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ABSTRACT
We consider assemblies of molecules where the electronic wavefunctions of different molecules do not overlap. Typically, the interaction
Hamiltonian between two molecules is then described by their Coulomb interaction, and matrix-elements between products of single-
molecule energy eigenstates are calculated using the corresponding (transition) charge densities. In the present work, we compare this
approach with one based on (transition) current densities. As an example, we perform calculations for 3,4,9,10-perylenetetracarboxylicacid-
dianhydride (PTCDA) molecules in different arrangements. We find that for exact molecular wavefunctions, both methods agree, but there
are marked differences for the wavefunctions that we obtained from electronic-structure theory. The main difference can be attributed to the
error in the molecular transition energy and results in an arrangement-independent ratio between the interactions calculated with the two
approaches. At small separations between the molecules, additional deviations occur, which we trace back to the quality of the molecular
electronic wavefunctions. Within both approaches, we calculate interactions for the arrangement of PTCDA on KCl and NaCl surfaces and
compare to the ones obtained using the point–dipole approximation. Finally, we provide a simple algorithm that allows fast and accurate
calculations of the involved integrals.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0297044

I. INTRODUCTION

Many systems in physics, chemistry, biology, or nanotechnol-
ogy consist of assemblies of particles (atoms, molecules, quantum
dots, metal–nanoparticles, etc.) with distances ranging from a few
Ångströms to a few nanometers. Examples are pigment protein com-
plexes of photosynthesis,1–3 molecular aggregates in solution or on
surfaces,4–6 molecules in the vicinity of metal nano-structures,7,8 or
ensembles of (ultra-cold) Rydberg atoms.9–12 Long-range interac-
tions play an important role in these systems and lead to strong
changes in their optical and transport properties. It is, therefore,
an important task to evaluate these interactions. It is common to
start with eigenstates of the individual molecules. Denoting by ⌜ωA

a ⌜
the ath eigenstate of particle A, the relevant matrix elements of the
long-range interaction V̂int have the form ⌝ωA

a ωB
b ⌜V̂int⌜ωA

a⌐ω
B
b⌐⌜, where⌜ωA

a⌐ω
B
b⌐⌜ is a product state where particle A is in state a⌐ and par-

ticle B is in state b⌐.13 For large enough distances between the

particles, this interaction can be taken to be the interaction between
the transition point dipoles of the respective particles. In many situ-
ations, however, this approximation is not accurate enough. Then,
typically, this interaction matrix element is calculated using the
Coulomb interaction between the transition charge densities of the
two molecules.2,13,14

In the present work, we show that one can also calculate the
interaction by using the transition current density instead of tran-
sition charge density. The transition current density also offers the
possibility to go beyond the electrostatic approximation and treat
molecules at distances that are not small compared to the wave-
length of the molecular transition. Despite its fundamental role and
widespread use in various disciplines,15–19 including the theory of
molecular assemblies,20–22 the transition current density, to the best
of our knowledge, has never been utilized to calculate intermolecular
interactions from ab initio wavefunction data. As mentioned above,
for not too small distances, the interaction between the molecules
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can be well approximated by the interaction of two point dipoles.
Common ways to calculate these point dipoles is using the length
gauge (which relates to the transition charge density) or the velocity
gauge (which relates to the transition current density). It has been
realized that when using an exact treatment, the two approaches
give the same result. For approximate treatments (e.g., finite basis,
non-local potentials, or approximate Hamiltonians), however, they
usually differ.23–27 Clearly, for distances where the point–dipole
approximation is applicable, these discrepancies will directly affect
the resulting interactions. The questions of interest in this work
focus on how the interactions calculated using the two methods
(transition charge density and transition current density) behave as
a function of distance and relative orientation of the molecules. In
addition, we aim to find an efficient and simple way for performing
the six-dimensional integral over the densities.

To numerically calculate the interaction matrix elements
(either using the transition charge density or the transition current
density), we use discretization schemes, i.e., approximating the con-
tinuous densities by a finite number of elements. A straightforward
discretization scheme is to represent the densities on an equidistant,
rectangular grid. Then, at each grid-point, density is represented by
the integrated value over the volume associated with that grid point.
Let NA and NB denote the number of points used to represent the
densities of molecules A and B, respectively. Then, the calculation of
the interaction matrix element consists of a sum of NA ⌐NB terms.
When assessing interactions for numerous molecular arrangements,
as in large aggregates with positional disorder,4,28,29 the number of
calculations grows rapidly—and even more so because long-range
interactions require calculations not only for nearest neighbors. For
the case of the transition charge density, many methods have been
developed for that purpose (see, for example, Refs. 2 and 30–32).

Here, we use and investigate a simple and efficient method
that can be applied to both the transition charge and the transi-
tion current density. This method deterministically clusters points
from the initial grid representation, yielding far fewer points than
the original NA and NB, yet incurring negligible loss of accuracy.
As an example, we perform calculations for the molecule 3,4,9,10-
perylenetetracarboxylicacid-dianhydride (PTCDA), a well-studied
molecule. There are many situations where interaction between
different PTCDA are of great importance, e.g., crystals,33,34 thin
films,35–38 in liquid,39 helium droplets,40 various monolayers on
metallic, or dielectric surfaces.41–43 We focus in particular on the
arrangements of PTCDA monolayers on NaCl and KCl surfaces.

