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Scope of today’s lecture
At the core of quantum simulation with Rydberg atoms: 150 years of spectroscopy


• From Rydberg to Pauli/Schrödinger to present day

As billed, it is a “lecture”:


• …expect some equations…

• slides: https://www.pks.mpg.de/correlations-and-transport-in-rydberg-matter

What are Rydberg atoms?

• Quantum defect theory: alkali atoms

• Key properties of Rydberg atoms

• Multichannel quantum defect theory: 

many-electron atoms

What are they good for? 


• Rydberg-Rydberg interactions

• van der Waals / Rydberg blockade

• dipole-dipole / “flip-flop” interactions


• Rydberg-ground-state-atom interactions

*we won’t actually discuss this. 
it’s just to get your attention

https://www.pks.mpg.de/correlations-and-transport-in-rydberg-matter


Scope of today’s lecture
At the core of quantum simulation with Rydberg atoms: 150 years of spectroscopy


• From Rydberg to Pauli/Schrödinger to present day

Bernien et al Nature 551 579 (2017)



A little pre-history
What can the emission and absorption of light tell us about the structure of matter? 

1868: Ångström publishes study of hydrogen spectrum


1885: Johann Balmer discovers a relationship between these observed lines.


1888: Johannes Rydberg synthesizes empirical results, fully generalizing Balmer’s 
formula and kicking this all off.


1911: Rutherford presents his model of the atom: a compact, positive core with a 
cloud of electrons around it - no more plum pudding!


1913: Bohr and Rutherford present a semiclassical, “old quantum theory” 
argument. This fails for every atom with more than one electron. 


17 January 1926: Pauli solves the quantum Kepler problem for the hydrogen atom.


27 January 1926: Schrödinger solves the quantum Kepler problem for the 
hydrogen atom. 

our goal: to derive this formula that Rydberg 
figured out 30 years before quantum mechanics
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Schrödinger equation:
 …in atomic units where   
ℏ = e = me = 1

This separates in 
spherical coordinates 
(among many others - 
try it in parabolic 
coordinate in your vast 
spare time!)


Before we can understand the rest of the periodic table, we need to understand H

…where  and  are the eigenvalues of  and 
ℓ m ⃗L 2 Lz

“All” we have to do is to solve the radial equation in each angular momentum channel:


E = −
1

2n2
, n > l .

…but we’ve all done this before!




From hydrogen atoms to Rydberg atoms
The hydrogen atom solution admits an infinite series of highly degenerate bound states 

(−2E)−1/2

n = 1

n = 2

n = 3

n = 4

n = 5

n → ∞

There is no restriction on :

-infinite series of states 
converging to threshold at E = 0

-SO(4) symmetry: high 
degeneracy

nℓ = 0 …1 …2 …3 …4 …5

Rydberg atoms get huge:





                     

E = T + V ⟹ −
1

2n2
= −

1
r0

⟹ r0 = 2n2

Atoms with high n are called     
Rydberg atoms
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A little bit of motivation
Why should you care about Rydberg physics?

• Fundamental: 


• beyond a “measure zero” set of ground 
states, all spectroscopy is Rydberg physics.


• Quantum-classical correspondence, chaos 
and quantum scarring


• Useful: 

• sensing (highly responsive to external fields)

• quantum computing

• quantum simulation

• quantum optics

• many-body quantum scars


• Versatile

• “Universal”



Exotic Rydberg systems

+

--

Vieitez et al PRL 101 163001 (2008)

Hydrogen+ (proton)

Hydrogen- (anion)

Heavy Rydberg states - atom-like molecules

• extremely different size / energy scales

• possible initial state for producing equal-mass plasmas



Exotic Rydberg systems

-

+

Rydberg positronium - long-lived matter/antimatter

• Annihilation of ground state Ps occurs   s. Rydberg states live  s.

• Precision QED or gravity tests

< 10−7 > 1−5

Cassidy et al PRL 108 043401 (2012)

positron

electron
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Kazimierczuk et al Nature 514 343 (2014)

Rydberg excitons - bound electron-hole pairs in materials.

