Bausch A R
2014 Topology and dynamics of active nematic vesicles
Science 345 1135-9

[28] Guirao B, Rigaud S U, Bosveld F, Bailles A, Lopez-Gay J,
Ishihara S, Sugimura K, Graner F and Bella Y 2015
Unified quantitative characterization of epithelial tissue
development eLife 5 e08519

[29] Etournay R et al 2015 Interplay of cell dynamics and epithelial
tension during morphogenesis of the drosophila pupal wing
eLife 4 07090

[30] Popovi¢ M, Nandi A, Merkel M, Etournay R, Eaton S,
Jiilicher F and Salbreux G 2017 Active dynamics of tissue
shear flow New J. Phys. 19 033006

[31] Hakim V and Silberzan P 2017 Collective cell migration: a
physics perspective Rep. Prog. Phys. 80 076601

[32] Forster D 1975 Hydrodynamic Fluctuations, Broken Symmetry
and Correlation Functions ed W A Benjamin (Boca Raton,
FL: CRC Press)

[33] De Groot S R and Mazur P 2013 Non-Equilibrium
Thermodynamics (North Chelmsford, MA: Courier
Corporation)

[34] Ericksen J 1961 Conservation laws for liquid crystals J. Rheol.
523-34

[35] Ericksen J 1966 Inequalities in liquid crystal theory Phys.
Fluids 9 1205-7

[36] Leslie F 1966 Some constitutive equations for anisotropic
fluids Q. J. Mech. Appl. Math. 19 357-70

[37] Leslie F 1968 Some constitutive equations for liquid crystals
Arch. Ration. Mech. Anal. 28 26

25

[38] Forster D, Lubensky T C, Martin P C, Swift J and Pershan P S
1971 Hydrodynamics of liquid crystals Phys. Rev. Lett.

26 1016-9

[39] Martin P C, Parodi O and Pershan P S 1972 Unified
hydrodynamic theory for crystals, liquid-crystals and
normal fluids Phys. Rev. A 6 2401-20

[40] Larson R G 1999 The Structure and Rheology of Complex
Fluids (Oxford: Oxford University Press)

[41] Stark H and Lubensky T C 2005 Poisson bracket approach
to the dynamics of nematic liquid crystals: the role of spin
angular momentum Phys. Rev. E 72 051714

[42] Fiirthauer S, Strempel M, Grill S W and Jiilicher F 2012
Active chiral fluids Eur. Phys. J. E 35 89

[43] Onsager L 1931 Reciprocal relations in irreversible processes.
1 Phys. Rev. 37 405

[44] Onsager L 1931 Reciprocal relations in irreversible processes.
II Phys. Rev. 38 2265

[45] Casimir H 1945 On onsager’s principle of microscopic
reversibility Rev. Mod. Phys. 17 343

[46] Mazur P and De Groot S 1953 On onsager’s relations in a
magnetic field Physica 19 961

[47] Curie P 1894 On symmetry in physical phenomena,
symmetry of an electric field and of a magnetic field
J. Phys. 3401

[48] liilicher F, Kruse K, Prost J and Joanny J-F 2007 Active
behavior of the cytoskeleton Phys. Rep. 449 3-28

[49] Callan-Jones A C and Jiilicher F 2011 Hydrodynamics of
active permeating gels New J. Phys. 13 093027

[50] Mishra S, Baskaran A and Marchetti M C 2010 Fluctuations
and pattern formation in self-propelled particles Phys. Rev.
E 81 061916

[51] Joanny J-F, Jiilicher F, Kruse K and Prost J 2007
Hydrodynamic theory for multi-component active polar
gels New J. Phys. 9 422

[52] Kruse K, Joanny J-F, Jiilicher F and Prost J 2006 Contractility
and retrograde flow in lamellipodium motion Phys. Biol.

3 130-7

[53] Salbreux G, Prost J and Joanny J-F 2009 Hydrodynamics of
cellular cortical flows and the formation of contractile rings
Phys. Rev. Lett. 103 058102

[54] Cates M, Fielding S, Marenduzzo D, Orlandini E and
Yeomans J 2008 Shearing active gels close to the isotropic-
nematic transition Phys. Rev. Lett. 101 068102

[55] Fiirthauer S, Strempel M, Grill S W and Jiilicher F 2013
Active chiral processes in thin films Phys. Rev. Lett.

