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Abstract—A fractional differential equation is derived that describes the transformation of a stochastic trans-
port from fast spreading (x O tY, a > 1) to a pseudowave regime (a = 1) due to the finiteness of the velocities
of individual particles. Qualitative features of the new regime are discussed. © 2002 MAIK “ Nauka/| nterperi-

odica” .

1. INTRODUCTION

In this paper, we consider the diffusion, in a homo-
geneous and isotropic medium, of a macroscopic cloud
of microscopic passive particles (i.e., those that do not
affect the medium) characterized by a certain interna
random-walk law. The latter circumstance relates this
process to the class of stochastic transports, which is
very popular in modern physics (see, for example, sur-
veys [1-3] or the recent papers [4-9]). Depending on
the features of the random walk at the microscopic
level, macroscopic transport equations for the cloud
density n(x, t) may strongly differ from classical diffu-
sion eguations (while including the latter as a particular
case) and involve, as arule, fractional derivatives (see
[10]) with respect to the space and/or time variables.

The standard random-walk model is as follows.
Consider one-dimensional motion of a particle aong a
straight line x (multidimensional analogueswill be con-
sidered at the end of this paper) that is characterized by
the probability laws g(|x|) and f(t): the particles situated
at any point (say, at X;) may instantaneously jump to
neighboring points, so that the probability that a parti-
cle occurs within the interval (x; + X, X, + X + dX) is
equal to g(x)dx; thisjump occurs after a certain waiting
period, so that the probability that a particle leaves its
original position (the same point X;) within the interval
(t, t + dt) (after arriving at this point) is equal to f(t)dt.
It is the random character of the microscopic law of
motion that isresponsiblefor the stochastic character of
the corresponding macroscopic transport: during this
process, the initial state ny(x) = n(x, O) is forgotten, and
the distribution n(x, t) attains a universal self-similar
profile (see the cited literature and the reasoning
below).

Historically, the first analyzed example of such
walks was a crowd of drunk sailors with rather primi-
tivegand f (see[1]); however, the model described here
isfairly universal and admits awide variety of physical
interpretations. For example, we are especialy inter-
ested in the resonance radiative transfer in a coronal

plasma [11, 12]. In this case, the mean free path of a
microscopic particle (aphoton or ay quantum) depends
onwhether this particleis emitted at the center or onthe
wing of aline, so that g(x) is uniquely determined by
the shape of the line contour, whereas f(t) describes a
spontaneous radiative decay of the excited state of the
ion into which a quantum is transformed after its
absorption. Of course, the actual process of radiative
transfer is more complicated than the model under con-
sideration (in particular, it requires that the plasma
characteristics, such as the concentration and tempera-
ture, should be homogeneous and stationary); neverthe-
less, this model reflects many features of actua pro-
Cesses.

A specific problem to the solution of which this
paper is devoted isthe determination of the effect of the
finiteness of a fixed velocity v of particles on the
spreading of a cloud of excitations, i.e., taking into
account the deviation from the standard model. How-
ever, a better understanding of the arising problems
requires a brief account of the specific character of the
process in the classical statement, i.e., with v = c0. We
will mainly follow [5], athough there are many other
works devoted to similar problems.

2. SPECIFIC FEATURES OF THE DESCRIPTION
OF A STOCHASTIC TRANSPORT

The spreading of a cloud of particles is determined
by the following important characteristics of the space
and time distribution functions: the mean square of dis-
placement (mean free path) and the mean expectation
time

+o00 00

0 = J’ng(x)dx, 0= J’tf(t)dt. (1)

When these parameters arefinite, the effective transport
equation asymptotically (i.e., for macroscopic time
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t > [M0and spatial scales|x| > / X'D) reduces to the

classical diffusion equation
2

a_n = Da_n’ D = D(_2D

at 6X2 ZHU

When these expressions are divergent (due to the
slowly decaying power tails of g and f), the situation
changes drastically. The case X?[= « of the so-called
Levy flightsleadsto the spatial nonlocality of thetrans-
port process (afractional power of aL aplacian—acon-
volution-type integral operator with a certain power
function of x—appears in the eguation) and a faster
spreading of the cloud, whereas the case with [i[Cl= o
(which is characterized by the term “traps’) gives rise
to the time nonlocality (afractional time derivative of a
certain different type!) and decel erates the macroscopic
motion. In the general case, the asymptotic transport
equation is expressed as

a'n B
— = —K(-4)"n, 2
ot’

where the constant K and the exponentsy< 1and <1
are related to the powers of the tails of f and g, so that
the evolution of the cloud width n(x, t) is described by
= a - Y
xdt', a= 26" (©)]
The redundant minuses of the Laplacian are attributed

to the form of the corresponding operator in the Fourier
space (see below).

