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Abstract—A multifluid MHD model is applied to study the magnetic field dynamics in a dusty plasma. The
motion of plasma electrons and ions is treated against the background of arbitrarily charged, immobile dust
grains. When the dust density gradient is nonzero and when the inertia of the ions and electrons and the dissi-
pation from their collisions with dust grains are neglected, we are dealing with a nonlinear convective penetra-
tion of the magnetic field into the plasma. When the dust density is uniform, the magnetic field dynamics is
described by the nonlinear diffusion equations. The limiting cases of diffusion equations are analyzed for dif-
ferent parameter values of the problem (i.e., different rates of the collisions of ions and electrons with the dust
grains and different ratios between the concentrations of the plasma components), and some of their solutions
(including self-similar ones) are found. The results obtained can also be useful for research in solid-state phys-
ics, in which case the electrons and holes in a semiconductor may be analogues of plasma electrons and ions
and the role of dust grains may be played by the crystal lattice and impurity atoms. © 2001 MAIK
“Nauka/Interperiodica”.
Dust structures are frequently encountered in
space plasma: these are, e.g., planetary rings, inter-
stellar clouds, and comet tails. It is inevitable that the
dust is present in plasmas of experimental and indus-
trial devices. Thus, the dust adversely affects the per-
formance of computer chips produced by the plasma-
etching method. This important and challenging prob-
lem has stimulated theoretical and experimental
efforts aimed at studying dust-related processes in
plasmas [1].

The presence of dust in plasmas substantially mod-
ifies the picture of plasma phenomena that is usually
found in the two-fluid MHD approach [2]. There are
many papers devoted to charge-exchange and recombi-
nation processes in real dusty plasmas. Here, in order to
concentrate our attention on the characteristic features
of the magnetic field dynamics in a multicomponent
plasma, we assume that the dust plasma component is
represented by point grains having a constant charge
(see, e.g., [3]), in which case the plasma electrons and
ions experience purely Coulomb collisions with the
grains. In the steady-state and linear approximations,
analogous problems have been treated in solid-state
physics [4], in which case the electrons and holes are
analogs of plasma electrons and ions and the role of
dust grains is played by the crystal lattice of a semicon-
ductor. In this paper, we derive equations for the mag-
netic field dynamics in a dusty plasma. In particular, we
describe an effect that is analogous to the magnetoresis-
tance effect, which is well known in solid-state physics.
The term “magnetoresistance” has not yet found wide-
spread use in plasma physics, although the effect itself
has been rediscovered by many plasma physicists.

We describe the magnetic field dynamics in a dusty
plasma by the standard set of equations consisting of
1063-780X/01/2705- $21.00 © 20407
the equation of motion for ions and electrons without
consideration of the inertial terms (Aristotle’s equa-
tions)

(1)

(2)

(3)

where νed and νid are the rates of the collisions of
plasma electrons and ions with the dust grains and τ =

τei = , νei is the electron–ion collision rate; the con-
tinuity equation

(4)

the condition for the plasma to be electrically neutral
(the electroneutrality condition)

(5)

where Zd is the grain charge and nd is the grain density;
and Maxwell’s equations

(6)

(7)

The main difference of the set of equations pre-
sented here from the standard two-fluid MHD equa-
tions is that we incorporate the dust component into the
electroneutrality condition (5), which now implies that
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the plasma electrons and ions are not directly coupled
to each other, but occupy such spatial positions that the
difference between their charge densities is equal to the
prescribed dust charge density.