110 048103

[56] Basu A, Joanny J-F, Jiilicher F and Prost J 2008 Thermal and
non-thermal fluctuations in active polar gels Eur. Phys. J. E:
Soft Matter Biol. Phys. 27 149-60

[57] Nadrowski B, Martin P and Jiilicher F 2004 Active hair-
bundle motility harnesses noise to operate near an
optimum of mechanosensitivity Proc. Natl Acad. Sci. USA
101 12195-200

[58] Risken H 1984 The Fokker—Planck Equation (Berlin:
Springer)

[59] Lancon P, Batrouni G, Lobry L and Ostrowsky N 2001 Drift
without flux: Brownian walker with a space-dependent
diffusion coefficient Europhys. Lett. 54 28

[60] Lau A and Lubensky T C 2009 Fluctuating hydrodynamics
and microrheology of a dilute suspension of swimming
bacteria Phys. Rev. E 80 011917

[61] Theriot J A and Mitchison T J 1991 Actin microfilament
dynamics in locomoting cells Nature 352 126

[62] Keren K, Yam P T, Kinkhabwala A, Mogilner A and
Theriot J A 2009 Intracellular fluid flow in rapidly moving
cells Nat. Cell Biol. 11 1219-24

[63] Ziebert F, Swaminathan S and Aranson I S 2012 Model for
self-polarization and motility of keratocyte fragments J. R.
Soc. Interface 9 1084-92


https://doi.org/10.1103/PhysRevLett.92.118101
https://doi.org/10.1103/PhysRevLett.92.118101
https://doi.org/10.1103/RevModPhys.85.1143
https://doi.org/10.1103/RevModPhys.85.1143
https://doi.org/10.1038/nphys3224
https://doi.org/10.1038/nphys3224
https://doi.org/10.1038/nphys3224
https://doi.org/10.1103/PhysRevLett.69.2013
https://doi.org/10.1103/PhysRevLett.69.2013
https://doi.org/10.1088/1367-2630/10/6/063001
https://doi.org/10.1088/1367-2630/10/6/063001
https://doi.org/10.1073/pnas.0902085106
https://doi.org/10.1073/pnas.0902085106
https://doi.org/10.1073/pnas.0902085106
https://doi.org/10.2976/1.3086732
https://doi.org/10.2976/1.3086732
https://doi.org/10.2976/1.3086732
https://doi.org/10.1038/nmeth.1327
https://doi.org/10.1038/nmeth.1327
https://doi.org/10.1038/nmeth.1327
https://doi.org/10.1073/pnas.1011086107
https://doi.org/10.1073/pnas.1011086107
https://doi.org/10.1073/pnas.1011086107
https://doi.org/10.1016/j.cell.2010.07.042
https://doi.org/10.1016/j.cell.2010.07.042
https://doi.org/10.1016/j.cell.2010.07.042
https://doi.org/10.1098/rsfs.2014.0033
https://doi.org/10.1098/rsfs.2014.0033
https://doi.org/10.1126/science.1254784
https://doi.org/10.1126/science.1254784
https://doi.org/10.1126/science.1254784
https://doi.org/10.7554/eLife.07090
https://doi.org/10.7554/eLife.07090
https://doi.org/10.1088/1367-2630/aa5756
https://doi.org/10.1088/1367-2630/aa5756
https://doi.org/10.1088/1361-6633/aa65ef
https://doi.org/10.1088/1361-6633/aa65ef
https://doi.org/10.1063/1.1761821
https://doi.org/10.1063/1.1761821
https://doi.org/10.1063/1.1761821
https://doi.org/10.1093/qjmam/19.3.357
https://doi.org/10.1093/qjmam/19.3.357
https://doi.org/10.1093/qjmam/19.3.357
https://doi.org/10.1007/BF00251810
https://doi.org/10.1007/BF00251810
https://doi.org/10.1103/PhysRevLett.26.1016
https://doi.org/10.1103/PhysRevLett.26.1016
https://doi.org/10.1103/PhysRevLett.26.1016
https://doi.org/10.1103/PhysRevA.6.2401
https://doi.org/10.1103/PhysRevA.6.2401
https://doi.org/10.1103/PhysRevA.6.2401
https://doi.org/10.1103/PhysRev.37.405
https://doi.org/10.1103/PhysRev.37.405
https://doi.org/10.1103/PhysRev.38.2265
https://doi.org/10.1103/PhysRev.38.2265
https://doi.org/10.1103/RevModPhys.17.343
https://doi.org/10.1103/RevModPhys.17.343
https://doi.org/10.1016/S0031-8914(53)80108-4
https://doi.org/10.1016/S0031-8914(53)80108-4
https://doi.org/10.1016/j.physrep.2007.02.018
https://doi.org/10.1016/j.physrep.2007.02.018
https://doi.org/10.1016/j.physrep.2007.02.018
https://doi.org/10.1088/1367-2630/13/9/093027
https://doi.org/10.1088/1367-2630/13/9/093027
https://doi.org/10.1088/1367-2630/9/11/422
https://doi.org/10.1088/1367-2630/9/11/422
https://doi.org/10.1088/1478-3975/3/2/005
https://doi.org/10.1088/1478-3975/3/2/005
https://doi.org/10.1088/1478-3975/3/2/005
https://doi.org/10.1103/PhysRevLett.103.058102
https://doi.org/10.1103/PhysRevLett.103.058102
https://doi.org/10.1103/PhysRevLett.101.068102
https://doi.org/10.1103/PhysRevLett.101.068102
https://doi.org/10.1103/PhysRevLett.110.048103
https://doi.org/10.1103/PhysRevLett.110.048103
https://doi.org/10.1140/epje/i2008-10364-9
https://doi.org/10.1140/epje/i2008-10364-9
https://doi.org/10.1140/epje/i2008-10364-9
https://doi.org/10.1073/pnas.0403020101
https://doi.org/10.1073/pnas.0403020101
https://doi.org/10.1073/pnas.0403020101
https://doi.org/10.1209/epl/i2001-00103-6
https://doi.org/10.1209/epl/i2001-00103-6
https://doi.org/10.1038/352126a0
https://doi.org/10.1038/352126a0
https://doi.org/10.1038/ncb1965
https://doi.org/10.1038/ncb1965
https://doi.org/10.1038/ncb1965