• particle + quasiparticle

• Not perfectly spherically symmetric - still living in a lattice!
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Exotic Rydberg systems
Rydberg excitons - bound electron-hole pairs in materials.


• particle + quasiparticle

• Not perfectly spherically symmetric - still living in a lattice!



Exotic Rydberg systems
Rydberg molecules


• Frederic Merkt (ETH) / Tilman Pfau (Stuttgart) / Ed Grant (UBC) / Stephen Hogan (UCL) + more…

Circular Rydberg states 


• Michel Brune (CNRS) / Florian Meinert (Stuttgart) + more…

• atoms with 


Circular Rydberg states + antimatter + matter + ….

• Sótér et al Nature 603 411 (2022)


l = m = n − 1

Rydberg transitions

probe background 
density
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A few formulas…

fEℓ(r) → Ar−νer/ν sin π(ν − ℓ) − Brνe−r/ν cos π(ν − ℓ)

gEℓ(r) → − Ar−νer/ν cos π(ν − ℓ) − Brνe−r/ν sin π(ν − ℓ) (A and B are constants)

E = −
1

2ν2

First - analytically continue to negative energies. 

Second - obtain asymptotic expansions:

EVERY formula here assumes 
the limit r → ∞
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A few formulas…

E = −
1

2ν2

⟹ ν − ℓ +
δℓ(E)

π
= nr

(we did it!)

Eℓ = −
1

2(n − μl)2

Where  is the quantum defect! μl



Some takeaways of quantum defect theory
KEY POINT #1: At sufficiently large  we have an analytically solved problem

KEY POINT #2: At small  the physics is nearly independent of energy

r
r

QDT does not discriminate between scattering physics (collisions) and bound state physics (spectroscopy) - this lets 
us describe a whole bunch of physics in a large energy range with just a few parameters.
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KEY POINT #1: At sufficiently large  we have an analytically solved problem

KEY POINT #2: At small  the physics is nearly independent of energy

r
r

QDT does not discriminate between scattering physics (collisions) and bound state physics (spectroscopy) - this lets 
us describe a whole bunch of physics in a large energy range with just a few parameters.

(−2E)−1/2

n = 1

n = 2

n = 3

n = 4

n = 5

l = 0 1 2 3 4 5

l → ∞
n → ∞



Multichannel quantum defect theory
KEY POINT #3: Most atoms are multichannel in nature - this is where QDT shines

Complicated… Coulomb…
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Multichannel quantum defect theory
KEY POINT #3: Most atoms are multichannel in nature - this is where QDT shines

Complicated… Coulomb…

E1

E1

E2

uEℓ(r) ∼ cos δℓ(E)fEℓ(r) − sin δℓ(E)gEℓ(r) 0 = sin π [ν − ℓ +
δℓ(E)

π ]
Instead of phase shifts…we get an energy-
independent Scattering matrix S or Reactance matrix K

Applying boundary conditions at infinity gives either 
bound states or autoionizing resonances



Multichannel quantum defect theory
KEY POINT #3: Most atoms are multichannel in nature - this is where QDT shines

Complicated… Coulomb…

E1

E1

E2

Greene, C.H. (2023). Quantum Defect Theory. In: Drake, G.W.F. (eds) Springer Handbook 
of Atomic, Molecular, and Optical Physics.

“Bound state in the continuum”
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After the dust has settled, we are left with a dipole-dipole potential. 

What next?

kinetic energy of 
relative motion

Dipole-dipole 
interaction
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Rydberg 
atom #1

Rydberg 
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2u± = (a + c) ± 4b2 + (a − c)2
u+ = Δ +

d1d2

R3
.

Two classes of interaction:

u+ ≈ 2Δ +
(d1d2)2/(2Δ)

R6
.

u− ≈ 0 −
(d1d2)2/(2Δ)

R6
.

