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ABSTRA

The experiments on measuring the rates of spontaneous formation of the topological defects (such as the vortices and
domain walls) in a variety of superconducting and superfluid systems have shown that the defects are formed most
efficiently in the samples of small size or low dimensionality, whereas in the macroscopic two- and three-dimensional
systems the concentration of defects is substantially suppressed. A reason for universality of such behavior can be
explained by the specific quantum entanglement between the phases of BECs in the remote spatial subregions, which
was well established recently by the experiments with multi-Josephson-junction loops as well as with condensation of
ultracold atoms in periodic optical potentials. Considering a strongly-nonequilibrium symmetry-breaking phase transition
in the simplest ¢* real field model and taking into account the experimentally revealed corrections for the residual
entanglement, we show that the resulting distribution of the defects (domain walls) is formally described by the Ising
model. As is known, its critical behavior changes dramatically in passing from finite to infinite size of the system and
from the low (D=1) to higher (D>1) dimensionality. Just this fact might be a clue to the interpretation of the above-men-
tioned universality in the efficiency of the spontaneous defect formation.

Introduction: The Concept of Topological Defects
and the Mechanism of Their Formation

A topological defect is the spot in space where the “old” (symmetric) vacuum is
preserved after the phase transition because of the global (topological) constraints on
the “new” vacua around it. The most typical defects are domain walls, strings
(vortices), and monopoles.

The domain wall is formed
when a discrete symmetry is
broken, for example, the ini-
tial symmetric high-i tempera—
ture phase is to
one of the two degenerate
low-temperature phases.

The string is formed when axial
symmetry of the degenerate vacu-
um becomes broken so that circu-
lation of the phase around some
spot remains nonzero. The string
represents the place where the
original symmetric vacuum is
preserved to prevent ambiguity in
the phase of the field ¢.

A well-known process of the defect ion by a strongl ilibrium sym-
metry-breaking phase transition is the so-called Klbble Zurek mechanism.

The phases of lhe order Parameler are assumed
to be in the

of size & =c 7, where 7 1s the characteristic
time of i\e phgse transformation, and ¢, is the
speed of transfer of the information about the
order parameter (e.g. the speed of the second
sound in superfluids). The topological defects
are formed during the subsequent relaxation of
the order parameter in the vertexes where a few
of the initial domains contact each other.

The resulting concentration of the topological defects formed by the Kibble-Zurek
mechanism, for example, in a 3D system will be

na1/ &,

where d=3,2,and | for the monopoles, strings, and domain walls, respectively.

Summary of Experiments on Topological Defect
Formation in the Condensed-Matter Systems

Bose—Einstein Condensation of Ultracold Atoms in the Periodic
Optical Potentials

The experiments on the formation
of condensates of ultracold atoms
in periodic optical potentials were
started in 1990s and now the num-
ber of the simultaneously formed
condensates can be as large as 30
[Z. Hadzibabic, et al., Phys. Rev.
Lett., 93, 180403 (2004)].

When the potential is switched off
and the gas clouds are allowed to
expand freely, a high tract in-
terference is observed. This takes
place even if the initial potential walls were high enough to prevent any tunneling
between the condensates, and therefore they evolved for a long time independently of
each other. Moreover, the interference still exists when the lattice was ramped up on
a thermal cloud with a temperature much higher than the condensation temperature,
so that the subsequently produced condensates “have never seen one another”.
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Just the last fact may serve as indication to the residual entanglement of BECs
formed in the disconnected spatial subregions. Nevertheless, it needs to be proved
more carefully by studying stability of the interference pattern over a lot of reali-
zations.

Multi-Josephson-Junction-Loop Experiment

As was already mentioned, the most cle-
ar evidence for the residual entanglement
follows from the MJJL experiment
[R. Carmi, et al., Phys. Rev. Lett., 84,
4966 (2000)], which is briefly outlined
here. A thin quasi-one-dimensional win-
ding strip was engraved at the boundary
between two crystalline grains of a high- »
lem erature superconductor film, there- Eag—
y forming a loop of 214 superconductor I
by the g
dary Josephson junctions. The system experienced multiple heating-cooling cycles in
the temperature ranj,e 77K to~ 100 K, which covers both the critical temperature of
of the loop (7, = 90 K) and in the

in the
junctions belween lhem (T, =83~ 85 K).