The standard terminology classifies any stochastic
processes described by (3) witha > 1/2and a < 1/2 as
super- and subdiffusion procassas1 Here, the stochas-
ticity, or forgetting the initial conditions mentioned
above, consists in ascribing the self-similarity of the
Green's function,

G(x, 1) = (L) D/,

of Eq. (2) to the general solution of this equation;
namely, as soon as the characteristic width of G, which
increases according to (3), becomes greater than the
initial size of the cloud (one often speaks of the suffi-
ciency of the doubling of the scale during the spreading
process), the density distribution

+o00

n(x, t) = I Ne(X)G(Xx — X', t)dx’ 4

LIn fact, here we implicitly assume that physical systems are spa-
tially and temporally homogeneous, as was mentioned in the
Introduction, since a conventional diffusion process with x ~

/Dt in the case of D = D(x, t) can guarantee the fulfillment of
(3) for any a (which frequently occurs).
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becomes more and more universa:

+o00

(X, 1), - — G(x 1) J' nyX'dx'

(see below). In other words, the self-similarity, which
generally facilitates the analysis of the properties of
mathematical physics equations, in this caseis* attract-
ing” in addition; this considerably simplifies the analy-
sis of the possible behavior of such physical systems.
Interestingly, the specific form of G(®) depends on 3
and y separately, rather than on a.

Thus, it is the Levy flights that are responsible for
the superdiffusion behavior in this model.2 Depending on
aspecific physical problem (for example, depending on
the shape of the line contour), the parameter a may
take any value. Here, the case a > 1isof greatest inter-
est (when 3 o, the boundary of a is associated with
the divergence of the moment [ix|Cof g) when the
spreading of the cloud occurs at increasing rate. There
is no established term for this situation; the term
“enhanced superdiffusion” used in the title sounds
fairly natural.

Aswe mentioned above, the problems presented in
this section were analyzed from various viewpoints and
to different degrees of comprehensiveness in many
studies. Nevertheless, the question concerning such an
important generalization of the random-walk model as
the consideration of the finiteness of the velocities of
microscopic particles as they move to neighboring
points (which is certainly inherent in real physical situ-
ations) has scarcely been analyzed. As applied to non-
diffusion equations, this question has been raised quite
recently in [6, 7]; however, one can hardly agree with
all the assertions made in those works.

3. THE EFFECT OF THE FINITENESS OF FLIGHT
VELOCITIES: PRIMARY CONSIDERATIONS

Infact, even aqualitative analysis of the arising new
situation (cf. [7]) dlows one to make important
assumptions about the expected phenomena. First of
all, we have to realize what we are going to find out.
The obviouseffect of the finiteness of theflight vel ocity
is the fact that the Green's function of the effective
equation (which represents the density distribution n(x,
t) in (2) with ny = &(X); see (4)) identically vanishes for
[X| > vt. Thisfact may be very important, for example,
in physical problems that require a rigorous consider-

2|n general, the converse is not true: the fact that a transport equa-

tion contains the operator (—‘A)I3 does not always guarantee that
there are Levy flights in the physical phenomenon described by
this equation. For example, in the problems of skin effect [13] or
the Maxwell relaxation of charge [14] in thin films, the operator
(-0)Y2 is attributed to purely geometric reasons, and there are no
microscopic particles at all; in these problems, n plays the role of
the component of a magnetic (electric) field normal to the film.
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ation of therelativistic causality principle, and does not
aways strongly influence the behavior of the main
group of particles. When a < 1, the boundary G =0
moves faster than the characteristic self-similar param-
eter (3), so that the old Green's function is formed
asymptotically (Eq. (2) also makes sense only asymp-
totically) with the distortion of ®(§) only on “far” tails
(the boundary of these distortions being such that
&boundlt - o — ). We will not consider this phenome-
non. A sufficiently detailed discussion of this phe-
nomenon as applied to the conventional diffusion
equation (the Gaussian profile ®(§)) was given, for
example, in [15].

