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Resonant tunneling
(point particle + double-hump barrier)

quasi-bound state

Well-known. Used in device technology. 
E.g. Resonant Diode Tunneling device.
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Resonant tunneling
(composite particle + single-step barrier)

quasi-bound state

Poorly known. Occurs in atomic and nuclear systems. 
E.g. fusion of loosely-bound nuclei.
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Problem equivalent to a single particle  (c.m. coordinate x) 
tunneling through 2 barriers. 
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Zakhariev, Sokolov, Ann. d. 
Phys. 14, 229 (1964)
Saito, Kayanuma,
J. Phys. Condens. Matter
6 (1994) 3759



7Example 1
Nuclear fusion with electron screening (in the laboratory)

EEE −=Δ 'Adiabatic model:

Rolfs, 1995
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Amplification of small effects 

Vacuum polarization

Balantekin, Hussein, CB, NPA 1997

Z1Z2 = 1

• Thermal motion, lattice vibrations,
beam energy spread

• Nuclear breakup channels 
(in weakly-bound nuclei)

• Dynamics of tunneling

all ≤ 1%

Not a solution! (we need ~ 100%)
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Bang, PRC 1996;      Langanke, PLB 1996

H + He

Golser and Semrad, PRL 1991

Mainly charge-exchange

E’ = E – Sp.Δx

Wrong extrapolation of stopping power?

dx
dES p −=
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Test with the simplest system p + H

P + D
CB, de Paula, PRC 2000, PLB 2004 

Charge exchange (pickup)
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Expansion basis: molecular orbitals for p+H

He+ H+H+
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(Hellman, Feynmann relation)

For Ep < 10 keV,  only 1sσ and 2pσ
2-level problem - resonant exchange

t.d. calculations

b (a.u.)
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Stopping in H+ + He collisions

Slater-type orbitals

F . C = S . C . E

Two-center basis for two-electrons
Hartree-Fock equations

t. d. coupled-channels equations
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Damping of resonant exchange

H(1s)   ⇔ He(1s2s)

Landau-Zener ⎥⎦
⎤

⎢⎣
⎡= ΔΓ−

v2
cos 122 aHeP collt



15
Stopping power at very low energies

p + H

P + D

CB, de Paula, PRC 2000 

e-

Threshold effect

CB,  PLB 2004 

He:  1s2 1s2s:  19.8 eV
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Formicola et al,
Eur. Phys. J.  A 2000

Raiola et al, EPJ 2002

Rolfs, PTP 2004

Experimental data
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Example 2 Fusion of halo nuclei

( ) ( ) ( ) ( )BBAABBAA rVrVrVrV
mm 2211

2
2

2
2
1

2

22
++++∇−∇−=

hh
H

( ) ( )BBAA rr 11 Ψ±Ψ≅Ψ±

( ) ABBA rV ΨΨ= 1I

( ) BBBA rV ΨΨ= 1L

BA ΨΨ= |O

( )
2

2

O
IOJOH

+
+++

=
ΨΨ

ΨΨ
=

1
221

|
)( 2nSRE



18

LiLi 119 +

nSRERV 2)()( −= ( ) ( ) ( )cm
l

lcm ETl
k

E ∑ += 122

πσ
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Example 3 Bremsstrahlung in α-decay
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Composite particle tunneling through a barrier

( )rVzZUzZU
mm

+⎟
⎠
⎞

⎜
⎝
⎛ ++⎟

⎠
⎞

⎜
⎝
⎛ −++=

224

22 pP
H

( ) ( ) ( )rrp
nnnrV

m
φεφ =⎥

⎦

⎤
⎢
⎣

⎡
+

2

( ) ( ) ( )∑
∞

=

=Ψ
0

,
n

nZZ rr φψ

( ) ( ) ( ) rrr dzZUzZUmZU mnnm φφ *
2 22

4
∫ ⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ +=

h

( ) ( ) ( ) 02
2

2

=−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ ∑ ZZUZk

dZ
d

m
m

nmnn ψψ ( )nn Emk ε−= 2
2 4

h

( ) ( ) ( ) ( )∑∫
∞

=

∞

∞−

−+=
0

' '''
2

1
m

mlnm
ZZik

n
nl

Zik
nl dZZZUe

ik
eZ nn ψδψ

( ) ( ) ( )∑∫
∞

=

∞

∞−
=

0

' '''
2

1
m

mlnm
Zik

n
nl dZZZUe

ik
ZR n ψ ( ) ( ) ( )∑∫

∞

=

∞

∞−

−+=
0

' '''
2

1
m

mlnm
Zik

n
nlnl dZZZUe

ik
ZT n ψδ



21

2

0

2

0

, nl
n l

n
lnl

n l

n
l T

k
kR

k
k ∑∑

∞

=

∞

=

== TR

( )22
nlnl

l

n
ln TR

k
k

+=→P

6,10 2
00 == amU

c
aU

hh

Step barrier

4,2 2
00 == bmV

c
bV

hh

Square-well particle-particle interaction

a

U0

b

V0



22

0tan2 2
02

0
0 =⎟

⎠
⎞⎜

⎝
⎛+ rkamUk

h

For d + d 4He

With a and U0 simulating 
Coulomb barrier

No tunneling resonance

For large Z’s, A’s 

Many resonances possible, if 
<r2> large (loosely-bound)

Deuteron tunneling  through a barrier
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Effective potential and fusion enhancement CB, Flambaum, Zelevinsky, 
JPG  34, 1 (2007)
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Conclusions & Perspectives:

• Tunneling of molecules and atoms
Lauhon, Ho, PRL 85, 4566 (2000)  (H-atom tunnels a copper surface)
Yazdani, Nature 409, 471 (2001)

• Tunneling of Cooper pairs
Zelevinsky, Flambaum, JPG 34, 355 (2005)

• Tunneling of excitons
Saito, Kayanuma, Phys. Rev. B 51, 5453 (1995)
Jin et al., Acta Phys. Sin. 53 3211 (2004) 

• Fusion of loosely-bound nuclear systems
C.B., Zelevinsky, in progress
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