This paper is organized as follows: In Sec. II, we define the tran-
sition charge density and the transition current density, and state
their relation to the interaction matrix elements. We discuss briefly
the connection to point transition dipoles. In Sec. III, we perform
exemplary calculations for PTCDA. We show where our algorithm
places point charges and point dipoles and investigate the conver-
gence of the interaction matrix elements (for transitions between the
electronic ground and first excited state). We conclude in Sec. IV
with a brief summary and an outlook. In Appendix A, we provide
details about our algorithm to place the transition charges and the
transition dipoles. In Appendix B, we show that a special case of
our algorithms gives the so-called extended dipole approximation.
In Appendix C, we derive the continuity equation for the transition
current, which is then used in Appendix D to show that for exact
eigenfunctions the interaction calculated from the transition charge

density gives the same value as that calculated using the transition
current density.

II. BASIC FORMALISM
A. Description of the individual molecules

Throughout this work, we consider fixed nuclei at position Rω.
We also assume that spin–orbit interaction can be neglected, so that
the molecular eigenstates can be written as products of a spatial
wavefunction and a spin-function. To keep the notation simple, we
consider states with the same spin multiplicity (e.g., singlet states)
and do not write the spin part explicitly. The electronic Hamiltonian
of individual molecules then reads

Ĥel = −Nel⩀
k=1

⌐2
k

2
+ Nel⩀

k=1

Nel⩀
k⌐>k

1⌜rk − rk⌐ ⌜ −
Nel⩀
k=1

Nnuc⩀
ω=1

Zω⌜rk − Rω⌜ , (1)

where rk label the electronic coordinates and Zω are the charges
of the nuclei. The electronic eigenstates and the corresponding
eigenenergies of a single molecule are then determined by

Ĥel ωa(r{k}) = Ea ωa(r{k}), (2)

where r{j} is an abbreviation for the set of all electronic coordinates
r1, . . . , rNel and a labels the eigenstates. The transition frequencies
between the states a and b are defined by

ϵab = Ea − Eb. (3)

We use atomic units, unless stated otherwise.

1. Transition charge density
The transition charge density between two molecular eigen-

states is44

ϑab(r) = ⊍ d3r{k} ω∗a (r{k})ϑ̂(r, r{k})ωb(r{k}), (4)

with the operator,
ϑ̂(r, r{k}) =⩀

k
ϖ(r − rk). (5)

Remember that we use atomic units. In SI units in the right-hand
side, the delta function is multiplied by the electron charge e. The
hat indicates that ϑ̂ is an operator and not just a scalar function.

Note that the eigenstates are only fixed up to a phase, which
implies that the transition densities discussed in the following are
also only fixed up to a phase.

2. Electronic transition current and dipole density
The electronic transition current density between the states a

and b is defined as44

jab(r) = ⊍ d3r{k} ω∗a (r{k}) ĵ(r, r{k})ωb(r{k}), (6)

with the transition current operator,

ĵ(r, r{k}) = − i
2⩀k

(ϖ(r − rk)⌐k −⌐kϖ(r − rk)). (7)

The integral over the electronic coordinates is evaluated using, e.g.,
the exponential representation of the delta-function. It is convenient
to introduce the transition dipole density,44
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dab(r) = −i
1

ωab
jab(r) for a ≠ b, (8)

which is proportional to the transition current density. The pro-
portionality factor ωab appearing in Eq. (8) is just the transition
frequency defined in Eq. (3). As for the transition charge density, in
general, jab is complex, but for real wavefunction, it is purely imag-
inary and thus dab is real. In the present work, we will deal with
real-valued wavefunctions.

B. Interaction between molecules
We now present two ways of calculating the interaction matrix

elements between two molecules. One is based on the transition
charge density, the other on the transition current density. In
Appendix D, we show that the two ways give (for exact electronic
eigenfunctions) the same result. We point out that the used formulas
do not contain radiation contributions and are only valid for molec-
ular separations that are much smaller than the wavelength of the
transition—the case in which we are interested.

1. Using transition charge density
The interaction matrix element between a transition of

molecule A and a transition of molecule B is given by (see, e.g., Chap.
9 of Ref. 13)

W(A,B)
ab,cd = ⊍ d3r⊍ d3r⌐ ϵ(A)ab (r) ϵ(B)cd (r⌐)⌜r − r⌐⌜ , (9)

where a and b are the states involved in the transition of molecule A,
and c and d are the ones of molecule B. In general, the ϵab is com-
plex, but for real wavefunction (which we are using in the following),
it is real. One should keep in mind that the interaction matrix
elements are only determined up to a phase since the underlying
wavefunctions are only determined up to a phase.