The situation is entirely different for the enhanced
superdiffusion. Here, in contrast, the evolution of the
self-similar width of the cloud is faster; therefore, the
asymptotic condition |x| < vt substantially changes the
form of G and the structure of Eq. (2) itself. The present
paper isdevoted precisely to the derivation of thisequa
tion with allowance for these new circumstances.

It isfair to say that, when a < 1, the finiteness of v
may change the value of the coefficient K, while |eav-
ing unchanged (in the above sense) the fractional expo-
nents of (2). It seems sufficiently obvious that, when [l
and [ix|Carefinite, the following changeis made in K:

EBXID

at— 00+

()

This fact is well known for a diffusion process. How-
ever, the change (5) should also be valid for infinite val-
ues of the mean expectation time (in the sensethat finite
values of [ix|(0do not influence the value of K any
longer).

The earlier works[6, 7] shed light differently on the
v phenomena discussed. There is a rather enigmatic
assertion in [6] that the finiteness of v reduces any
equations of type (2) (with any 3 and y) to a diffusion
equation. This error was corrected in [7], which was
only partly concerned with this problem; however, the
authors of [7] restricted themselves to the derivation
and analysis of thetype (2) equationswith regard to (5).
Asfor the enhanced superdiffusion (recall that [ix| 3= oo
in this case), a strange result was obtained in [7] that,
since the finiteness of v for a > 1 qualitatively changes
the Green's function of the initia equation (2), this
equation is “absolutely inapplicable to the description
of real processes’; as aresult, the strongest effect due
to thefinite particle velocity (v # o) wasleft unstudied.

In fact, the more apower function with alarge expo-
nent leads alinear function for large val ues of the argu-
ment, the more it falls behind it for small values of the
argument. Under enhanced superdiffusion, acloud first
spreads rather slowly, so that the constraint |x| < vt
starts to influence the self-similarity (3) not very soon
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and, for sufficiently large values of v, the transforma-
tion of the process, which occurs for t O vV -1 may
leave enough time for the initial macroscopic evolution
by the law (2), (3) (intermediate asymptatics).

A clear physical example of such a possibility is
provided by a radiative transfer in a coronal plasma.
This phenomenon is characterized by considerable val-
ues of a and huge values of v (it is the velocity of
light!). Thelatter fact allows oneto set v equal toinfin-
ity in the majority of plasma problems; however, tech-
nically, thisisnot always correct. Moreover, thissimply
may proveto beincorrect even in the present statement,
let alone in other possible physical realizations of the
model; this fact stimulates the analysis of the transfor-
mation described. The mathematical procedures
involved will be based on the approach used in [5].

4. INITIAL EQUATIONS

An adequate description of the kinetics of a trans-
port process requires the introduction of several new
parameters N, F, and Q in addition to n, g, and f. Aswe
noted in the Introduction, the particles located at a
given point x remember the moment when they arrived
at this point; therefore, their spatial density n represents
an integral of a certain distribution N with respect to
lifetimet:

00

n(xt) = J'N(x, t, T)dt.

It is more convenient to express the transition to further
motion in terms of the probability to survive until T,

F) = 1-[f@t,
0

rather than directly intermsof f. Finally, we can denote
by Q(x, t) a flow emanating from a given point and
directed to either side and reaching any distance.
According to the definition, f characterizes the escape
rate in terms of particles that have initially arrived at
this point, of which only a part determined by F(T)
remain by the moment 1. Therefore, by the conditional
probability formula (see [5]), we have

N(x £, 1)

FO f(t)dr.

Qx. 1) = J' (6)

Thus, we obtain the following compact expression
for the equation of balance for the particles that are
located at a given point at a given moment (for resting
particles):
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n(x, 1) = Ig(x')eg—@g
t—|x|/v -

f Qtk-x, t- X —tDF(t)dtdx ™

°(X Yt

I

where Ny(X, T) = N(x, 0, 1) isthe initia lifetime distri-
bution of particles. Equations (6) and (7) provide afull
description of the situation.

It is easily seen that, while the parameters F and Q
are only needed to make the expression more compact,
the introduction of the distribution N is essential in the
sense that the equation for n cannot be expressed only
interms of the density n of particles; i.e., in general, the
macroscopic kinetics depends on the microscopic
details in a rather awkward way. Unfortunately, this
technical feature is not properly reflected in the litera-
ture; as a rule, one immediately writes only a micro-
scopi ¢ transport equation (see, for example, [7]), which
isactualy valid only in a certain asymptotic sense.