(a b
b c)

u− = Δ −
d1d2

R3
.(of course we’re gonna Taylor expand again)



Both atoms in same state: 

E− ≈ −
(d1d2)2/(2Δ)

R6
.

This non-resonant van der Waals 
interaction is at the core of ground-state — 
ground-state atom scattering as well as 
the source of Rydberg blockade: the 
ultra-strong interaction between Rydberg 
atoms prevents their mutual excitation!

V(R)

E+ ≈ 2Δ +
(d1d2)2/(2Δ)

R6
.

ΔΔ

This simple two-state model shows that atoms interact at long-range in two different regimes:

How do Rydberg atoms interact?



+

This simple two-state model shows that atoms interact at long-range in two different regimes:

Each atom in a different state:

This resonant dipolar interaction leads to 
a “flip-flop” or exchange interaction 
between atoms; in the full picture this 
interaction is anisotropic!

u± = Δ ± d1d2

R3
.

ΔΔ

How do Rydberg atoms interact?



The general problem is just a little bit harder:

Hint( ⃗R ) =
∞

∑
κ1,κ2=1

Vκ1κ2

Rκ1+κ2+1

How do Rydberg atoms interact?

And the equivalent pieces to our  are…⃗r1, ⃗r2

Sebastian Weber et al J. Phys. B 50 133001 (2017)
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The general problem is just a little bit harder:

How do Rydberg atoms interact?

Instead of dipole moments d we have…

Sebastian Weber et al J. Phys. B 50 133001 (2017)

https://github.com/pairinteraction/pairinteraction



Scope of today’s lecture
At the core of quantum simulation with Rydberg atoms: 150 years of spectroscopy


• From Rydberg to Pauli/Schrödinger to present day

As billed, it is a “lecture”:


• …expect some equations…but hopefully not too many

• slides: https://www.pks.mpg.de/correlations-and-transport-in-rydberg-matter

What are Rydberg atoms?

• Quantum defect theory: alkali atoms

• Key properties of Rydberg atoms

• Multichannel quantum defect theory: 

many-electron atoms

What are they good for? 


• Rydberg-Rydberg interactions

• van der Waals / Rydberg blockade

• dipole-dipole / “flip-flop” interactions


• Rydberg-ground-state-atom interactions

*we didn’t actually discuss this. 
it’s just to get your attention

For more details: feel free to shoot me an email at 

meiles@pks.mpg.de

https://www.pks.mpg.de/correlations-and-transport-in-rydberg-matter


Rydberg molecules, polarons, and composites
High-L-> electronic state gets even richer

A ground state atom

V( ⃗r, ⃗R ) = 2πaeδ3( ⃗r − ⃗R ) .

(−2E)−1/2

n = 1

n = 2

n = 3

n = 4

n = 5

l = 0 1 2 3 4 5

l → ∞
n → ∞

Two ingredients make a long-range Rydberg molecule:

Rydberg atom +

=

Two types of molecules exist because there are two types of 
Rydberg states: te high-l states remain hydrogenic and the 
SO(4) symmetry is partially preserved!

(electron-atom interaction given by 
Fermi’s pseudopotential)



Rydberg molecules, polarons, and composites
High-L-> electronic state gets even richer

Us(R) = 2πae |Ψns(R) |2

For a quantum defect state 

(s-state for example):

R



Rydberg molecules, polarons, and composites
High-L-> electronic state gets even richer

UT(R) = 2πae ∑
lm

|Ψnlm(R) |2

For a quantum defect state 

(s-state for example):

R R

The degenerate states hybridize 
to form a “trilobite”:

Us(R) = 2πae |Ψns(R) |2



Rydberg molecules, polarons, and composites
High-L-> electronic state gets even richer

Rydberg molecule with a quantum defect: simple electronic 
structure (no back-action on the electron);

interaction with each ground state atom in a gas is 
independent of the others: polaron physics.