2. Using electronic transition current
and dipole density

The interaction matrix element between a transition of
molecule A and a transition of molecule B is given by

V(A,B)
ab,cd = ⊍ d3r⊍ d3r⌐ ⌝d(A)ab (r)⌝T T(r, r⌐) d(B)cd (r⌐), (10)

with the dipole tensor,

T(r, r⌐) = 1
⌜r − r⌐⌜3

⌝⌝⌝⌞⌝⌝⌞! − 3
(r − r⌐)(r − r⌐)T
⌜r − r⌐⌜2

⌞⌝⌝⌞⌝⌝⌞. (11)

This tensor fulfills T(r, r⌐) = T(r − r⌐) and describes the interaction
between dipoles located at r and r⌐, respectively. For exact transition
charge densities, ϵab, and exact dipole densities, dab, the interaction
matrix elements V and W, as given in Eqs. (9) and (10), do agree
(see Appendix D). Note, in particular, that no multipole expan-
sion has been made to arrive at (10). In Sec. II D the point–dipole
approximation is briefly discussed.

We should note that Eqs. (9) and (10) with (11) are only
valid for static Coulomb interactions and the longitudinal part of
the dyadic Green-function,45 respectively. Those approximations are

useful for intermolecular distances smaller than the wavelength of
the transition. In order to treat molecules at larger distances, where
transversal (i.e., radiation) components might become relevant, one
has to replace T in Eq. (10) by the full Green-function.

C. Numerically calculating the integral
appearing in the interaction

We aim at evaluating the integrals appearing in Eqs. (9) and
(10) as sums of a finite number of transition charges/dipoles located
at appropriate positions, i.e.,

W ≈ NA⩀
n=1

NB⩀
m=1

qA
n qB

m⌜rA
n − rB

m⌜ , (12)

V ≈ NA⩀
n=1

NB⩀
m=1
⌟dA

n ⌟T T(rA
n , rB

m) dB
m, (13)

where rA⌜B
n are the positions at which NA/B charges qA⌜B

n or dipoles
dA⌜B

n are located. For readability, we do not explicitly keep the labels
of the two states involved in the transition. The n-summation runs
over molecule A and the m-summation over molecule B. Equa-
tion (12) is the Coulomb interaction between charges at different
particles, and Eq. (13) represents the interaction between a dis-
tribution of dipoles at molecule A with a distribution of dipoles
of molecules B. The summation of Eqs. (12) and (13) contain
Nsum = NA ⌐NB terms.

The summations in Eqs. (12) and (13) represent a very gen-
eral description. If one uses a dense regular grid for rA⌜B

n , with
qA⌜B

n or dA⌜B
n obtained with an electronic-structure calculations, they

are essentially exact. Therefore, we will use those values later on
as reference values. The drawback is the high computational cost.
For example, when one takes the positions rn on a regular grid
with 100 points in each spatial direction, one would have to sum
up 106⋊2 terms. The other extreme is considering the molecules as
point dipoles, as discussed in the following. In this case, we have
NA = NB = 1 in Eq. (13). The prize one has to pay is an approximate
description, particularly for small inter-molecular distance. Here, we
aim at intermediate numbers NA/B, say a few hundred, which makes
the computation (even for many pairs of molecules) tractable with-
out compromising much on the final accuracy. We give a detailed
description of the fast and simple algorithm that we propose in
Appendix A.

Note that when one is dealing with identical molecules, it is
convenient to perform this calculation only for one molecule and
then shift and rotate the molecular frame into the arrangement of
the interacting molecules.

D. Connection to transition point dipoles
It is well known how various types of point dipoles are related

to the transition charge density and to the transition current density.

1. Point dipole from the transition charge density
A multipole expansion leads to the transition point dipole,

ωab = ⊍ d3r r ϵ(r), (14)
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located at position Rab = (⊍ d3r r⌜ϑ(r)⌜)⌟(⊍ d3r ⌜ϑ(r)⌜). This expres-
sion is often referred to as the transition point dipole in length
gauge.44 In Appendix B, we also provide the often used extended
dipole.32

2. Point dipole from the transition current density
From Eq. (6), one directly obtains a point transition dipole,

dab = −i
1

ϵab
⊍ d3r jab(r), (15)

which is located at ⊍ d3r r ⌜ jab(r)⌜⌟ ⊍ d3r⌜ jab(r)⌜. This is denoted as
transition dipole from the velocity gauge in Ref. 44.

3. Interactions
Within the point–dipole approximation, the interactions of

Eqs. (12) and (13) become

Wpoint ≈ ⌟ωA⌟T T(RA, RB) ωB, (16)

Vpoint ≈ ⌟dA⌟T T(RA, RB) dB, (17)

where we have not explicitly written the labels of the participat-
ing states. For exact eigenfunctions and eigenenergies, the point
dipole in length gauge is equal to the dipole from velocity gauge,
and therefore, both interaction matrix elements will be the same.

