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Abstract—A multifluid MHD model is applied to study the magnetic field dynamics in a dusty plasma. The
motion of plasma electrons and ions is treated against the background of arbitrarily charged, immobile dust
grains. When the dust density gradient is nonzero and when the inertia of the ions and electrons and the dissi-
pation from their collisions with dust grains are neglected, we are dealing with a nonlinear convective penetra-
tion of the magnetic field into the plasma. When the dust density is uniform, the magnetic field dynamicsis
described by the nonlinear diffusion equations. The limiting cases of diffusion equations are analyzed for dif-
ferent parameter values of the problem (i.e., different rates of the collisions of ions and electrons with the dust
grains and different ratios between the concentrations of the plasma components), and some of their solutions
(including self-similar ones) are found. The results obtained can a so be useful for research in solid-state phys-
ics, in which case the electrons and holes in a semiconductor may be analogues of plasma electrons and ions
and the role of dust grains may be played by the crystal lattice and impurity atoms. © 2001 MAIK

“Nauka/Interperiodica” .

Dust structures are frequently encountered in
space plasma: these are, e.g., planetary rings, inter-
stellar clouds, and comet tails. It isinevitable that the
dust is present in plasmas of experimental and indus-
trial devices. Thus, the dust adversely affects the per-
formance of computer chips produced by the plasma-
etching method. Thisimportant and challenging prob-
lem has stimulated theoretical and experimental
efforts aimed at studying dust-related processes in
plasmas [1].

The presence of dust in plasmas substantially mod-
ifies the picture of plasma phenomena that is usually
found in the two-fluid MHD approach [2]. There are
many papers devoted to charge-exchange and recombi-
nation processesin real dusty plasmas. Here, in order to
concentrate our attention on the characteristic features
of the magnetic field dynamics in a multicomponent
plasma, we assume that the dust plasma component is
represented by point grains having a constant charge
(see, e.g., [3]), in which case the plasma electrons and
ions experience purely Coulomb collisions with the
grans. In the steady-state and linear approximations,
analogous problems have been treated in solid-state
physics [4], in which case the electrons and holes are
analogs of plasma electrons and ions and the role of
dust grainsis played by the crystal lattice of a semicon-
ductor. In this paper, we derive equations for the mag-
netic field dynamicsin adusty plasma. In particular, we
describe an effect that i s anal ogous to the magnetoresis-
tance effect, which iswell known in solid-state physics.
The term “ magnetoresistance” has not yet found wide-
spread use in plasma physics, although the effect itself
has been rediscovered by many plasma physicists.

We describe the magnetic field dynamics in a dusty
plasma by the standard set of equations consisting of

the equation of mation for ions and electrons without
consideration of the inertia terms (Aristotle’'s equa-
tions)
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where vy and v,y are the rates of the collisions of
plasma electrons and ions with the dust grainsand 1 =

Ty = v;il , Vg IS the electron—on collision rate; the con-
tinuity equation

on, . _ oA
5 Tdvneve =0, a =ie “

the condition for the plasma to be electrically neutral
(the electroneutrality condition)
Zini+Zgng—ne = 0, )

where Z, isthe grain charge and ny is the grain density;
and Maxwell’s equations

_ 198
curlE = St (6)
curlB = 4—:]. (7)

The main difference of the set of equations pre-
sented here from the standard two-fluid MHD equa-
tionsisthat we incorporate the dust component into the
electroneutrality condition (5), which now implies that
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Fig. 1. Geometry of the problem.

the plasma electrons and ions are not directly coupled
to each other, but occupy such spatial positions that the
difference between their charge densitiesis equal to the
prescribed dust charge density.

In Egs. (1) and (2), we neglect electron and ion iner-
tia, respectively, and, in Eq. (6), weignore the displace-
ment current. The corresponding strong inequalities
under which these simplifying assumptions are valid
will be presented below. In Egs. (1) and (2), we discard
terms with the gas-kinetic pressure and thermal forces;
i.e., we assume that

N, T, < Bz, a=ie.

If,in Egs. (1) and (2), we also omit terms accounting
for collisions of plasmaelectrons and ionswith the dust
grains, we can sum Egs. (1) and (2) multiplied by n, and
Zn;, respectively, to obtain

-—ZdndeE-+[£,B} = 0. )

Under this condition, the characteristic spatial and tem-
poral scales a and T on which the inertial terms in
Egs. (1) and (2) can be disregarded satisfy the inequal-
ities

c Zn
Wpi ZgNg'

We divide Eq. (8) by the dust density and take acurl

of the resulting equation:
0B ]

— + —_

ot curl [Zd ny€’

When the transverse (with respect to the magnetic field)
dust density gradient is nonzero, we are faced with a
situation similar to that described by Kingsep et al. [5].
The exact solution that they derived in terms of the
electron magnetohydrodynamic (EMHD) model,
which makes it possible to treat electron motion
against the background of immobileions, implies that
the magnetic field either penetrates into the plasma
due to the transverse ion density gradient or islocked

-1
a> T < Wy

B}zo.
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at the plasma boundary. In our problem, therole of the
ion density gradient is played by the dust density gra-
dient [6].