One meets no problems only in the case

f = pexp(—ut), p = 1/00

when F and f (and, consequently, Q and n) arejust pro-
portional to each other. This law is encountered quite
frequently in physical applications; for example, it is
typical of theradiative decay of excited states. For other
f (which are also encountered in practice), the features
of the function of N versus its arguments make their
own contributions. The point is that the newly arriving
particles form aself-similar profile

Niew = 0(t—T)P(t—T)F(1)

with a correlated dependence ont and t, where Pisan
incoming flow. The old initial distribution is shifted to
thedomain T >t and monotonically decreases dueto the
flights to the neighboring points (see (7)). When such
self-similarity occupiesagreater part of the profile N(t)
and starts to dominate in Q, the integralsin dt' and dt
(the latter integral enters the definition of Q (6)) in (7)
can be interchanged, and, instead of N, one obtains its
integral—the macroscopic density n. For simplicity,
one can choose N, asashifted Dirac’s deltafunction (as
proposed in [5]):

[

No = ny0.(1), J’ o,()dt = 1.

This provides a self-similar relation between the func-
tionsof N versust and t from the very beginning of the

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 94

255

process. Then, instead of (6) and (7), one obtainsasin-
gle basic equation (cf. [5] with v =00 and [7]):

nx9 = [ g(x)0H - '-XViE
- (8)

t—|X|/v

J’ f(t)nk-x, t—X' ~t5ddx + F(O)ng(x).

In the general case, this equation is valid only asymp-
totically; this makes the problem of describing the evo-
[ution of acloud for small timet —» O rather involved
but does not influence the present study. In fact, Eq. (8)
in the problem considered is not sufficiently asymp-
totic. For our purposes, we have to make the transition
t — oo (which isaccompanied by thetransition X —
oo due to the spreading phenomenon). The simplest way
to do thisisto apply the Laplace transform with respect
to the time variable and the Fourier transform with
respect to the space variable; this will save us from
dealing with convolution integrals; calculations with
functions are simpler than those with operators.

5. ASYMPTOTIC EVOLUTION

To facilitate intermediate calculations and to make
definite certain numerical coefficients, it is desirable to
specify the expressions for the distribution functions g
and f(F) without losing the possibility to describe a
variety of formsof Eq. (2). Thefollowing class of func-
tions proves to be very convenient (see [5]; to simplify
the cumbersome expressions, everywhere below we use
dimensionless variables, so that x, t ~ 1 correspond to
microscopic scales):

_TE+Y2) 1
9 JTR) (1437 ©
f = ———-————y = 1 .
= hm FO s o

Here, I' isthe Euler gammafunction, and the numerical
coefficients are determined by the normalization of g
and f to 1. Only the power exponents of the tails of func-
tions that are parameterized by the positive numbers 3
and y are essential for the further analysis. These expo-
nents coincide with those introduced in Egs. (2) and (3)
(variants (9) with B, y > 1 give standard integral-order
derivatives in macroscopic transport equations®).

3 Stochastic transports of type (2) and with a fractional derivative
with y > 1 are yet possible but in entirely different problems, for
example, in adrift of a passive impurity by aturbulent flow of a
fluid [16].

No. 2 2002



256

As reference information, we present the aforemen-
tioned power moments of these distributions (aslong as
they exist):

r@-12)

X0 = ,
JTr(P)

1 _
-1 0T
1

af = yTl
Below, wewill restrict theanalysistothecase 3 < 1 (the
opposite case is described by analogous formulas) and
mainly to 3 < 1/2.

The simultaneous application of the above Laplace
and Fourier transforms reduces Eq. (8) to

Nok = [9() exp(=pIX|/ V)] f onpi + F ooy

(here, the symbol [ -], stands for a Fourier component of
an appropriate function). The asymptotic transition |x|,
t — oo in (8) corresponds to the dual transition k,
p — 0in (10). For the latter transition, it suffices to
expand the equation in power series in k and p and
retain thefirst termsin the expansion. Here, it is conve-
nient to subtract the expression f n, from the left- and
right-hand sides of (10) simultaneously. Then, for gand
f from (9), the original Eq. (10) is transformed to (the
appropriate integrals and their series expansions can be
found, for example, in [17])

(10)

Oe-12)p

ren gl - {0t

Lra-p 1
F(1+PB)2%**cos(mp)

AR AR

- 1
+ [py -y + m}%k

(11)

(cf. [5] and (2) with v = o).