III. EXEMPLARY CALCULATIONS FOR PTCDA
In the following, we will consider the interaction of a pair of

two identical molecules. We have chosen PTCDA, a flat molecule
with 38 atoms; see Fig. 1, where we show the structure in the bottom
panels. We consider neutral and closed-shell PTCDA molecules. We
are interested in transitions between the electronic ground state (g)
and the first excited state (e). For the results shown in the follow-
ing, these states are obtained from electronic-structure calculations
using Psi4,46 release 1.8. The level of theory used to calculate the
molecular wavefunctions of the ground and first excited states is
configuration interaction singles (CIS)47,48 with a restricted active
space (2e,2o) consisting of LUMO and HOMO. We used the spher-
ical harmonic atomic orbital basis set 6-311G(2d,2p).49 We did not
impose the D2h symmetry. From these states, the densities are com-
puted and represented on a regular grid using ORBKIT version
1.1.0.17 The resolution of the grid is ϵx = ϵy = ϵz = 0.0529 Å. We
have taken the grid sufficiently large to ensure it contains the com-
plete densities. The number of grid points for the three directions are
Nx = 281, Ny = 201, and Nz = 101, respectively. Correspondingly,
the covered volume is 14.8 ⌐ 10.6 ⌐ 5.3 Å3. The transition dipole
density deg(r) is obtained from Eq. (8) using the transition
frequency ϵeg as obtained from Psi4.

A. Point dipoles
From ORBKIT, we also obtain the point dipoles (14) and

(15), which in Ref. 44 are denoted as “dipole in length gauge” and
“dipole from velocity gauge,” respectively. We find that both point
in the same direction (along the x axis) but have different mag-
nitudes: ⌜ωeg⌜ = 10.60 D and ⌜deg⌜ = 7.84 D, respectively. For a fully

FIG. 1. Structure of PTCDA and its transition densities. The structure is shown in
the bottom panels. The planar PTCDA molecule is taken to lie in the x–y plane
(z = 0). The different panels show cuts through the transition charge density (left
column) and the transition dipole density (right column) parallel to the x–y plane at
various values of z (indicated in the panels). Note that for z = 0, the densities are
zero.

converged electronic-structure theory calculation, these values
should agree. A difference between them gives hints on the qual-
ity of the obtained energies and wavefunctions.44 While in Eq. (14)
only the wavefunctions appear, in Eq. (15), the transition frequencies
also enter. From our quantum chemistry calculations, we have ϵeg≈ 29 547 cm−1. Absorption and fluorescence experiments of PTCDA
in He nanodroplets (which are close to vacuum conditions at zero
temperature), however, show the value ϵexp

eg ≈ 21 000 cm−1.50 This
gives a ratio ϵexp

eg ⌟ϵeg ≈ 0.71. This is close to the ratio s = ⌜deg⌜⌟⌜ωeg⌜≈ 0.74 between the dipole from velocity gauge and the dipole in
length gauge. This suggests that the main difference between deg
and ωeg is due to the bad quality of the quantum–chemical transi-
tion energy. More accurate calculations quickly become much more
expensive and do not change our general observations discussed in
the following. Note that in the definition of the transition density
Eq. (8), the same factor ϵeg appears and, therefore, it appears squared
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in the interaction Eq. (10). We come back to this point later in this
article.

B. The transition densities
The transition current density and the transition charge density

as obtained from ORBKIT are shown in Fig. 1. For better represen-
tation, we show stream-line plots (obtained using matplotlib) for the
transition current density. We present the density distributions for
cross sections parallel to the xy-plane at the z-values indicated in
each panel. Note the symmetry with respect to the molecular plane(z = 0). For the transition current density, the vector field has only
very small components in the z-direction.

These representations on a dense grid will now be replaced by
a smaller number of point charges or point dipoles. In Fig. 2, we
show examples of the placement of the point charges qn and point
dipoles dn. These qn and point dipoles dn with their respective posi-
tions rn then enter Eqs. (12) and (13). The absolute values ⌜qn⌜ and⌟dn⌟ are represented by the radii of the spheres and the lengths of
the arrows, respectively. We show results for different total numbers
of transition charges/dipoles obtained using the algorithm described
in Appendix A. For the charge density, we have used the variant
described at the end of Appendix A.

FIG. 2. Approximating the continuous transition charge density (left column) and
dipole density (right column) by a finite number K (specified in each row) of charges
or dipole vectors. The radii of the spheres (lengths of the arrows) are proportional
to the values of the charge ⌜qm⌜, with the color indicating the sign (dipole strength⌜dm⌜). Note that the spheres or arrows can be too small to be visible and thus the
numbers of charges and dipoles may seem to be different, although they are not.

C. The interaction between molecules
We come now to the main part of the present work, where we

investigate the interaction obtained from the transition charge den-
sity and the transition current density. In addition to the question if
the two quantities give the same value of the interaction, we are also
interested in the convergence with the number of charges/dipoles.
We exemplify our findings for a few selected molecular arrange-
ments, as shown in the upper row of Fig. 3. With R, we denote
the magnitude of the center-to-center distance between the two
PTCDA molecules. For all calculations, the (grid-)representation
of PTCDA, discussed at the beginning of this section, has been
used. For molecules that are shifted and rotated with respect to
the molecule considered above, we simply apply the same shift and
rotation to the points (and dipole-vectors) obtained for the original
position and orientation.

In the second row [Fig. 3(a)], we show the distance dependence
of the interaction. To facilitate the comparison between W and V
from Eqs. (9) and (10), respectively, we have multiplied V by a fac-
tor s2 = ⌟ωeg⌟2⌟⌟deg⌟2 ≈ 1.81, where ωeg and deg are the point dipoles
from Eqs. (14) and (15) above. Note that for this comparison, we
could have distributed this factor s2 in an arbitrary way among W
and V . However, the discussion of Subsection III A suggests the
present choice.