The equation for the magnetic field dynamics (the
Hopf equation) has the form

0B 0B _
E*‘kB& =0,

c 0l g

- 4medzlZ n U

The magnetic field penetrates into the plasma in the
form of a shock wave moving at a constant speed v =

2
by the competition between the nonlinear effects and
diffusion. In our problem, the diffusion term is omitted.
However, as the shock front steepens, the spatial scale
a shortens; when it becomes as short as a =
(C/wyi)Zini/Zgng, €lectron and ion inertia should be
taken into account (see [7]).

In order to clarify the consequences of the el ectron—
grain and ion—grain collisions, we consider the simpl est
one-dimensional problem, setting 0 = . Sincetheions
are much heavier than the electrons, M > m (see aso
[2]), we take into account only ion—grain collisions.
Stricter inequalities, under which electron—grain colli-
sions may be neglected, will be presented below. We
direct the y-axis along the magnetic field (B = B,) and
consider the magnetic field dynamics along the x-axis
only (Fig. 1). We aso assume a uniform dust distribu-
tion.

In planar geometry, Eqg. (6) reduces to the simple
equation

. In[5], the shock front is assumed to be governed

10
cul E = eyE&vexB. 9)
We find the electron vel ocity from Egs. (1)—(3) and use
Maxwell’s equation (7) to obtain

2
Vex = - 2 (10)
n
8TZINIMV, 4[5 Ty + ——0
O ZynyO

Substituting expression (10) into Eq. (9) yields (cf. [3])

oB° U
7nBL=
a_B = 1 25 n ox E (11)
at 8T[Z§n§MVidaxl:| 2 _2 ns E
%oBi id ZjndZD

Since the electroneutrality condition (5) indicates that
the dust grains redistribute plasmaelectronsand ionsin
space, we must supplement the equation for the mag-
netic field dynamics with the continuity equation for
one of the plasma components, e.g., for plasma elec-
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trons. To do this, we insert the electron velocity (10)
into the continuity equation (4):

Z’nin 08"
on, _ 1 0 ' 0x
5 = 7> . (12)
t 8T[ZdndMVid Xl:l 2 2 ns |:|
(W Tig + —50
ZyngO

According to Eq. (9), the magnetic field isfrozenin the
electron plasma component. However, since the mag-
netic pressure forces the plasma electrons and ions to
“squeeze” between the immobile grains, we deal with
diffusion-like equations in which the diffusion coeffi-
cients depend on the magnetic field strength and the
electron and ion densities. Consequently, the plasma
resistivity also depends on the magnetic field strength.
In solid-state physics, this effect is known as the mag-
netoresi stance effect (see, e.g., [8]); in plasma physics,
this effect was revealed in many theoretical and exper-
imental studies (see, e.g., [3, 9]).

Now, we examine the different limiting cases of
Egs. (11) and (12).

1. First, we assume that the magnetization parame-
ter is large in comparison with the ratio of the total
charge of the plasma electrons to the total dust charge:

2 2 Ne
Wi Tig > ——.
dNg

Recall that, in the equations of motion, the inertial
terms are omitted. In the limiting case under consider-
ation, this can be done under the following conditions
on the characteristic spatial (a) and temporal (1) scales
of the problem:
2
25 Vig ¢ (Zinf

T < wg, V,
Wi wii (Z4ngd” By e
We thus arrive at the equations

oB__D 0p 0BQ
ot |Zdnd|ax%'n'6xﬂ

on; _ D 0 (Zin+Z4nq)dBn
at  |ZgngoxU B oxU

where

_—Ci - Z||Zd| nde2
4o’ Mviq

Depending on the sign of the dust charge Z;, we can
distinguish between the following four cases.

1.1. The dust chargeis negative, Z, < 0.

1.1.1. If the dust charge is much smaller than theion

charge, Ne | > 1, we can follow the evolution of the
Zyng
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giveninitia profile of the magnetic field by performing
the self-similar change of variablest =t,t, x=x,X, & =

X

=B = By I~3(E), and n(x, t) = -rlo-ﬁ (%), wherethe
t

~1/3 ~1/3

t t

zero subscript refers to the dimensional quantities and
the tilde identifies the dimensionless quantities. One of
the solutions to our problem has the form

A = A(B) = B,

y yZ4n X
5 dNd Xo g2 2

= — —_ > 0.
B (E,) GZinODtO(EO E )l y O

1.1.2. If the plasma contains only a few electrons,
then the ions are confined to the dust component and
the magnetic field evolves in the usual way, with the
diffusion coefficient

C_2 - Z||Zd| nde2
4mo’ Mv,y

1.2. The dust chargeis positive, Z, > 0.

1.2.1. If the plasma contains many more ions than
ne
Zyng

analogousto that in case 1.1.1.

