
Example electron spectrum (ATI)
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Hydrogen atom

Laser parameters: 1300 nm; 6 cycles; cos2; Imax = 1014 W/cm2.

Direct electrons: 0 to about 2 times the ponderomotive energy

Up = I/(4ω2).

Rescattered electrons: dominate spectrum beyond 2 Up.
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Example electronic wavepacket (H+
2 )

Electronic wavepacket at two different times within a 2-cycle laser pulse.

(Only the continuum part is shown.)
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B-spline properties (I)
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All 11 B splines of order k = 4 for knot sequence

{ti} = {0, 0, 0, 0, 1, 2, 3, 4, 5, 6, 7, 8, 8, 8, 8}.
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B-spline properties (II)
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Fitting (a) e−x or (b) sin(πx) with B splines (order k = 4 and s = 8 knot points).
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Example: continuum wavefunctions for H atom (I)

correct B spline asymptotic correct B spline asymptotic

correct B spline asymptoticcorrect B spline asymptotic

!!!
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Example: continuum wavefunctions for H atom (II)

correct B spline asymptotic correct B spline asymptotic

correct B spline asymptoticcorrect B spline asymptotic

!!!
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Box discretization with B splines
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Size of the (radial) “box”: rmax

Number of (radial) knot points: s

(a): same knot spacing;

(b): variable knot spacing (rmax = 500 a0).
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Prolate spheroidal coordinates (for diatomics)
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Transitions within non-relativistic dipole approximation
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Transitions within relativistic beyond-dipole treatment

m
m′ 7/2

5/2
3/2
1/2

-1/2
-3/2
-5/2
-7/2

7

5

3

1

1

3

5

7
−
−
−
−

-−
-−

-−
-−

2

2

2

2

2

2

2

2

S1−2

-1

P1−2

1

P3−2

-2

D3−2

2

D5−2

-3

F5−2

3

F7−2

-4 κ
S1−2

-1
P1−2

1

P3−2
-2

D3−2
2

D5−2
-3

F5−2
3

F7−2
-4

κ′
Permitted

transitions:
Lmin

1 2 3

~E±
L , SL

~ML

A. Saenz: Solving the TDSE with the spectral approach (10) Dresden, 12.06.2012



Normalization of continuum states

Uncoupled continuum states:

• separable potential (H+
2 ): channels are separately obtained,

• normalization (of originally) box-discretized states via density of states or asym-
ptotic behaviour.

Coupled continuum states:

• non-separable potential (like Na+
2 ) or two-electron case,

• Note: this differs from atoms (and larger molecules) where the electron-electron
interaction does not break a symmetry!

• analysis of leading configurations (two-electron case): [Apalategui & Saenz,
J. Phys. B 35, 1909 (2002)].

• asymptotic analysis in terms of linear combinations of spherical harmonics (more
robust): [Vanne & Saenz, J. Phys. B 37, 4101 (2004)].
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Continuum transition moments for HeH+
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Partial photoionization cross-section for HeH+
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Solid: this method, dashed: explicitly-correlated basis functions + CSM [Saenz, Phys. Rev. A 67, 033409 (2003)].
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Continuum transition moments for Na+
2

1826 I Dumitriu et al
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Figure 1. Continuum normalized dipole moments for Na+
2 (Req = 6.75 au), 12�g–2�u transitions

(g = 1
3 , see the text for details). All dipole moments corresponding to final states with the same

dominant channel are plotted with the same symbol (see the text following equation (7) for a more
detailed explanation of the channel definition).

Table 3. Sum-rule check for Li+2 , Na+
2 , LiNa+ (R = Req) parallel and perpendicular contributions;

B is the sum over the bound states, C represents the integral over the continuum spectra while D is
the sum over all discretized states, both bound and continuum.

Li+2 Na+
2 LiNa+ Li+2 Na+

2 LiNa+

B‖ 0.302 0.331 0.301 B⊥ 0.545 0.646 0.575
C‖ 0.042 0.030 0.049 C⊥ 0.119 0.048 0.105
(B + C)‖ 0.344 0.361 0.350 (B + C)⊥ 0.664 0.694 0.680
D‖ 0.345 0.366 0.352 D⊥ 0.667 0.698 0.677

all bound states (the symbol B was used to specify this quantity), integrate over the continuum
(C) and then add these two quantities. Alternatively, a summation over all discretized states
(bound and continuum) that are obtained from the solution of the OESE was performed (D).
As can be seen in table 3, the two results differ only slightly and the sum rule is generally well
fulfilled; the smallest deviation from the expected values ( 1

3 for the parallel contribution and
2
3 for the perpendicular one) occurs for Li+2 . This may be explained by the weaker influence
of the model potential, since Li+2 is the lightest of the three considered systems.

Figure 1 shows the continuum-normalized dipole moments for Na+
2 as a function of photon

energy. The spectrum is shown for a parallel orientation, and thus the transitions are from
the ground state (2�g) to the 2�u continuum. The occurrence of different channels (see the
discussion in section 2) is clearly visible in the regions where smooth curves are well separated
from each other. The sharp peaks and curve crossings indicate, on the other hand, pronounced
channel couplings. The final photoionization spectra were obtained after normalization within
every channel and the summation of all channel contributions obtained this way. The
results were initially obtained in atomic units and the conversion factors used are 1 au =
27.211 39 eV for energies and 1 au = 28.0028 Mb for cross sections.

In figures 2–4, the photoionization spectra of the three alkali dimer cations are shown for
a parallel orientation of the molecular axis with respect to the laser field and using the values
of the Klapisch parameters and cut-off radii from [14] (see table 1 in [14] which lists the values
of γ

(i)
j and ρ for Li and Na, where γ2 was according to the discussion in section 2 divided

by 2 and 10, respectively) and the cut-off function from equation (2). In view of the fact

X 2Σg →2 Σu (R = 6.75 a0)
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H2: Hartree-Fock vs. DFT core (ionization)
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H2: Hartree-Fock vs. DFT core (excitation)
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Validity of the SAE approximation for H2
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6D: Orientational dependent ion yield of H2 (R = 1.4 a0)
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Laser field: 30-cycle (cos2) pulses with peak intensity I = 5 · 1012 W/cm2.

[Y. V. Vanne and A. Saenz, J.Mod.Optics 55, 2665 (2008).]
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Internuclear-distance dependent ion yields of H2 (800 nm, perp.)
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[for method see: Y.V. Vanne and A. Saenz, J. Modern Optics 55, 2655 (2008); Phys. Rev. A 80, 053422 (2009)]
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Energy-resolved electron spectra (ATI)
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Imaging (I): Orientational-dependent ionization of O2 molecules
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Imaging (II): Orientation-dependent ionization of H2O molecules
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Imaging:

enforced inversion sym-
metry.

Short pulses:

carrier-envelope effects

(interesting by itself),

but limits time resolu-
tion!

[Chem. Phys. (2012)]
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