In each panel of Fig. 3(a), we show four curves: the results
obtained from the dipole approximation Wpoint and Vpoint (both
indicated by the black dotted lines), which are exactly identical
because of our scaling of V with s2. The other two curves are inter-
actions obtained from the densities on the fine grid discussed above
(0.1 bohr resolution). We denote the respective interactions by Vgrid
(blue-solid) and Wgrid (red-dashed). For an even finer grid, there
would be very small changes (not visible on the present scale and
typically not relevant for practical purposes, where a relative error of∼1% is more than sufficient).

One clearly sees that the grid calculations differ at small dis-
tances significantly from the point–dipole interactions Vpoint and
Wpoint. For all cases shown, one sees that for distances R ⋊ 2.5 nm,
the point–dipole approximation agrees well with the results of the
grid-based calculations. However, for smaller distances, marked
differences become visible. As expected, these deviations grow
for decreasing distances. More interesting for us is the difference
between Wgrid and Vgrid. We see that, both on the logarithmic and
the linear scales, these curves are nearly indistinguishable. This is
an encouraging result. We want to stress that this agreement is
not guaranteed and seems to require sufficiently accurate wavefunc-
tions from the electronic structure calculations. If the wavefunctions
would be highly accurate, then the difference between W and V
would be mainly caused by the error in the transition frequency ϵeg
(and only slightly by the error in the wavefunction). Then, we would
find that for a fine enough grid, the interaction calculated from
both methods would agree for all molecular arrangements (because
we have taken the error of ϵeg into account via the scaling by s2).
Since there is agreement for large distances, our results show that no
global (i.e., R-independent) scaling is possible. We have found that
for smaller basis sets, the difference between Wgrid and Vgrid can be
quite large (e.g., for the 3-21G basis set, we found relative differences
about 7% for the arrangement of the second column of Fig. 3).

In the two bottom rows [Figs. 3(b) and 3(c)], we show the
convergence of the interaction with respect to the number K of
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FIG. 3. Distance dependence and convergence of the interaction for selected molecular arrangements (shown in the top row). Row (a): interaction calculated using the full
original grid using Eq. (13), blue lines, and (12), the red dashed lines, together with the point dipole results Eqs. (16) and (17) (black dotted curves). Note that we have
scaled the results that come from the current by the factor S given in the main text. That enforces that the point dipole curves lie exactly on top of each other. One also sees
that the curves of the full calculation are indistinguishable. To be better able to compare the curves over a large range of distances, we use a logarithmic energy scale and
plot the absolute value of the interaction. The insets show the important case of small distances where we kept the sign of the interactions, which depends on the dimer
geometry. Row (b): convergence with respect to the number of dipoles used in Eq. (13). Note the logarithmic color bar. Row (c): same as third row, but now for the number
of point charges used in Eq. (12). The center-to-center distance is denoted by R. Note the different ranges of the distance R for the four cases. The contour line with a
relative error of ε = 1% is plotted in white.

charges/dipoles used to approximate the density. The bottom row
[Fig. 3(c)] is for the transition charge density and row above
[Fig. 3(b)] for the transition current density. As reference, we have
chosen the values Wgrid and Vgrid obtained from the fine grid [i.e.,
the values of row (a)]. We show the relative errors εK(R) = ⌜EK(R)− Egrid(R)⌜⌟⌜Egrid(R)⌜, where EK(R) denotes the interaction energy
(either W or V , respectively) obtained using K charges/dipoles
and Egrid(R) is the respective reference calculation [Wgrid(R) or
Vgrid(R), respectively]. Note the logarithmic scale of the color-bar.
We see that upon increasing the number K of charge/dipoles by an
order of magnitude, the relative error decreases roughly by an order
of magnitude. This is a very rough estimation since the convergence
is typically not uniformly. There is only a weak dependence on the
relative error on the distance R between the molecules, with a slightly
faster convergence for larger distances. In general, the convergence
of the transition charges is slightly faster than that of the transi-
tion current calculations. One needs roughly five times more dipoles
than charges to have the same accuracy. However, both often show
a quite non-monotonic behavior and general statements are difficult
to make. As mentioned above, for practical purposes, typically a rel-
ative error of 1% is more than sufficient. That means that for around
1000 points, we have this accuracy for the investigated distances and
orientations.

1. Values for PTCDA in special arrangements relevant
for monolayers on dielectric surfaces

Here, we provide values calculated for specific arrangements
that PTCDA molecules form on dielectric ionic surfaces. In partic-
ular, we look at arrangements on KCl and on NaCl. In both cases,
the PTCDA molecules form regular two-dimensional pattern. On
KCl, a so-called brick-wall pattern is found,51 where all molecules
lie flat on the surface and their long axes are parallel. On NaCl, the
orientations of the long axes alternate by 90⋉.42 To understand the
optical and transport properties of these systems, it is crucial to know
the interactions.43 In Fig. 4, we show values for the most impor-
tant interactions between pairs of molecules. As expected from the
results of Fig. 3, for the small distances, one has quite large differ-
ences between the point–dipole approximation and the more refined
treatment using the dipole density.