1.2.3. The opposite case, in which the grain positive
Zin,
Zyny

the grains, > 1, the magnetic field dynamics is

charge substantially exceedsthe ion charge, <1,
is described by the equations
B _ D dn 9B
ot Zdndax%'n'axﬂ

ani =D 6 |j1|aB|:|

(13)

ot ox[Boxd

We can see that the magnetic field evolves much more
slowly than the ion density: it varies at a rate propor-
tiona to the small quantity Z;n,/Z;ny, which drops out
of the ion continuity equation (14). Consequently, we
can follow the behavior of the ion plasma component
while keeping the magnetic field profile fixed, in which
case the magnetic field gradient is found to expel the
ions from the plasma. Thus, for a magnetic field of the

form B(x) = Boe_xz, Eqg. (14) can be integrated by the
method of characteristics (Fig. 2):

n(xt) = ng(xe ™"

(14)

)e—ZDt
where n; is the initial ion density profile. In contrast,
for the initial magnetic field profile in the shape of a

well, B(x) = BoeX , the ions tend to concentrate in the
magnetic well (Fig. 3):

n(x t) = ng(xe™")e*™
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Fig. 2. Evolution of theion density in amagnetic field with
aprofilein the shape of ahump. Theion density profilescal-
culated at successivetimest; < t, < t; are shown.

n(x)

Fig. 3. Evolution of theion density in amagnetic field with
aprofilein the shape of awell. Theion density profiles cal-
culated at successivetimest; < t, < t; are shown.

2. Now, we analyze another limiting case of
Egs. (11) and (12); i.e., we assume that the magnetiza-
tion parameter ismuch smaller than theratio of thetotal

charge of the plasma electrons to the total dust charge:
2

n o N .
Wo T < = . In this limit, the inertial termsin the
dMNd

equations of motion can be neglected if the characteris-
tic scales of the problem satisfy the conditions

2

2 W c ONerf
a> ——=——=, T <Wg, Vg
Vig wsi [7;n,0 8 d
Under these conditions, the evolutions of the magnetic
field and electron density are described by the equa-

tions

B _ _Z ime_zdndea_BD
ot  4mMv,,0x0 n? axt!

(15)

one _ _Z 9 Me=ZyndBp
ot  4mMv,ox0  n, axt

(16)
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Asbefore, depending on the sign of the dust charge and
on the dust-to-electron and dust-to-ion density ratios,
we can distinguish between several cases.

2.1. The dust charge is negative, Z, < 0.
2.1.1. If the dust component isinsignificant in com-

ZgNy < 1, then,

ne
by analogy to case 1.1.1, we again arrive at a solution
in terms of the self-similar variables

parison with the electron component,

X
13’

t = tf, X = XX, &

—+

n(x, t)

B(x, 1) = fT%é(z), ;T%ﬁﬁ),

specifically,

2yT[Mvianx_§

2 2
e L&E)

i=A(B) = B, B'(E) =
y>0.

2.1.2. If the dust component dominates over the
Zad > 1 Egs (15) and (16)

electron component,

e
have another self-similar solution, which can also be
obtained by switching to the self-similar variables & =

X ~ ~ 1~
ETz,t:tot, X = XX, B(x, t) = f_uzB(E)’ and n(x, t) =

1 -~
—=n():
tJJZ

i=AB) =B, B = YE-E),

Zi |Zd| nd
= — <

4TMV, 4’ Osy<i

2.2.1. Findly, if the dust component is charged pos-
itively, Z; > 0, and if theion component dominates, we
arrive at aself-similar solution analogousto that in case
2.1.1.

It should be noted that the symmetry properties of
the equations of motion (1) and (2) alow usto apply an
anal ogous treatment to the problem in which the major
role is played by the electron—grain collisions and the
ion—grain collisions are neglected.

The genera equations for a dusty plasmain which
the electron—grain and ion—grain collisions are both
important is far more complicated. Thus, the dynamic
equation for the magnetic field has the form
PLASMA PHYSICS REPORTS  Vol. 27
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MMV, 4V oy C° U

BZ(MVidni + MVggNne) + —Eld‘ggd“‘(zizm\’edni +Mvgn,) U

B _ 10 z o83
ot 4mox E(Zizmvedni + MVidne)2 + ezzczing Bz% 6XB
O z? ¢ 0 O

This equation makesit possible to determine the condi-
tionsfor the rates of the collisions of electronsand ions
with the grains under which the electron—grain colli-
sions can be ignored (cf. [2]):

Vg mle mZn om0 1
Vog MnNn’ M n,’ Mn wéiTiZI

Hence, we have established that, in a dusty plasma
in which the electron—grain collisions are unimportant,
the magnetic field is frozen in the plasma electrons,
which move under the action of the magnetic pressure
force. Although, in an electrically neutral dusty plasma,
the electrons are coupled to the ions, they are freer to
move than predicted by the standard two-fluid MHD
theory. As a result, the time evolution of the magnetic
field and plasma components is described by the non-
linear diffusion equations. In such a plasma, hest is
released from the friction between the plasmaions and
immobile grains, in which case the plasma resistivity
depends on the magnetic field strength.
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