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We want to understand the energy
dependence of our scattering problem
new zero energy in a systematic way.

First
,

we notice that our fig sollus that

we wanted to use are noancely + >2 at

small k.
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this suchs for the ANALYTIC

CONTINUATION that

we love to do ! But
,
if we just pick

two different
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Not only does this care the nonanalytic
behavior as hrew

,

but one can prove

that they are analytic and entire function

of
energy for all r.

-> (fae
, sae) -> energy normalized base pain

-> (fa
, gie) - analytic base pair

And naturally - since we defined taubse

using (fae
, gael - we can define on

energy-analytic phaseshift using (fae ,ge)

This defines on analytic solution
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So is now also a smooth function of
-

cross +o we can analytically
continue



Let's do this ! The crucial thing to determine

the discrete spectrum is
,

as always ,
to

construct solins where the exponential

grow th at neO is killed off . This dependence

is found from :

urso
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We do the same for yel to get :

gir - -El ke(1-119ce
*

)

So
,

we have : Sar
,
gar

,

und fas all as

smooth functions of E
.

-

=>> We have cie !

Mier) to "Ge*

(ostr + Sin See (e)
3er(-1-Ilcossett-e+ sense (1)

most vanish this term !!!



So : ton Se + (-1)9(kro)-2 = 0

This gives us the crucial quantity,-

themmmescattering length

Aro = len (-rotated
E-0-= Mo ber = o

-

K

And the quantization condition reads

I
a = E

Iso as o naturally ! )

And this In turn implies that the bound
state has energy Es = -2

-

Thus : a scottering parameter, A
determines a spectroscopy value· En !



This is only approximate since a is theEo

limit of tube/1. But if we make a

energy-dependent, then the quantization
-

condition reads

ALE) - * =0

-> E=E
where alE) = -rotanS
-

a has a natural connection to the

zero-energy wave Auctio.

At large r,
we had u(r)ser+ 5)

K

From Wigner : S-Chrols"- - ba(0)
at very small k.

- u(r) -> [sin (nw -(a) -> ((r -a)
k- 0
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Note what this means : a positive
scottering length means that the

zero-energy scattering wave func

has a node at r= U. For rsa ,
the

-

wave function is identical to one where

we had instead on infinitely hand wall

at r=a !

So : When aso
,
the interaction between

the colliding particles is repulsive !
EVEN THOUGH the potential is

actually attract me.

This concept, along with the existence of

tools (Feshback resonances) to June a
, is

at the heart of ultracold atoms.



We will see how this comes about by deriving
the Fermi pseudopotential - which can be applied

-
·

- -
-

to problems 1: he the following example :

-> 2 Rb atoms in a BEC approach eachother.

In the relative internuclear coordinate,
the Born-Oppenheimer potential + scattering

wave function near E=0

M
quick oscillationsdre to Ver)

-something
he

-& ·
rI& the /T .

V(r) = long wavelength

For just 2 atoms ,
we can solve /numorically

at least) this problem with the real Ucr)
without too much difficulty. But what
if we want toodd even a 3r

*

Rb ?
Or H or 3 or 1000ss ? Now dealingwith

many Vij(n) interactions gets very hard--

especially since all that work goes into what



is essentially just a phase shift for the scattering
solutione .

Moreover
- ,

we can see that someof

the key
- properties of this collision one

not really obvious from this picture !
We know

that the fact that alo here meas that

our particles effectively repel one another

despise the VIrI being attractive. But

if we make U(r) just a hit shallower
,

so

that this high-lying bound state (recall azo

th
=> En-Emai) is no longer their, then a co

and the ware function is sucked in the

potential fees attractive !

M
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Clearly it would be nice to summarizethe

actual interaction V(r) with something
easier to compute and more intuitive
- - &



which doesn't need to tell us the complex

physics at rero but just needs to get
the ware function outside of this zone right.

Such a potential might look something like :

VIr) = 2nS(r)
T

+ when + simple, no vial details
- when-

-
and this is exactly the Fermi pseudopot .

And the great thing for us is : Fermi devived

this to solve a problem in Rydberg Physics
-> so we can too ! --

I
&chin193nO

A nice history/review outicle is : ~
"Fermis Favorite Figure ...

"

,
Gould +

Sharapor EPJH ,
10 12022)·

Ishows also Fermi's much better sketch of "FigA" (



This was the system :
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This was actually on experiment done by
Amaldi and Segue-who , along with Fermi,-

Majorance ,
and others were members of the

"VipernaBoys" - in Rome in the

early 30s .
The background density was

so large that 1000s of atons wer

-

within the Rydberry or bit !



Amaldi and Segre anticipated that they
would no longer be able to observe my

Rydbeg spectra ,
since collision with the background

atcams must bely destroy the ability to

excite such weakly bound states !

But to their surprise, they did observe Rydberg
series-just of slightly different transition
frequencies...

Na + H perturbes

tiny shift↓ ↓J visible !

Na

/Amald : + Segue
Nature 133 ,

14((1934)

Depending on the background gas, this shift
in the lines was at times towards higher
energics /blue, lower energies (red), and



(Fichtbauer ,
Schulz

,
Brandt

sometimes none at all
! ZeitschriftfirPhysik 10 ,

403(1944)
This was also observed blue

basically contemporaneously
by Furchtbauer- coworkers
in Rostock ! nothing!
-

Fermi quickly realized red

that this was a hint

that more was going on in the "Atomi Jonti"

than anticipated.