Rep. Prog. Phys. 81 (2018) 076601

Review

[64] Mayer M, Depken M, Bois J S, Jiilicher F and Grill S W 2010
Anisotropies in cortical tension reveal the physical basis of
polarizing cortical flows Nature 467 617-21

[65] Hawkins R J, Poincloux R, Bénichou O, Piel M, Chavrier P
and Voituriez R 2011 Spontaneous contractility-mediated
cortical flow generates cell migration in three-dimensional
environments Biophys. J. 101 1041-5

[66] Callan-Jones A and Voituriez R 2013 Active gel model of
amoeboid cell motility New J. Phys. 15 025022

[67] Kumar A, Maitra A, Sumit M, Ramaswamy S and
Shivashankar G 2014 Actomyosin contractility rotates the
cell nucleus Sci. Rep. 4 3781

[68] Gupta M, Sarangi B R, Deschamps J, Nematbakhsh Y, Callan-
Jones A, Margadant F, Mege R-M, Lim C T, Voituriez R
and Ladoux B 2015 Adaptive rheology and ordering of cell
cytoskeleton govern matrix rigidity sensing Nat. Commun.
67525

[69] Callan-Jones A, Ruprecht V, Wieser S, Heisenberg C-P
and Voituriez R 2016 Cortical flow-driven shapes of
nonadherent cells Phys. Rev. Lett. 116 028102

[70] Reymann A-C, Staniscia F, Erzberger A, Salbreux G and
Grill S W 2016 Cortical flow aligns actin filaments to form
a furrow eLife 5 e17807

[71] Turlier H, Audoly B, Prost J and Joanny J-F 2014 Furrow
constriction in animal cell cytokinesis Biophys. J.

106 114-23

[72] Behrndt M, Salbreux G, Campinho P, Hauschild R, Oswald F,
Roensch J, Grill S W and Heisenberg C-P 2012 Forces
driving epithelial spreading in zebrafish gastrulation
Science 338 257-60

[73] Ruprecht V et al 2015 Cortical contractility triggers a
stochastic switch to fast amoeboid cell motility Cell
160 673-85

[74] Bergert M, Erzberger A, Desai R A, Aspalter I M, Oates A C,
Charras G, Salbreux G and Paluch E K 2015 Force
transmission during adhesion-independent migration Nat.
Cell Biol. 17 524-9

[75] Goehring N W, Trong P K, Bois J S, Chowdhury D,

Nicola EM, Hyman A A and Grill S W 2011 Polarization
of par proteins by advective triggering of a pattern-forming
system Science 334 1137-41