Finally, we would like to point out that our calculations are for
molecules in free space, ignoring effects of the surface. In addition
to small modifications of the PTCDA structure (which also slightly
modify the transition densities), the presence of the surface also
changes the form of the interaction between the molecules. A simple
way how to approximately take this modification into account is via
image transition charges/dipoles.

J. Chem. Phys. 163, 224127 (2025); doi: 10.1063/5.0297044 163, 224127-6

© Author(s) 2025

 11 D
ecem

ber 2025 15:55:17

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

FIG. 4. Interaction energies of pairs of PTCDA molecules in the arrangement on KCl52 (left) and on NaCl42 (right). Top panel: sketch of the respective arrangements. Bottom
panel: interaction energies of (9) and (10) in units of cm−1 for three different dimer structures given by the center-to-center vector connecting both molecules in the dimer,
as shown in the sketches above, which also give the length scales R. Values from both transition charge and transition current density (provided by ORBKIT on a grid with
a spacing of 0.1 bohr for all axis) as well for the corresponding point dipoles are given. Hereby, we use the scaling factor s2 discussed in the text, cf. Sec. III C, to correct
the values for V .

IV. CONCLUSIONS

In this work, we have investigated the possibility to use the
transition current density of molecules to calculate the long-range
interaction matrix elements between pairs of molecules. In particu-
lar, we have focused on transitions between the ground and the first
excited electronic state. The corresponding matrix elements are rele-
vant for the transfer of excitation from one molecule to another. The
formalism can of course directly be applied to transitions between
other states. In addition, the two molecules can have different tran-
sitions. We have focused on distances between the molecules that
are much shorter than the wavelength corresponding to the molec-
ular transitions. This is the typical situation of molecular aggregates,
where the relevant distances between molecules are in the order
of a few nanometers, whereas the wavelength is several hundred
nanometers. In our calculations, we used the molecule PTCDA as
an example.

We found that the results obtained from the transition charge
density and the transition current density deviate quite significantly
from each other. The results obtained from the transition charge
density are roughly a factor of two larger than the ones obtained
from the transition current density. For exact eigenstates and
eigenenergies of the molecular electronic Hamiltonian, the results
from both approaches would agree. For approximate eigenenergies
and eigenfunctions, this needs no longer be the case. Note that the
eigenenergies enter via Eq. (8) into our calculation of the dipole
density. However, this is simply a scaling factor, common to all
arrangements of the monomers. Thus, changes of the relative dif-
ference between the two methods when changing the arrangement
reflects the accuracy of the wavefunction. We found that there are
deviations only at very close distances.

In the calculations shown, we used the 6-311G(2d,2p) basis
set and found a difference smaller than 1%. If the basis set cannot

describe the relevant parts of the densities accurately enough, then
these deviations become larger. For example, for the 3-21G basis
set, we found relative differences up to ∼7%. For the algorithm used
in the present work, the size and resolution of the grid on which
the densities are evaluated is also important for the accuracy of
the results. In principle, one could calculate the interaction directly
from the wavefunction obtained from electronic structure theory
by performing a sum of Coulomb integral over products of primi-
tive Gaussians (transition charge density) or “dipole integrals” over
primitive Gaussians. We used here a simple, efficient, but neverthe-
less accurate algorithm, where the transition densities of a molecule
are approximated by a finite number of point charges (charge den-
sity) or point dipoles (current density). We used a simple algorithm
to construct these charges/dipoles, which aims at reproducing the
continuous densities as good as possible. We found that even at very
short distances between the molecules, only on the order of 1000
charges/dipoles are needed per molecule to calculate the interac-
tion between the molecules sufficiently accurately. The number of
charges/dipoles could further be reduced by taking into account the
strong distance dependence of the interaction. This can be done, for
example, by increasing point density in regions of a molecule that are
in closer proximity to the other molecule. This can be easily done, by
not making the divisions of the boxes symmetrically, but preferring
parts that are closer to the other molecule. This can be done either
by placing the division planes of the boxes asymmetrically or to give
larger weight in selecting a box closer to the other molecule. Nev-
ertheless, the number of points needed in our present approach is
small enough to allow efficient and accurate calculations and after
obtaining the charges/dipoles for one molecule, it can be directly
applied to an assembly of many identical molecules.

We would like to note that the representation by a finite
number of point charges/dipoles can also be used to estimate the
changes compared to the point–dipole approximation, similar to
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what has been done before.32,53 In that way, one can, for example, for
PTCDA@KCl (see Fig. 4, left panel) easily rationalize why the inter-
action for the (ex + ey) direction becomes more negative compared
to the point–dipole approximation, while it becomes less negative
for the ey direction.