Why? His first colculation assumed that

the residual ion would polarize and attract

the neutral gas atoms through the interaction

potential
V(R : )=

4

I we will derive this formula soon).
He then calculated the

energy shift resulting
from the polarization of the medium by the ion.



First seevinte
,

11 Now
"This precede innot oree

↓ Cemento I ,
137

(1934) J Watson , RMP&2

The basic idea is simple :
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configurations
ER3 !

Assume a uniform distribution -> everyatom

occupies a "Wigner Seitz" sphere of volume

1/9 ,
where g is the density. They

,
we ca

go
from I to JdR

,
where the lower limit

is not zero (causing a divergence ! ) but instead

# = 1/ -> Rus
= (s)+I

S
A S
-

-

D
My MR)o =-

= 45(4)134194/
~ 209

The R Y dependence means : we con just sun

over all space since contributions outside the

Ryd orbleane negligible.



In sam,
this gloes an

energy shift
of about

DE = - 1029413.
This is always regative as G is (in the ground

statel always positive -> this predicts a RED shift.

So we obviouslyreed to see what the electron is

really doing - and we have to go beyond the

somewhat naive plate of the electron-atom

interaction being incapsulated as UW-CR-14.
2

las usual
,

more on this point later-- - )

To start the derivation,
notice that

the Rydbay election is very slow :

v-1/u

so it has a very long deBroglic wavelength :

When it encounters a perturbe, it does
so at nearly zeo every =f S-core is all

that matters !



The electronic TISE is :

-
2

pr t U(r) + EU(r, Re) 4 = Et ①[ elec-ion a

Jzm zu
-
L

1-1/r in simplest cos) perturber-elec
1- Er-me in simplest

case)

Now let's think about whatthe elec of

"Should" look like near on atom:
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:

Iinside located !

very
camp

From this picture ,
we can see that a good idea

might
be to consider averying this WF over

a region approx equal to the sizeof the

pertuber . Outside, such a procedure just



gives the same WF back /maybe a bit

'pixellated' since it is $0 Slowly varyingover

Rus .

That means : take D and integrate it over a

small volume dX
:
around the pertubers !

&

S ·+ E-U)T① port
& where F = Sdx Y· FiT = Say .

U
. 4 9
eval
this
first !

To calculate *, recall the form of 4 near o

percuber : it is sware locally and nearly
-

at Zero energy :

4 =r) Yoo(o , 4)

Fu" (r)= (Vcluci) - Ayr)
E =O ...

From a few
pagesago

outside the rea
No of Vil

,
we acrs !!



acri = Chr-a)
,
Vero.

T
we don't yet know this.

Idea: outside UIr)
,
the ought # is

The some as 4
. Let's are this to find

Start wI the E=O SE :

124= 04
,

4= Yoo)
.

Integrate it over on averaging volume :

-> [04dr= Supar

= 4%0 Soon "cindn
&
metal :

r (n ! u) = u"r + 41

- y"v = yu'r) - ul

= unYouCuirr - So"wirldr]
= 45Yo0[rucro) -O-acro)-1

↑ 3
C cr-a)

= 4nYo0)(ro-cro + (a)

YooL=furn



So : we have 4
.

Now we need it :

↑ /
T

= Cr2-Cardr

-here we use the

fact that the averaging
= -Kron)

volume is large compared 2

-

It- ga
~Co

Istrointeracticea
ne note : This give us

c !

So : 0 = 04+ /s -r)F -E4
je = /Pro

= OLT +E(E-U)i - 44400 La

- I
too!

i

4And finally : => - 2 + 04+ = EF
in
---

This is just the SE for # col on additional energy
terrm !



Punchline : the effect of all these

pertubers is to shift theelectric energy

by DE= a&
This term can be pos or ney, following
the sign of a and typically dominates- 1

The other due to the 8"3 factor !

Moreglobally useful purchlie :

-

We showed that :

& Cu4dr = 4 Haπ

-> this equation would hold for
any 4 if

the real potental V was replaced by

Vermi(v ,
r)= S-E).

This is the MOUS Contact/ Fermi
- potential !



key physis insight from Fermi :

Squeeze everything you don't know

into an increasingly smaller volumeWand characterize your luck of knowledge-

by a single number a !

-- - -
Some other checks/points :

1) The Fermi pseudopotential also guarantees
That we get the rightscattering length
in the Born approxi

a= -

S Fontbrenlovsintdele
2

Fo MemVIE isO
· didAdy

V(t) = SSIESSID).
↑ sint m



l= 0 :

-

a = &
-Mode= gra-

I
F &

-

2) The pseudopotential is otherwise

tingaleto useinmme
ex

a
to use theactual out (with phase shift)
rather then faelry.

That means we have (for ECO and l=0) :

v - a

4(r) - -- ①
Mi

rather them

↑ (r) = El - +1
. ②

For O
,

we might calculate matrix elements
like : (UCrit(r)dr= In

= o
= a !



This is cured by a more vigorous deivation
which yields the regularization operator :

-

Vermi=S
Notice that this gives :

(U(r)4dr = (510) (n - a)dr

= SsIri[1]dr = 1.

This behaves as necessary. However, it's not

recessing to include this reg - op .
When we

one doing mean-field of postulative caks,
for example when the Fermi PP is used to

desive :

1) The Gross-Pitcevsl: Ea .
for

BECs / see other course material)

2) Rydberg Molecules