[76] BoisJ S, Jiilicher F and Grill S W 2011 Pattern formation in
active fluids Phys. Rev. Lett. 106 028103

[77] Kumar KV, Bois J S, Jiilicher F and Grill S W 2014 Pulsatory
patterns in active fluids Phys. Rev. Lett. 112 208101

[78] Naganathan S R, Fiirthauer S, Nishikawa M, Jiilicher F and
Grill S W 2014 Active torque generation by the actomyosin
cell cortex drives left-right symmetry breaking eLife
304165

[79] Turing A M 1952 The chemical basis of morphogenesis Phil.
Trans. R. Soc. Lond. 237 37-72

[80] Gierer A and Meinhardt H 1972 A theory of biological pattern
formation Biol. Cybern. 12 30-9

[81] Howard J, Grill S W and Bois J S 2011 Turing’s next steps:
the mechanochemical basis of morphogenesis Nat. Rev.
Mol. Cell Biol. 12 400

[82] Dierkes K, Sumi A, Solon J and Salbreux G 2014 Spontaneous
oscillations of elastic contractile materials with turnover
Phys. Rev. Lett. 113 148102

[83] Munjal A, Phillipe J-M, Munro E and Lecuit T 2015 A self-
organized biomechanical network drives shape changes
during tissue morphogenesis Nature 524 351-5

[84] Nishikawa M, Naganathan S R, Jiilicher F and Grill S W 2017
Controlling contractile instabilities in the actomyosin cortex
eLife 6 19595

[85] Mouw J K, Ou G and Weaver V M 2014 Extracellular matrix
assembly: a multiscale deconstruction Nat. Rev. Mol. Cell
Biol. 15 771-85

26

[86] Bonnans C, Chou J and Werb Z 2014 Remodelling the
extracellular matrix in development and disease Nat. Rev.
Mol. Cell Biol. 15 786-801
[87] Sagner A, Merkel M, Aigouy B, Gaebel J, Brankatschk M,
Jiilicher F and Eaton S 2012 Establishment of global
patterns of planar polarity during growth of the drosophila
wing epithelium Curr. Biol. 22 1296-301
[88] Merkel M, Sagner A, Gruber F S, Etournay R, Blasse C,
Myers E, Eaton S and Jiilicher F 2014 The balance
of prickle/spiny-legs isoforms controls the amount of
coupling between core and fat pcp systems Curr. Biol.
242111-23
[89] Saw T B, Doostmohammadi A, Nier V, Kocgozulu L,
Thampi S, Toyama Y, Marcq P, Lim C T, Yeomans ] M
and Ladoux B 2017 Topological defects in epithelia
govern cell death and extrusion Nature 544 212—-6
[90] Schwarz U S and Safran S A 2013 Physics of adherent cells
Rev. Mod. Phys. 85 1327
[91] Lecuit T and Lenne P-F 2007 Cell surface mechanics and the
control of cell shape, tissue patterns and morphogenesis
Nat. Rev. Mol. Cell Biol. 8 633-44
[92] Heisenberg C-P and Bella Y 2013 Forces in tissue
morphogenesis and patterning Cell 153 948-62
[93] Merkel M, Etournay R, Popovi¢ M, Salbreux G, Eaton S and
Jiilicher F 2017 Triangles bridge the scales: quantifying
cellular contributions to tissue deformation Phys. Rev. E
95 032401
[94] Chaikin P M and Lubensky T C 1995 Principles of
Condensed Matter Physics (Cambridge: Cambridge
University Press)
[95] Powsner L 1935 The effects of temperature on the durations
of the developmental stages of drosophila melanogaster
Physiol. Rev. 8 474-520
[96] Kleiber M 1947 Body size and metabolic rate Physiol. Rev.
27 51141
[97] Brangwynne C P, Eckmann C R, Courson D S, Rybarska A,
Hoege C, Gharakhani J, Jiilicher F and Hyman A A 2009
Germline p granules are liquid droplets that localize by
controlled dissolution/condensation Science 324 1729-32
[98] Li P et al 2012 Phase transitions in the assembly of
multivalent signalling proteins Nature 483 33641
[99] Voituriez R, Joanny J-F and Prost J 2005 Spontaneous flow
transition in active polar gels Europhys. Lett. 70 404
[100] Thampi S P, Golestanian R and Yeomans J M 2014
Instabilities and topological defects in active nematics
Europhys. Lett. 105 18001
[101] Giomi L 2015 Geometry and topology of turbulence in active
nematics Phys. Rev. X 5031003
[102] Ramaswamy R and Jiilicher F 2016 Activity induces
traveling waves, vortices and spatiotemporal chaos in a
model actomyosin layer Sci. Rep. 6 20838
[103] Nonaka S, Tanaka Y, Okada Y, Takeda S, Harada A, Kanai Y,
Kido M and Hirokawa N 1998 Randomization of left—right
asymmetry due to loss of nodal cilia generating leftward
flow of extraembryonic fluid in mice lacking kif3b motor
protein Cell 95 829-37
[104] Okada Y, Takeda S, Tanaka Y, Belmonte J-C I and
Hirokawa N 2005 Mechanism of nodal flow: a conserved
symmetry breaking event in left—right axis determination
Cell 121 633-44
[105] Henley C L 2012 Possible origins of macroscopic left-right
asymmetry in organisms J. Stat. Phys. 148 741-75
[106] Naganathan S R, Middelkoop T C, Fiirthauer S and Grill S W
2016 Actomyosin-driven left-right asymmetry: from
molecular torques to chiral self organization Curr. Opin.
Cell Biol. 38 24-30
[107] Salbreux G and Jiilicher F 2017 Mechanics of active surfaces
Phys. Rev. E 96 032404