Since the interaction matrix elements calculated from the tran-
sition charge density is quite different from the one calculated using
the current density, it is an important question which of the two
values are closer to the correct result. Although we cannot make a
definite statement, we have some indications in favor of the tran-
sition charge density: As discussed in Sec. III A, in the formula of
the dipole density, the transition frequency explicitly enters. The
transition frequencies that we have obtained from our electronic
structure calculations deviate from the experimental value by more
than 30%. If one uses the experimental value of the transition fre-
quency, then the two interaction energies are very close to each other
for all investigated arrangements. This suggests that, when using the
transition current density, one should use the experimental transi-
tion frequency when calculating the transition dipole density. As an
alternative to using the experimental transition frequency, one can
also scale the transition dipole density such that the point dipole
from velocity gauge (15) is equal to the one in length gauge (14),
as done in the present work. Following this strategy, in principle,
both densities can then be used to calculate the interaction. It should
be kept in mind, that the formulas Eqs. (9) and (10) with Eq. (11)
are only valid for distances between the molecules that are much
smaller than the wavelength of the transition. In order to treat larger
distances, one can in the transition current interaction replace T in
Eq. (10) by the full Green tensor,

G(r, r⌐; ϵ) = ⌟I − 1
k2⌐⊗⌐⌐) eik⌜r−r⌐ ⌜

⌜r − r⌐⌜ with k = ϵ
c

. (18)

In addition, for small distances, there are instances, in which the
transition current density might be preferable. For example, when
the molecules are in the vicinity of other (macroscopic) bodies, it
might be more convenient to use the transition current. In that
case, the interaction will be modified. This situation can be treated
using macroscopic quantum electrodynamics.18,22 This would lead
to an evolution equation for the systems density matrix where the
interaction matrix elements would have a modified real part comple-
mented by an imaginary part, which becomes particularly important
for metallic objects. In addition to the modifications of the interac-
tion elements described above, the surface also directly influences
the electronic wavefunctions of the individual molecules. For exam-
ple, an ionic surface (such as KCl or NaCl) creates an electric field
in which the molecules are placed. This can lead to shifts of the
eigenenergies and also change the electronic wavefunctions. Even
the structure of the molecule can be affected. A practicable way to
include such effects into the present framework is to perform the
electronic structure theory using the structure of the molecule on
the surface and adding an appropriate external field. In any case, we
believe that the results presented in the present paper will be helpful
in developing an appropriate treatment of molecular assemblies on
surfaces.
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APPENDIX A: ALGORITHM TO REDUCE THE NUMBER
OF POINT TRANSITION CHARGES/DIPOLES

The presented algorithm has been inspired by so-called hierar-
chical tree codes.54 Those were originally developed for gravitational
problems, but later also applied to Coulomb systems.55

1. Basic iteration procedure
The basic algorithm works on a positive-valued density p(r).

Based on this density, the space is iteratively divided into K rect-
angular volumes (boxes). Initially, we take a box that includes the
complete molecule.

Each iteration step starts with a set of k (< K) boxes. For each
box, we calculate the volume Vj = ⊍j d3r and the integrated density
Qj = ⊍j d3rp(r), with ⊍j denoting an integral over box j. From this
set of boxes ( j = 1, . . . , k), we select the one with the largest volume-
weighted integrated density maxj{QjVj}. One might consider other
“weights” for this selection, but the one mentioned turned out to
be the most efficient one. Now, we divide this box at the middle of
its longest side, resulting in two boxes with the same shape, which
replace the selected box. Thus, the number of boxes has increased by
one, k→ k + 1. This step is repeated until k = K.

2. Application to general densities
Neither the transition charge density nor the transition current

density is a positive density, as required in the above-mentioned
algorithm. The transition charge density is a scalar function, but
it typically contains positive and negative values (in general, it is
even a complex function). The transition current density is a vec-
tor field. Therefore, in a first step, we take the absolute value either
p(r) = ⌜ϑ(r)⌜ or p(r) = ⌟d(r)⌟ to obtain a positive density. The algo-
rithm from above can then be directly applied to the so obtained
functions.
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After the complete set of boxes has been created, for each box
j, the charge qj or the dipole dj and its corresponding position is
calculated. To this end, we calculate the “center-of-mass” position
r j = ⊍j d3r r⌜ϑ(r)⌜⌟⊍j d3r ⌜ϑ(r)⌜ or r j = ⊍j d3r r⌟d(r)⌟⌟⊍j d3r ⌟d(r)⌟. At
that position rj, we place the charge qi = ⊍j d3rϑ(r) or the dipole
dj = ⊍j d3rd(r), respectively.

It is advantageous to remove boxes with densities that are very
small within the box. This is in particular necessary, when one has
chosen initially a rather large box. The problem that can arise when
calculating the interaction is that two points of different particles
are very close and although the corresponding charge/dipole is very
small, the inverse power of the distance dependence creates a huge
interaction (to get accurate results would require high numerical
precision).

For the transition dipole density, we used the algorithm
as described above. However, for the transition charge density,
we used a slightly improved variant, which is described in the
Appendix A 3.

3. Alternative way to treat real valued
transition charge densities

For a real-valued transition charge density, one can first decom-
pose the density in a positive-valued part and into a negative-valued
part. For both parts, one can apply the algorithm from above sepa-
rately. Note that now the total number of points is K = Kpos + Kneg,
where Kpos and Kneg denote the number of boxes used for the pos-
itive and negative part of the transition charge density. For the
calculations presented in this manuscript, we used this method (with
Kpos + Kneg). This is the algorithm that we used in the present paper.