• Simple electronic dynamics, complex atomic dynamics


Rydberg molecule without a quantum defect: electronic 
character is sculpted by the ground state atom; each atom 
added modifies the potential all of the rest feel: Rydberg 
composites

• Complex electronic dynamics, 

simple atomic dynamics



Rydberg molecules, polarons, and composites

V(r) ≡ Vsr(r) =
2πaIB

M
δ(r)

• An impurity particle interacts with a non-interacting BEC at T=0

H = ∑
k

k2

2M
d†

k dk + ∑
k

k2

2M
b†

k bk + ∑
k,k′￼,q

V(q)d†
k−qdkb†

k′￼+qbk′￼

• atomic impurity: short-ranged 
interactions

V(r) ≡ VRyd(r) =
2πae

me
|ψn00(r) |2 .• Rydberg impurity: long-ranged 

interactions
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In the right limit, 
the Rydberg 
polaron 
behaves 
identically to 
the “normal” 
Bose polaron.
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V(q)d†
k−qdkb†

k′￼+qbk′￼

• atomic impurity: short-ranged 
interactions

V(r) ≡ VRyd(r) =
2πae

me
|ψn00(r) |2 .• Rydberg impurity: long-ranged 

interactions

In the right limit, 
the Rydberg 
polaron 
behaves 
identically to 
the “normal” 
Bose polaron.


…but it can do 
lots more!

A. A. T. Durst and MTE in prep




HTB =
M

∑
q=1

Eq |q⟩⟨q | +
M

∑
q=1

M

∑
q′￼≠q

Vqq′￼
|q⟩⟨q′￼|

Rydberg molecules, polarons, and composites
“Rydberg composite” Hamiltonian Tight-binding Hamiltonian

MTE, A. Eisfeld, J. M. Rost PRR 5, 033032 (2023)

MTE, C. W. Wächtler, A. Eisfeld, J. M. Rost arXiv:2309.03039

HRC = −
∇2

2
−

1
r

+ 2π
M

∑
q=1

aeδ3( ⃗r − ⃗R q)

 ground state atoms immersed in a Rydberg electron’s wave function
M A “particle” hopping through a lattice of  sites
M

this is made possible by the “accidental degeneracy” of the Coulomb potential.



Disorder; band edge

Extended Mixed Localized

Rydberg molecules, polarons, and composites

No disorder Disorder; band middle

When you get a tight-binding Hamiltonian, why not study Anderson localization and disordered systems? 

MTE, A. Eisfeld, J. M. Rost PRR 5, 033032 (2023)




Rydberg spectrum and wave functions:

• Bulk-boundary correspondence

• Topologically protected  

edge states

Vqq+1

Eq

t1'

E
 (M

H
z)

-4

0

4

t2'(3/4)t2' (5/4)t2't2'/2 (3/2)t2'

Ring Rydberg composite:

• Same configuration for NN hopping

• Staggered angles         staggered hopping

Su-Schriefer-Heeger: 

• Staggered hopping

• Chiral symmetry

• Polyacetylene model

Rydberg molecules, polarons, and composites
When you have disorder, why not seek out 

topological protection? 

MTE, C. W. Wächtler, A. Eisfeld, J. M. Rost arXiv:2309.03039



Scope of today’s lecture
At the core of quantum simulation with Rydberg atoms: 150 years of spectroscopy


• From Rydberg to Pauli/Schrödinger to present day

As billed, it is a “lecture”:


• …expect some equations…but hopefully not too many

• slides: https://www.pks.mpg.de/correlations-and-transport-in-rydberg-matter

What are Rydberg atoms?

• Quantum defect theory: alkali atoms

• Key properties of Rydberg atoms

• Multichannel quantum defect theory: 

many-electron atoms

What are they good for? 


• Rydberg-Rydberg interactions

• van der Waals / Rydberg blockade

• dipole-dipole / “flip-flop” interactions


• Rydberg-ground-state-atom interactions

*we didn’t actually discuss this. 
it’s just to get your attention

For more details: feel free to shoot me an email at 

meiles@pks.mpg.de

https://www.pks.mpg.de/correlations-and-transport-in-rydberg-matter