https://doi.org/10.1038/nature09376
https://doi.org/10.1038/nature09376
https://doi.org/10.1038/nature09376
https://doi.org/10.1016/j.bpj.2011.07.038
https://doi.org/10.1016/j.bpj.2011.07.038
https://doi.org/10.1016/j.bpj.2011.07.038
https://doi.org/10.1088/1367-2630/15/2/025022
https://doi.org/10.1088/1367-2630/15/2/025022
https://doi.org/10.1038/srep03781
https://doi.org/10.1038/srep03781
https://doi.org/10.1103/PhysRevLett.116.028102
https://doi.org/10.1103/PhysRevLett.116.028102
https://doi.org/10.7554/eLife.17807
https://doi.org/10.7554/eLife.17807
https://doi.org/10.1016/j.bpj.2013.11.014
https://doi.org/10.1016/j.bpj.2013.11.014
https://doi.org/10.1016/j.bpj.2013.11.014
https://doi.org/10.1126/science.1224143
https://doi.org/10.1126/science.1224143
https://doi.org/10.1126/science.1224143
https://doi.org/10.1016/j.cell.2015.01.008
https://doi.org/10.1016/j.cell.2015.01.008
https://doi.org/10.1016/j.cell.2015.01.008
https://doi.org/10.1038/ncb3134
https://doi.org/10.1038/ncb3134
https://doi.org/10.1038/ncb3134
https://doi.org/10.1126/science.1208619
https://doi.org/10.1126/science.1208619
https://doi.org/10.1126/science.1208619
https://doi.org/10.1103/PhysRevLett.106.028103
https://doi.org/10.1103/PhysRevLett.106.028103
https://doi.org/10.1103/PhysRevLett.112.208101
https://doi.org/10.1103/PhysRevLett.112.208101
https://doi.org/10.7554/eLife.04165
https://doi.org/10.7554/eLife.04165
https://doi.org/10.1098/rstb.1952.0012
https://doi.org/10.1098/rstb.1952.0012
https://doi.org/10.1098/rstb.1952.0012
https://doi.org/10.1038/nrm3120
https://doi.org/10.1038/nrm3120
https://doi.org/10.1103/PhysRevLett.113.148102
https://doi.org/10.1103/PhysRevLett.113.148102
https://doi.org/10.1038/nature14603
https://doi.org/10.1038/nature14603
https://doi.org/10.1038/nature14603
https://doi.org/10.1038/nrm3902
https://doi.org/10.1038/nrm3902
https://doi.org/10.1038/nrm3902
https://doi.org/10.1038/nrm3904
https://doi.org/10.1038/nrm3904
https://doi.org/10.1038/nrm3904
https://doi.org/10.1016/j.cub.2012.04.066
https://doi.org/10.1016/j.cub.2012.04.066
https://doi.org/10.1016/j.cub.2012.04.066
https://doi.org/10.1016/j.cub.2014.08.005
https://doi.org/10.1016/j.cub.2014.08.005
https://doi.org/10.1016/j.cub.2014.08.005
https://doi.org/10.1038/nature21718
https://doi.org/10.1038/nature21718
https://doi.org/10.1038/nature21718
https://doi.org/10.1103/RevModPhys.85.1327
https://doi.org/10.1103/RevModPhys.85.1327
https://doi.org/10.1038/nrm2222
https://doi.org/10.1038/nrm2222
https://doi.org/10.1038/nrm2222
https://doi.org/10.1016/j.cell.2013.05.008
https://doi.org/10.1016/j.cell.2013.05.008
https://doi.org/10.1016/j.cell.2013.05.008
https://doi.org/10.1103/PhysRevB.95.115305
https://doi.org/10.1103/PhysRevB.95.115305
https://doi.org/10.1152/physrev.1947.27.4.511
https://doi.org/10.1152/physrev.1947.27.4.511
https://doi.org/10.1152/physrev.1947.27.4.511
https://doi.org/10.1126/science.1172046
https://doi.org/10.1126/science.1172046
https://doi.org/10.1126/science.1172046
https://doi.org/10.1038/nature10879
https://doi.org/10.1038/nature10879
https://doi.org/10.1038/nature10879
https://doi.org/10.1209/epl/i2004-10501-2
https://doi.org/10.1209/epl/i2004-10501-2
https://doi.org/10.1209/0295-5075/105/18001
https://doi.org/10.1209/0295-5075/105/18001
https://doi.org/10.1103/PhysRevX.5.031003
https://doi.org/10.1103/PhysRevX.5.031003
https://doi.org/10.1038/srep20838
https://doi.org/10.1038/srep20838
https://doi.org/10.1016/S0092-8674(00)81705-5
https://doi.org/10.1016/S0092-8674(00)81705-5
https://doi.org/10.1016/S0092-8674(00)81705-5
https://doi.org/10.1016/j.cell.2005.04.008
https://doi.org/10.1016/j.cell.2005.04.008
https://doi.org/10.1016/j.cell.2005.04.008
https://doi.org/10.1007/s10955-012-0520-z
https://doi.org/10.1007/s10955-012-0520-z
https://doi.org/10.1007/s10955-012-0520-z
https://doi.org/10.1016/j.ceb.2016.01.004
https://doi.org/10.1016/j.ceb.2016.01.004
https://doi.org/10.1016/j.ceb.2016.01.004