If one simply takes one box for the positive and negative
part, then this corresponds to the extended-dipole approximation,32

which we briefly discuss next.

APPENDIX B: THE EXTENDED TRANSITION DIPOLE

From Eq. (4), one can obtain an extended dipole by treating the
positive and negative parts of ϑab(r) separately. We define

ϑ±ab(r) =
⌝⌝⌝⌞⌝⌝⌞

ϑab(r) : ϑab(r) ≷ 0,
0 : otherwise.

(B1)

The “extended dipole” is then given by the charges,

Q±ab = ⊍ d3r ϑ±ab(r), (B2)

located at positions,

R±ab = ⊍ d3r r⌜ϑ±ab(r)⌜⌟Q±ab. (B3)

This is a special case of the method discussed at the end of
Appendix A.

For neutral molecules, with Q+ab = −Q−ab, one can obtain the
point–dipole as ωab = Q+abR+ab +Q−abR−ab = ⊍d3r rϑ(r) located at posi-
tion Rab = (R+ab + R−ab)⌟2, in accordance with the formulas of the
main text.

APPENDIX C: THE “CONTINUITY EQUATION”
FOR THE TRANSITION CURRENT

In this appendix, we derive the “continuity equation,”

⌐ ⋉ jba(r) = i(Ea − Eb)ϑba(r) (C1)

directly using basic properties of the Hamiltonian and the defini-
tions of the transition charge and current densities, without the need
to introduce a time dependence or use a classical analogy. To do so,
we start with the identity,

ω∗b Ĥωa −ωa(Ĥ ωb)∗ = (Ea − Eb)ω∗b ωa. (C2)

The two terms on the left-hand side can be written as

ω∗b Ĥωa = −1
2

Ne⩀
i=1

ω∗b⌐2
i ωa + (potential terms), (C3a)

ωa(Ĥ ωb)∗ = −1
2

Ne⩀
i=1
(⌐2

i ωb)∗ωa + (potential terms). (C3b)

Since all potential energy terms (including electron–electron repul-
sion) are real and symmetric in the particle coordinates, their
contributions cancel in the subtraction above. We, therefore, obtain

(Ea − Eb)ω∗b ωa = −1
2

Ne⩀
i=1
⌟ω∗b⌐2

i ωa − (⌐2
i ω∗b )ωa⌟. (C4)

We now multiply both sides of Eq. (C4) by ∑Ne
i=1 ϖ(r − ri) and

integrate over all coordinates to obtain

⊍ d3Nr
Ne⩀
i=1

ϖ(r − ri)(Ea − Eb)ω∗b ωa

= −1
2

Ne⩀
i=1
⊍ d3Nr ϖ(r − ri)⌟ω∗b⌐2

i ωa − (⌐2
i ω∗b )ωa⌟. (C5)

The left-hand side is (Ea − Eb)ϑab(r). Using the identity,

ω∗b⌐2
i ωa − (⌐2

i ω∗b )ωa = ⌐i ⋉ ⌟ω∗b⌐iωa − (⌐iω∗b )ωa⌟, (C6)

the right-hand side of (C5) becomes

−⌐ ⋉ (1
2

Ne⩀
i=1
⊍ d3Nr ϖ(r − ri)⌟ω∗b⌐iωa − (⌐iω∗b )ωa⌟), (C7)

which is, by means of Eqs. (6) and (7), equal to i⌐ ⋉ jba.
We note that the continuity equation can also be derived using

the Heisenberg equation of motion for the charge density operator.

APPENDIX D: EQUIVALENCE OF THE INTERACTION
MATRIX ELEMENTS V AND W

In this appendix, we show the equivalence of Eqs. (9) and
(10), i.e., we show W(A,B)

ab,cd = V(A,B)
ab,cd . We start with Eq. (10).

Using T(r, r⌐) = ⌐r ⊗⌐r⌐ 1⌜r−r⌐ ⌜ and performing integration by parts
with respect to r and r⌐ (the surface term vanishes because the
molecular wavefunctions decay exponentially at large distances from
the molecule), we obtain

V(A,B)
ab,cd = ⊍ d3r⊍ d3r⌐ ⌐r ⋉ d(A)ab (r) 1⌜r − r⌐⌜⌐r⌐ ⋉ d(B)cd (r⌐), (D1)
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where for better readability, we have taken real transition dipole
densities (otherwise, d(A) would be complex conjugate). With the
relation in Eq. (8), we can write this expression in terms of the
transition current density,

V(A,B)
ab,cd = −⊍ d3r⊍ d3r⌐ ⌐r ⋉ j(A)ab (r)

ϵab

1⌜r − r⌐⌜
⌐r⌐ ⋉ j(B)cd (r⌐)

ϵcd
. (D2)

Applying Eq. (C1) to both current densities with ϵab = Ea − Eb and
ϵcd = Ec − Ed, we finally obtain

V(A,B)
ab,cd = ⊍ d3r⊍ d3r⌐ ϑab(r) 1⌜r − r⌐⌜ϑcd(r⌐), (D3)

which is just the definition of W(A,B)
ab,cd in Eq. (9).
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