In Eqs. (1) and (2), we neglect electron and ion iner-
tia, respectively, and, in Eq. (6), we ignore the displace-
ment current. The corresponding strong inequalities
under which these simplifying assumptions are valid
will be presented below. In Eqs. (1) and (2), we discard
terms with the gas-kinetic pressure and thermal forces;
i.e., we assume that

If, in Eqs. (1) and (2), we also omit terms accounting
for collisions of plasma electrons and ions with the dust
grains, we can sum Eqs. (1) and (2) multiplied by ne and
Zini, respectively, to obtain

(8)

Under this condition, the characteristic spatial and tem-
poral scales a and τ on which the inertial terms in
Eqs. (1) and (2) can be disregarded satisfy the inequal-
ities

We divide Eq. (8) by the dust density and take a curl
of the resulting equation:

When the transverse (with respect to the magnetic field)
dust density gradient is nonzero, we are faced with a
situation similar to that described by Kingsep et al. [5].
The exact solution that they derived in terms of the
electron magnetohydrodynamic (EMHD) model,
which makes it possible to treat electron motion
against the background of immobile ions, implies that
the magnetic field either penetrates into the plasma
due to the transverse ion density gradient or is locked
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Fig. 1. Geometry of the problem.
at the plasma boundary. In our problem, the role of the
ion density gradient is played by the dust density gra-
dient [6].

The equation for the magnetic field dynamics (the
Hopf equation) has the form

The magnetic field penetrates into the plasma in the
form of a shock wave moving at a constant speed v =

. In [5], the shock front is assumed to be governed

by the competition between the nonlinear effects and
diffusion. In our problem, the diffusion term is omitted.
However, as the shock front steepens, the spatial scale
a shortens; when it becomes as short as a ≈
(c/ωpi)Zini/Zdnd, electron and ion inertia should be
taken into account (see [7]).

In order to clarify the consequences of the electron–
grain and ion–grain collisions, we consider the simplest
one-dimensional problem, setting σ = ∞. Since the ions
are much heavier than the electrons, M @ m (see also
[2]), we take into account only ion–grain collisions.
Stricter inequalities, under which electron–grain colli-
sions may be neglected, will be presented below. We
direct the y-axis along the magnetic field (B ≡ By) and
consider the magnetic field dynamics along the x-axis
only (Fig. 1). We also assume a uniform dust distribu-
tion.

In planar geometry, Eq. (6) reduces to the simple
equation

(9)

We find the electron velocity from Eqs. (1)–(3) and use
Maxwell’s equation (7) to obtain

(10)

Substituting expression (10) into Eq. (9) yields (cf. [3])

(11)

Since the electroneutrality condition (5) indicates that
the dust grains redistribute plasma electrons and ions in
space, we must supplement the equation for the mag-
netic field dynamics with the continuity equation for
one of the plasma components, e.g., for plasma elec-
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trons. To do this, we insert the electron velocity (10)
into the continuity equation (4):

(12)

According to Eq. (9), the magnetic field is frozen in the
electron plasma component. However, since the mag-
netic pressure forces the plasma electrons and ions to
“squeeze” between the immobile grains, we deal with
diffusion-like equations in which the diffusion coeffi-
cients depend on the magnetic field strength and the
electron and ion densities. Consequently, the plasma
resistivity also depends on the magnetic field strength.
In solid-state physics, this effect is known as the mag-
netoresistance effect (see, e.g., [8]); in plasma physics,
this effect was revealed in many theoretical and exper-
imental studies (see, e.g., [3, 9]).

Now, we examine the different limiting cases of
Eqs. (11) and (12).

1. First, we assume that the magnetization parame-
ter is large in comparison with the ratio of the total
charge of the plasma electrons to the total dust charge:

Recall that, in the equations of motion, the inertial
terms are omitted. In the limiting case under consider-
ation, this can be done under the following conditions
on the characteristic spatial (a) and temporal (τ) scales
of the problem:

We thus arrive at the equations

where

Depending on the sign of the dust charge Zd, we can
distinguish between the following four cases.