Rep. Prog. Phys. 81 (2018) 076601 Review

[108] Lang C F and Munro E 2017 The par proteins: from [110] Shyer A E, Rodrigues A R, Schroeder G G, Kassianidou E,
molecular circuits to dynamic self-stabilizing cell polarity Kumar S and Harland R M 2017 Emergent cellular self-
Development 144 3405-16 organization and mechanosensation initiate follicle pattern

[109] Onimaru K, Marcon L, Musy M, Tanaka M and Sharp J 2016 in the avian skin Science 357 811-5
The fin-to-limb transition as the re-organization of a turing ~ [111] Landau L and Lifshitz E 1976 Mechanics (Course of
pattern Nat. Commun. 7 11582 Theoretical Physics vol 1) (Oxford: Pergamon)

Frank Jiilicher studied Physics at the University of Stuttgart and RWTH Aachen University. He did his PhD work at the Institute
for Solid State Research at the Research Center Jiilich and received his PhD in 1994 from the University of Cologne. His postdoc-
toral work at the Simon Fraser University in Vancouver and the Institut Curie and ESPCI in Paris was followed by a CNRS research
position at the Institut Curie in Paris in 1998. Since 2002, he is a Director at the Max Planck Institute for the Physics of Complex
Systems in Dresden and a professor of biophysics at the Technical University of Dresden. His research interests are theoretical
approaches to active matter and the spatiotemporal organization of cells and tissues.

Stephan Grill studied physics at the University of Heidelberg, did his PhD work at the European Molecular Biology Laboratory
(EMBL), and received his PhD in 2002 from the University of Munich. His postdoctoral work at the University of California in
Berkeley and at the Lawrence Berkeley National Laboratory was followed by a research group leader position, jointly at the Max
Planck Institute for the Physics of Complex Systems and the Max Planck Institute for Molecular Cell Biology and Genetics in
Dresden. Since 2013, he is a full professor a the Biotechnology Center (BIOTEC) of the Technical University of Dresden. His
research combines experimental and theoretical approaches in the areas of cellular and molecular biophysics.

