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Variational Cluster Approach

Main idea:

Dynamical information on clusters to
approximate thermodynamic limit

Σ ≈ Σcluster

Allows to study symmetry broken phases at T = 0

Cluster with symmetry-breaking fields

⇒ Variational Parameters t̃

M. Potthoff et al., PRL 91, 206402 (2003); EPJB 32, 429 (2003).
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Variational Cluster Approach

Ω(t̃) = Ω̃(t̃)
|{z}

Cluster

+Tr ln
1

G−1

0
− Σ(t̃)

|{z}

Cluster

− Tr ln G(t̃)
|{z}

Cluster

Reference system (Cluster) must be solvable exactly!

Physical solution at stationary condition δΩ(t̃) = 0

Approach includes CPT, DMFT, C-DMFT
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Competing AF and dSC order

Model: Hubbard Model, 2D square lattice

H = −t
X

〈ij〉,σ

c†iσcjσ − t′
X

〈〈ij〉〉,σ

c†iσcjσ + U
X

i

ni↑ni↓

Problem: At T = 0 symmetry-broken phases can compete

Here consider two competing orders:
AF phase
d-wave SC phase

Variational parameters:

AF field: h
P

i
eiQri(ni↑ − ni↓)

dSC field: ∆
P

ij
ηij(ci↓cj↑ + h.c.)

Onsite Potential: Thermodynamic consistency
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Spectral function - Theory
M. Aichhorn et al., EPL 72, 117 (2005); PRB 74, 024508 (2006)
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Spectral function - Theory

x = 0.08, electron doped:
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Order parameters

Variational Parameters / Symmetry-breaking fields:

AF field: h
P

i
eiQri(ni↑ − ni↓)

dSC field: ∆
P

ij
ηij(ci↓cj↑ + h.c.)

Corresponding Order Parameters:

MAF =
2i

(2π)3

Z

d3k

Z

dω
X

σ

(−1)σG(k,k+Q;ω)

DSC =
2i

(2π)3

Z

d3k

Z

dω g(k)F (k,k;ω)

g(k) = cos(kx)− cos(ky)

Can be calculated from VCA single-particle Green’s function.
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AF to dSC Phase Transition
M. Aichhorn et al., PRB 74, 235117 (2006)

Order Parameters at T = 0
Hubbard model
U = 8t, t′ = −0.3t

Salient features of the ground-
state phase diagram are re-
produced
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The SC gap: two-gap scenario?

K. Tanaka et al., Bi2212
Science 314, 1910 (2006)

M. Hashimoto et al., LSCO
cond-mat/0610758

Also evidence from Raman spectroscopy
M. Opel et al., PRB 61, 9752 (2000); M. Le Tacon et al., Nature Phys. 2, 537 (2006)

No simple (cos kx − cos ky) gap structure!
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The SC gap in the Hubbard model
M. Aichhorn et al., cond-mat/0702391

3× 3 reference system

Variational parameter:
∆

P

ij
ηij(ci↓cj↑ + h.c.)

Self-consistent solution
for finite ∆!

-4.0

0.0

4.0

8.0

12.0

ω

(0,0) (π,π) (π,0) (0,0)
 

AN

(a)

x = 0.07 hole doping

Nodal direction: crossing
Antinodal direction: gap

OCompeting orders, spectral functions, and the superconducting gap in the Hubbard model – p.11/16



The SC gap in the Hubbard model
M. Aichhorn et al., cond-mat/0702391

3× 3 reference system

Variational parameter:
∆

P

ij
ηij(ci↓cj↑ + h.c.)

Self-consistent solution
for finite ∆!

-4.0

0.0

4.0

8.0

12.0

ω

(0,0) (π,π) (π,0) (0,0)
 

AN

(a)

x = 0.07 hole doping

Nodal direction: crossing
Antinodal direction: gap

OCompeting orders, spectral functions, and the superconducting gap in the Hubbard model – p.11/16



The SC gap in the Hubbard model
M. Aichhorn et al., cond-mat/0702391

3× 3 reference system

Variational parameter:
∆

P

ij
ηij(ci↓cj↑ + h.c.)

Self-consistent solution
for finite ∆!

-4.0

0.0

4.0

8.0

12.0

ω

(0,0) (π,π) (π,0) (0,0)
 

AN

(a)

x = 0.07 hole doping

Nodal direction: crossing
Antinodal direction: gap

OCompeting orders, spectral functions, and the superconducting gap in the Hubbard model – p.11/16



The SC gap in the Hubbard model
M. Aichhorn et al., cond-mat/0702391

3× 3 reference system

Variational parameter:
∆

P

ij
ηij(ci↓cj↑ + h.c.)

Self-consistent solution
for finite ∆!

-4.0

0.0

4.0

8.0

12.0

ω

(0,0) (π,π) (π,0) (0,0)
 

AN

(a)

x = 0.07 hole doping

Nodal direction: crossing
Antinodal direction: gap

OCompeting orders, spectral functions, and the superconducting gap in the Hubbard model – p.11/16



The SC gap in the Hubbard model
M. Aichhorn et al., cond-mat/0702391

3× 3 reference system

Variational parameter:
∆

P

ij
ηij(ci↓cj↑ + h.c.)

Self-consistent solution
for finite ∆!

-4.0

0.0

4.0

8.0

12.0

ω

(0,0) (π,π) (π,0) (0,0)
 

AN

(a)

x = 0.07 hole doping

Nodal direction: crossing
Antinodal direction: gap

Competing orders, spectral functions, and the superconducting gap in the Hubbard model – p.11/16



The SC gap in the Hubbard model
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Qualitative difference
NODAL versus ANTINODAL

Physical explanation?
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Explanation?

Assumption: Spin-fluctuation mediated pairing

Well known:
Doping affects strongest q = (π, π)

BCS model:

∆(kF ) = −
1

2

Z
d2k′

(2π)2
v(k′ − kF )

∆(k′)
p
ε2(k′) + ∆(k′)2

Analyse kernel contributions for different kF
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Natural explanation by spin fluctuations

ANTINODAL NODAL

-10.0

0.0

10.0

k F,AN

Q AF

(−π,π) (π,π)

(π,−π)(−π,−π)

k F,N

(−π,π) (π,π)

(π,−π)(−π,−π)

Totally different contributions!

Nodal: Decreasing!
Antinodal: Increasing!

Doping dependence of pairing interaction
⇒ Different response at Antinode and Node
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Conclusions

Salient features are reproduced by the Hubbard model
Competition between AF and SC

”Two energy gap scenario” explained by spin fluctuations
No need for second mechanism
But more complicated gap structure at low doping
Only one gap in SC phase (approximate test by off-diagonal Nambu Σ1 = 0)

Supports spin-mediated pairing

Supported by DFG, Research Unit FOR 538

Publications: M. Aichhorn et al., PRB 74, 024508 (2006); 235117 (2006)
xxx.arXiv.org/cond-mat/0702391
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