Actually, for every specificvalueof  andy, Eg. (11)
hasasimpler form. Say, fory>1(i.e., for finite @0}, one
can neglect p'—* as compared with unity (p°) in square
brackets on both sides of the equation, whereas, fory< 1,
the situation is opposite. The cases 3 > 1/2 and 3 < 1/2
give similar results. The “critical” values of the num-
bersB=12andy=1 (aswell as3 = 1) yield adightly
more complicated problem (which requires removal
of the o — o uncertainties), since there appear loga-
rithms in addition to the power terms in the equation
(see[5]). Theterminology of 8¥/0tYand (-A)P used in (2)
is attributed to the coefficients p¥ and |k[?® (for v = ).

The combination containing (p/v + ik)?® (just asthe
first term on the right-hand side, wherethetermstik are
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merely canceled out) results from the series expansion
of the integral

exp( p|x|/v)cos(kx)d
I 2.B+ 12
(1+x)
Therefore, we have to single out a branch with real val-

uesfor rea k and positivep; i.e., the above combination
can be represented as

(12)

p/v

Joiv)32+ i

Itisclear that, for finite values of [x|[]the situation
actually coincides with the case discussed in Section 3.
For example, if d0is also finite, then the first term in
curly brackets on the right-hand side of (11) is com-
bined with the expression on the left-hand side to give
aterm of theform

(O0+ OX|0'v) pny

(cf. [7]). It isinteresting to note that there is no such a
coefficient on the right for ny,; this naturally implies
that the number of particles described by Eqg. (11)
asymptotically decreases by afactor of

Qo ( a0+ Ox|'v)

as compared with itsinitial value. This situation has a
simple explanation: The finite velocity of motion
results in a natural separation of particles into two
types: resting ones, which are described by Egs. (8),
(20), and (11), and flying ones. It is obvious that, on
macroscopic temporal and spatial scales satisfying the
inequalities

2 g
2‘%+k2 cos(2B¢), cosp = (13)
"4

t> 00 |x > Oxd

the densities of each type of particles are proportional
to the time during which they stay in this state; there-
fore (cf. [7]),

X
) = OxC

nﬂy(x t (14

s D).
If there are flying part|cles in the system at the initial
moment, then the following change is madein (11):

Nok —= Nok + Nejyok-

Thistrivial circumstance resultsin another (in addi-
tion to those discussed in Section 3) nontrivial phenom-
enon when [[ix| = oo. In this case, the number of flying
particles should asymptotically increase; in other
words, an irreversible transformation of resting parti-
cles (whose number asymptotically tends to zero) into
flying ones occurs during such a transport. Recall that
thesetwo states are actually quite different in aphysical
problem of radiative transfer through a plasma, so that
the total number of excitations in a medium will
decrease, while the number of y quantawill asymptoti-

No. 2 2002



ENHANCED SUPERDIFFUSION AND FINITE VELOCITY OF LEVY FLIGHTS

cally tend to a constant value. Naturally, this fact man-
ifestsitself in the structure of the Green’sfunction since

Jiondx

is not an integral of motion any longer in the effective
transport equation.

Thus, the problem in question is solved: Eq. (11)
represents an asymptotic equation of stochastic trans-
port with the finite velocity of Levy flights. In the next
section, we discuss the characteristic features of the
equation obtained.

6. TRANSFORMATION OF REGIMES
UNDER ENHANCED SUPERDIFFUSION

In addition to the renormalization of the coefficient
K in (2), which was pointed out in [7], for finite values
of v, the fractional power of the Laplacian is replaced,
according to (11), by a slightly more exotic combina-
tion

(plv +ik)* + (p=ik)*
2cos(1p) '

In principle, within the framework of the terminology
used, this combination can be expressed in terms of an
appropriate sum of fractional derivatives

Lo, o

[vat ™ o
(which, possibly, more clearly demonstrates the neces-
sary condition G = 0 for |x| > vt). However, in contrast
to (-A)P or 9Y/atY, this expression is not widely used.
How does such a transformation of operators influence
the structure of the Green's function of the transport
equation?