Random phases Correlated phases
There is evidently no order o ¥
parameter in the entire

purumeter n the enie L2 | N M M
the temperature drops 7, <7<7, [[ZJ[1[[~]]~] [T 1~]

below 7, but remains
r<ty IR TATHIATTAT

above T,, some value of
NO
3.6«0(,

(3

the order parameter should

be established in each seg-

ment. Since these segments are

d by : I

Finally, when the temperature drops below 7, the entire loop becomes supercon-
ducting and, due to the above-mentioned j Jumps phaae integral along the loop should
be nonzero. As a result, the electric current /, circulating along the loop, and the
corresponding magnetic flux ®, penetrating the loop, will be spontaneously gene-

No

Y
junctions, the phase jumps between
them should be random (i.e. uncorre-

lated to each other). @

Under assumption of uncorrelated phases, the distribution of the magnetic flux in the
particular experimental setup would be given by the normal (Gaussian) law with
characteristic width ~3.6 ¢, (where ¢, is the magnetic flux quantum). But the actual
experimental distribution was found to be over two times wider; and this anomaly
was well interpreted by the authors of the experiment assuming that the phase jumps
in the intermediate state were not random but correlated to each other so that the

As is seen in the table, the topologlcal defects are formed most efﬁclemly (in agree-
ment with Kibble-Zurek estimates) in the quasi di

p P(6)) of the phase difference & in the i 'th junction was
P(3;) ~ exp[—Ey (&) / T,
where E, is the energy concentrated in the junction, and 7, is the phase transition

Just the last formula can be used to estimate the effects of the BEC’s
in a variety of other systems.
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structures and microscopic hot bubbles of He produced by neutron irradiation. On
the other hand, the topological defect concentration was found to be substantially
two- and thi i samples of superfluids

and superconductors.

As will be shown in the subsequent sections of our repon the above-mentioned
behavior can be the residual in the spatiall

Theoretical Model of the Defect Formation

To estimate the effect of residual entang]emem on the systems of various size and

parts of BECs after the phase

Entanglement of BECs Formed in the
Disconnected Spatial Regions

By now, there are two groups of experiments pointing to the entanglement of BECs
formed in the disconnected spatial subregions. First evidence came from the
interference between a few condensates of ultracold atoms formed in the periodic
optical potentials. Unfortunately, the interpretation of such interference is somewhat
ambiguous and does not enable one to reveal the degree of entanglement / dis-
entanglement as function of the parameters of the system. On the other hand, this
can be done by studying the fast phase transitions in the superconducting multi-
Josephson-junction loops (MJJL). Just these measurements give information about
of the residual 1 on the crucial of the system.

lity, let us consider the simplest ¢ *-model of the real scalar field (order
parameter), whose Lagranglan

R (e S I R P

admits the discrete Z, symmetry breaking. Two stable vacuum states of this field
(which will be marked by the oppositely directed arrows) are

e =tpo=tp/VA;
the structure of a domain wall between them, located at x,, is described as
"
p(x) = %o tanh | == (z — z9)|;
P (@) = o tanh [ 1 (& - 0)]
and the specific energy concentrated in this wall equals

22 1

E= N
3 A

Let a domain structure formed aﬁer a strongly-1 nonequlllhnum

phase transition be y a regular gri bttt
with a cell size about the effective correlation length §m- As vid ¢
can be shown by integration of the energy cor o the

above Lagrangian over the symmetry-broken field conﬁgura— 3 )
tions, the elementary domains are distributed exactly as spins |

in the Ising model; the energy of the wall playing the role of

the spin—spin interaction constant. titititit

If the final symmetry-broken states of the field ¢ in two neighboring cells are inde-
pendent of each other, then the probability of the domain wall formation between
them is given by the ratio of the number of statistical configurations involving the
wall to the total number of configurations: P, .. = 1/2; and the resulting con-
centration of the defects (domain walls) in the entire system will be

1 D

24

where D is the dimensionality of the system.