Guillaume Salbreux did his PhD in the Institut Curie in Paris. He then moved for a postdoctoral work to the University of
Michigan. From 2011-2015 he headed a research group at the Max Planck Institute for the Physics of Complex Systems. Since
2015 he is a group leader in the Francis Crick Institute in London. He is interested in the physics of biological systems, morphogen-
esis and biological self-organisation.

27


https://doi.org/10.1242/dev.139063
https://doi.org/10.1242/dev.139063
https://doi.org/10.1242/dev.139063
https://doi.org/10.1038/ncomms11582
https://doi.org/10.1038/ncomms11582
https://doi.org/10.1126/science.aai7868
https://doi.org/10.1126/science.aai7868
https://doi.org/10.1126/science.aai7868

	﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿Hydrodynamic theory of active matter
	﻿﻿Abstract
	﻿﻿﻿1. ﻿﻿﻿Introduction
	﻿﻿2. ﻿﻿﻿Conservation laws
	﻿﻿3. ﻿﻿﻿Irreversible thermodynamics of active matter
	﻿﻿3.1. ﻿﻿﻿Balance of entropy and free energy
	﻿﻿3.2. ﻿﻿﻿Equilibrium thermodynamics of a polar fluid
	﻿﻿3.3. ﻿﻿﻿Translation invariance of the free energy: the equilibrium stress tensor
	﻿﻿3.4. ﻿﻿﻿Rotation invariance and equilibrium angular 
momentum flux
	﻿﻿3.5. ﻿﻿﻿Entropy production rate of a polar fluid
	﻿﻿3.6. ﻿﻿﻿Irreversible thermodynamics of a nematic fluid
	﻿﻿3.7. ﻿﻿﻿Irreversible thermodynamics of a visco-elastic gel
	﻿﻿3.8. ﻿﻿﻿Irreversible thermodynamics of systems with intrinsic rotations
	﻿﻿3.9. ﻿﻿﻿Conjugate pairs of thermodynamic fluxes 
and generalized forces

	﻿﻿4. ﻿﻿﻿Constitutive relations and hydrodynamic equations
	﻿﻿4.1. ﻿﻿﻿Onsager relations
	﻿﻿4.2. ﻿﻿﻿Active gels
	﻿﻿4.3. ﻿﻿﻿Active nematics
	﻿﻿4.4. ﻿﻿﻿Active chiral systems
	﻿﻿4.5. ﻿﻿﻿Fluctuations and noise

	﻿﻿5. ﻿﻿﻿Nonequilibrium processes in cells and tissues
	﻿﻿5.1. ﻿﻿﻿Active gels in cell biology
	﻿﻿5.2. ﻿﻿﻿Continuum theories of tissues

	﻿﻿6. ﻿﻿﻿Discussion
	﻿﻿﻿Acknowledgments
	﻿Appendix A. ﻿﻿﻿Irreversible thermodynamics 
of multicomponent fluids
	﻿﻿A.1. ﻿﻿﻿Thermodynamic potentials and thermodynamic variables
	﻿﻿A.2. ﻿﻿﻿Translation and rotation invariance
	﻿﻿A.3. ﻿﻿﻿Rate of free energy changes
	﻿﻿A.4. ﻿﻿﻿Angular momentum conservation
	﻿﻿A.5. ﻿﻿﻿Balance of free energy, entropy and energy
	﻿﻿A.6. ﻿﻿﻿Dynamic equations
	﻿﻿A.7. ﻿﻿﻿Linear response theory
	﻿Appendix B. ﻿﻿﻿Translation and rotation invariance 
of the free energy in polar and nematic systems
	﻿﻿B.1. ﻿﻿﻿Translation invariance
	﻿﻿B.2. ﻿﻿﻿Rotation invariance
	﻿Appendix C. ﻿﻿﻿Irreversible thermodynamics with intrinsic angular momentum
	﻿﻿C.1. ﻿﻿﻿Local thermodynamics with angular momentum
	﻿﻿C.2. ﻿﻿﻿Rate of free energy change in a polar system with spin
	﻿﻿C.3. ﻿﻿﻿Symmetrization of the stress tensor
	﻿﻿﻿﻿﻿﻿ORCID iDs
	﻿﻿﻿References﻿﻿﻿﻿