Since we are interested in the change of the self-

similarity (i.e., in a maximally strong influence; see
Section 3), we have to study a self-similar relation

between the characteristic scale of the wave vector k

and pin Eq. (11). Let usrewrite (11) in amore compact
form setting, for definiteness, y> 1 and 3 < 1/2 (cf. (2)),

_ L cos(2d)g2 . pITf
Po = K os(p) i+ 20 Mo Mo

k% — (15)

(16)
_r-py-1
r@a+p) 2’

and assume that v > 1 for transformation of regimes at
the stage of macroscopic evolution; formula (16) makes
sense only for this stage since we assumed that X, t > 1
when deriving these formulas.

Consider two limit regimes in (16): the old, now
intermediate, asymptotics and the new, final, asymptot-
ics. Initialy (i.e., for moderately larget and moderately
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small p), the term (p/v)? can be neglected as compared
with k2 in the parentheses on the right-hand side of (16)
(by setting ¢ = 172). Indeed, in this case, (16) reduces
to (2) with x 0 t¥28 (see (3)) or k O p¥2® (seetheright-
and left-hand sides of (16)), which allows us to neglect
(p/v)? as compared with p® up to p ~ v2P(1=28) (or
alwayswhen B> 1/2) or t ~ v 2P(1-28) (t ~ v Y@ -1 when
y < 1; cf. Section 3).

However, after acertain period of time, the situation
isradically changed, and the new self-similarity X ~ vt
(k ~ p/v) isestablished, so that the entire eft-hand side
of (16) can be neglected:

cos(2 2 F
K cos((ﬁg)a( +5_21% Mok = Nok-

Hence, the required Green's function of the “trans-
formed” equation is expressed as

_ cos(1p)
Gpx = 2, 2, 2\B
Kcos(2B¢) (k™ + p/v©)
This function really satisfies the announced conditions
that it should identically vanish at large distances and

that the total number of resting particles should asymp-
totically decrease. Since

17

+00

J’ndx = Nyy-o0

the effect is determined by the zero harmonic of G. In
addition,

Gpo U p,

therefore,

+00

‘[ndetzB‘l (or 7Y at y<1)

(recall that this regime is not realized when y < 23 or
o < 1!). This expression coincides with the expression
obtained by integrating (14) under the following inter-
pretation:

+00 vt
Inf,ydx —~const, OXO-—~ Ig(x)lxldx Ot 2,
—o0 -vt

t

Q0 J’f(t)tdt ot
0

Note that, when passing from p to t, the exponents in
the expressionsfor the real function G and the self-sim-

ilar parameter x (cf. conventiona diffusion equation)
differ by unity.
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The transformation of regimes from the conserva
tion of the total number of particles to its decrease
occurs, according to the general Eq. (16), by thefollow-
ing law:

+o00

Inpdx O 1

p+K(p/v)*

Asisclear from (11), wheny< 1, the second term inthe
denominator of this expression is additionally multi-
plied by p-Vv.

(18)

7. PARTICULAR CASES AND THE DISCUSSION
OF GENERAL PROPERTIES

According to (4), asymptotic relation (17) (or itsfull
variant following from (11) or (16)) allows one to
obtain a solution to the problem of enhanced superdif-
fusion with the finite velocity of Levy flights for any
initial distribution ny(x). However, operations in the
L aplace—Fourier space prove to be poorly descriptive;
therefore, to give an idea of the character of the new
form of the Green’'sfunction, we present simple expres-
sions for some of these functions in conventiona vari-
ables.

For the case B = 1/4 (x [ t?), which corresponds to
the frequently encountered Lorentz contour of linesin
the physical problem of radiative transfer, we have

B(vt—Ix)

12,32
vt

cjapatammiley (19)

(recall that thisexpressionisvalid only for t > v). Here,
Eqg. (17) isinverted completely due to the simple rela-
tion between the cosines of asimple and ahalf angle. In
this case, the transformation of regimes (18) occurs by
the following law:

J’ndx O exp%(zmerfc[KDt ]

Another case corresponds to a whole class of
extremely fast transports with  — 0O; here, one can
set cos(2B3¢) — 1 (which is not fully rigorous since
the gquestions concerning the convergence rate in dual
spaces arerather complicated; nevertheless, ¢ ~1inthe

self-similarity domain k ~ p/v), and, hence,

vO(vt—|x|)

(V2t2 _ Xz)l—B

(for t > v > 1, thisinequality imposes certain con-
straints on 3 for agiven v).