1.1. The dust charge is negative, Zd < 0.
1.1.1. If the dust charge is much smaller than the ion

charge,  @ 1, we can follow the evolution of the
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given initial profile of the magnetic field by performing
the self-similar change of variables t = t0 , x = x0 , ξ =

, B(x, t) = (ξ), and n(x, t) = (ξ), where the

zero subscript refers to the dimensional quantities and
the tilde identifies the dimensionless quantities. One of
the solutions to our problem has the form

1.1.2. If the plasma contains only a few electrons,
then the ions are confined to the dust component and
the magnetic field evolves in the usual way, with the
diffusion coefficient

1.2. The dust charge is positive, Zd > 0.
1.2.1. If the plasma contains many more ions than

the grains,  @ 1, the magnetic field dynamics is

analogous to that in case 1.1.1.
1.2.3. The opposite case, in which the grain positive

charge substantially exceeds the ion charge,  ! 1,

is described by the equations

(13)

(14)

We can see that the magnetic field evolves much more
slowly than the ion density: it varies at a rate propor-
tional to the small quantity Zini/Zdnd, which drops out
of the ion continuity equation (14). Consequently, we
can follow the behavior of the ion plasma component
while keeping the magnetic field profile fixed, in which
case the magnetic field gradient is found to expel the
ions from the plasma. Thus, for a magnetic field of the

form B(x) = B0 , Eq. (14) can be integrated by the
method of characteristics (Fig. 2):

where n0i is the initial ion density profile. In contrast,
for the initial magnetic field profile in the shape of a

well, B(x) = B0 , the ions tend to concentrate in the
magnetic well (Fig. 3):
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2. Now, we analyze another limiting case of
Eqs. (11) and (12); i.e., we assume that the magnetiza-
tion parameter is much smaller than the ratio of the total
charge of the plasma electrons to the total dust charge:

 ! . In this limit, the inertial terms in the

equations of motion can be neglected if the characteris-
tic scales of the problem satisfy the conditions

Under these conditions, the evolutions of the magnetic
field and electron density are described by the equa-
tions

(15)

(16)
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Fig. 2. Evolution of the ion density in a magnetic field with
a profile in the shape of a hump. The ion density profiles cal-
culated at successive times t1 < t2 < t3 are shown.

Fig. 3. Evolution of the ion density in a magnetic field with
a profile in the shape of a well. The ion density profiles cal-
culated at successive times t1 < t2 < t3 are shown.
As before, depending on the sign of the dust charge and
on the dust-to-electron and dust-to-ion density ratios,
we can distinguish between several cases.

2.1. The dust charge is negative, Zd < 0.

2.1.1. If the dust component is insignificant in com-

parison with the electron component,  ! 1, then,

by analogy to case 1.1.1, we again arrive at a solution
in terms of the self-similar variables

specifically,

2.1.2. If the dust component dominates over the

electron component,  @ 1, Eqs. (15) and (16)

have another self-similar solution, which can also be
obtained by switching to the self-similar variables ξ =

, t = t0 , x = x0 , B(x, t) = (ξ), and n(x, t) =

(ξ):

2.2.1. Finally, if the dust component is charged pos-
itively, Zd > 0, and if the ion component dominates, we
arrive at a self-similar solution analogous to that in case
2.1.1.

It should be noted that the symmetry properties of
the equations of motion (1) and (2) allow us to apply an
analogous treatment to the problem in which the major
role is played by the electron–grain collisions and the
ion–grain collisions are neglected.

The general equations for a dusty plasma in which
the electron–grain and ion–grain collisions are both
important is far more complicated. Thus, the dynamic
equation for the magnetic field has the form
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This equation makes it possible to determine the condi-
tions for the rates of the collisions of electrons and ions
with the grains under which the electron–grain colli-
sions can be ignored (cf. [2]):

Hence, we have established that, in a dusty plasma
in which the electron–grain collisions are unimportant,
the magnetic field is frozen in the plasma electrons,
which move under the action of the magnetic pressure
force. Although, in an electrically neutral dusty plasma,
the electrons are coupled to the ions, they are freer to
move than predicted by the standard two-fluid MHD
theory. As a result, the time evolution of the magnetic
field and plasma components is described by the non-
linear diffusion equations. In such a plasma, heat is
released from the friction between the plasma ions and
immobile grains, in which case the plasma resistivity
depends on the magnetic field strength.
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