Muncor

55

In fact, this estimate is not sufficiently accurate because the order parameter for-med
by the phase transition represents an entangled state of BEC, in which the speci-fic
quantum correlations may occur even at the distances exceeding the effective
correlation length &, derived from the “classical” arguments.

As follows from the results of MIJL experiment, refined distribution of the field con-
figurations should be calculated taking into account the energy concentrated in the

defects. As a result, the pattern of domains formed by the strongly-nonequilibrium
phase transition in the @* lattice model will look like a distribution of spins in the
Ising model at a nonzero temperature 7, formally equivalent to the critical tempe-
rature 7, of the initial ¢ *-model. Then, probability of the domain wall formation
should be calculated as

f)
— 11))
ED\/') an?

where E is the energy of the elementary domain wall, N is the number of cells along
each side of the lattice, and
20 =Y exp(—e; /T.)

is the statistical sum over all possible spin configurations of the Ising model, where
&; is the total energy of /’th configuration.

Particularly, for the one-dimensional system we have
N
1
-y b) up{ 250 se)
i=1si= f=g

for two-dimensional system,

N N E N N 1
= exp { - 5 (2= suskan — susk i) }I

and so on. Here, s, and s, are the spin-like variables describing the broken-symmet-

ry states in the Kth and (H) th cells, respectively.

As is known, the Ising model for one-dimensional as well as the finite-size higher-
dimensional systems does not experience a phase transition to the ordered state at
any value of the ratio E/T. This means that concentration of the defects will not dif-
fer considerably from the standard Kibble-Zurek estimate, because the probability of
defect formation P at the scale of the effective correlation length &, will not deviate
substantially from P, 1/2 ~ 1. On the other hand, the Ising model for the

uncor

sufficiently large (infinite-size) two- and three-dimensional systems does experience

a phase transition to the ordered state at some value of E/7~ 1. As a result, the con-
centration of domain walls in the corresponding field model should be suppressed
dramatically, due to formation of macroscopic regions with the same value of order
parameter, covering a large number of cells of the effective correlation length &,

These general conclusions can be 1.0 T T T T
illustrated by the particular exam-
ple in figure, which represents the 08 F 4
concentration of domain walls .~ 3 %
normalized to its uncorrelated va-
lue as function of E/T, for 2 0.6 |-
the mf&mle 1D system (green ~
dashed curve), small-size 2D sys- L 04 |
tem (blue dotted curve), and infi- g
nite 2D system (solid red curve). §
02

As is seen, at E/T,~1 the concen-
tration of defects in one-dimen-
sional system differs from the un- L
correlated case by less than two 0 04
times; in microscopic two-dimen-

sional system, by three tlmes,

while in the

d by an order of
magnitude. Furthermore, the suppression becomes much smmger when the ratio E/T,
increases: for example, at E/T,~2 the difference between each of the curves is over
an order of magnitude.

system it is

Discussion and Conclusions

As follows from the above residual between the phases
of BECs in separated spatial regions, revealed most clearly in the MJJL experiment,
can show a promising way for explanation of the entire diversity of experimental data
on the efficiency of topological defect formation.

Unfortunately, the simplified model with the real field ¢ cannot be confronted quan-
titatively with the experimental data cited in the table, since superfluids and super-
conductors possess more complex order ‘parameters and Lagrangians than the one
written above. C of the sts ium symmetry-breaking pha-
se transition in the two-dimensional system with a complex scalar field, possessing
U(1) symmetry, can be ly reduced to of the so-called xy lattice
model (with spins in the plane of the lattice). A presence of the well- known Koster-
litz-Thouless phase transition in this model implies that the above-stated general
conclusions remain valid.
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