Degspite the fact that the Green's functions obtained

are similar to their analogues encountered in wave

problems, the process considered possesses al the
characteristic features inherent in stochastic transport.

GO (20)
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Indeed, we still deal with the infinitely spreading func-
tion

_ 1
G_zz

therefore, according to (4), any initial profile ny(x)
tends to the following universal distribution involving
few parameters (see [5]):

n(x, t) = AG(X— X,)[1 + O(1/t%)],

+00 +o00

A= J'nodx, AX, = J’xnodx;

i.e., the forgetting fully manifests itself (cf. the Hamil-
tonian problem of a truly wave motion). Note that,
since n(x, t) represents a convolution of ny with G, the
sharp gradients (and even discontinuities) of the latter
for |x| ~ vt in the asymptotic profile of the macroscopic
concentration are actually smoothed over a distance on
the order of theinitial width of acloud.

Nevertheless, variant (17) of the Green'sfunctionis
different from those obtained in earlier investigations.
When [Jix|[3# oo, for any velocity v, one can determine
the boundaries starting from which the effective trans-
port equation loses its sensitivity to the initial condi-
tions; this occursfor X > [[x|[JIn fact, we always deal
with the transient regime. This fact manifests itself in
the following. As was noted above, for 3 > 1/2 and
Nry0(X) # 0, we obtain only a certain renormalization of
theinitial condition; however, in our case, thisfunction
does not fully describe the situation; an adequate
description requires the introduction of the distribution
Ny @ the place where the particles will settle (cf. the
introduction of the distribution N(t)). Therefore, the
whole subsequent evolution can be radically changed by

an appropriate choice of the function |y(x).4 Inthiscase,
the relation between the functions n and ny,, is different
from asimple proportion even for ny,,, = 0 (see[7]):

|X|D

Ngy = 5V I Q%

X '
<o -y fadyax.
IX]
This fact is attributed to the extreme nonlocality of the

problem and the asymptotic extinction of resting parti-
cles.

4 Note that, in the case of highly nonequilibrium initial distribution
functions No(t) for = oo, the formation of the self-similar “t — 1"
profile of N may also take arather long time.
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8. INCREASING THE DIMENSION
OF THE PROBLEM

Itiswell known that, in conventiona superdiffusion
(with v = o), the transformation of the effective equa-
tion when passing from a one-dimensional problem to
a multidimensional problem is trivial: the fractional
power of the Laplacian in Eq. (2) correspondsto —|k [?
in space of arbitrary dimension (see [1-7]). The situa-
tion is completely different in the present case; it is
rather difficult to rewrite (11) or (16) in a new form.
Here, the problem is associated with the fact that the
simple additivity of p and ik is attributed exclusively
to the convenient properties of expression (12), which,
in the general case, are not preserved in spaces of other
dimensions.

Nevertheless, the situation is quite similar in the
most frequently encountered three-dimensional case:

+00

Iexp(—pr/v)exp(—ik (r)g(r)dr

_ _4T[J,exp( pr/v)sm(kr)g(r)rdr
k
0
(in the two-dimensional case, the sineisreplaced by a
Bessdl function). Hence, for v # o, the block of terms
containing k?® (where k is the modulus of the wave vec-
tor) in the effective equation is replaced by

(plv +ik)** ' —(plv —ik)***
2ikcos(m )

and the separation of the required branch yieldssin[(2[3 +
1)¢] rather than a cosine. In terms of conventional
physical variables, the situation is not so simple asin
(15), since, although p/v till correspondsto 0/0t, tikis
anintegral operator of thetype AY2from the very begin-
ning. However, from the mathematical viewpoint, oper-
ationswith (21) are not substantially more difficult than
operations with (15).

(21)

9. CONCLUSION

Thus, the solution of the problem on the determina-
tion of asymptotic properties of the stochastic transport
of microscopic particles has allowed us to derive new
macroscopic equations describing the kinetics of this
process with allowance for the finiteness of the velocity
of particles. Despite adifferent type of fractional deriv-
ativesinvolved, these equations prove to be very conve-
nient for asufficiently detailed analysis of the phenom-
ena associated with the finiteness of v: the transforma-
tion of the self-similarity of the Green's functions, the
extinction of resting particles, and nontrivial depen-
dence of the system evolution on the dimension of the
problem. All these questions can find direct practical
application, in particular, to the study of radiative trans-
fer in plasma.
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