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Outline"
ʻʻSmooth“ hard elastic particles:"
•  Gram-Schmidt and covariant Lyapunov vectors"
•  Localized and delocalized Lyapunov modes"
•  L and P-mode reconstruction"
•  Transversality"
Physical consequences"
ʻʻRoughʻʻ hard particles"



Lyapunov instability in phase space"



Perturbations in tangent space"





Lyapunov spectra for soft and hard disks"

               400 disks, rho = 0.4, T = 1"



Properties of Lyapunov instability"

•  Conjugate pairing"
•  Localized Lyapunov modes"
•  Delocalized Lyapunov modes"
•  Gram-Schmidt versus Covariant 

Lyapunov vectors "



Localization of Gram-Schmidt vectors for hard disks"



102400 soft disks, density = 1"

Wm.G. Hoover, K. Boercker, and HAP, Phys. Rev. E 57, 3911 (1998)"



Localization measure at low density 0.2"

T. Taniguchi, G. Morriss, PRE 68, 046204 (2003)"



Localization measure for density 0.5"



N-dependence of localization measure"



N = 780 hard disks,  rho = 0.8,  A = 0.8, periodic 
boundaries"





H. A. Posch,  R. Hirschl, and Wm.G. Hoover (2000) "



Hard disks: Generators of symmetry 
transformations"



Classification of modes for 2d hard-disk systems"



Lyapunov modes as vector fields"



Dispersion relation"

N = 780 hard disks,   = 0.8,  A = 0.867"

H.A. Posch, R. Hirschl, and Wm.G. Hoover (2000)"



Oseledec Theorem"



F. Ginelli, P.Poggi, A. Turchi, H. Chate, R. Livi, A. Politi, PRL 99, 130601 (2007)"



F. Ginelli, P.Poggi, A. Turchi, H. Chate, R. Livi, A. Politi, PRL 99, 130601 (2007)"



Covariant Lyapunov vectors 
(F. Ginelli, P. Poggi, A. Turchi, H. Chate, R. Livi, and A. Politi, PRL 99, 130601 (2007)) 

Application to the Henon map"

Henon map:"



Hard disks, N = 198, N/V = 0.7, A = 2/11, K/N = 1 "



Lyapunov modes"



Hard disks, N = 198, N/V = 0.7, A = 2/11, K/N = 1 "

l = 388"

l = 389"

l = 392   "

LP"

L"

T"



Covariant versus Gram-Schmidt"



Covariant versus Gram-Schmidt II"



The null subspace is covariant"



 Localization for density 0.7, N = 198  
G-S vectors: blue;  covariant vectors: red"



Projection of GS vectors onto Q and P-subspaces"



Projection of covariant vectors onto Q and P 
subspaces"



Continuous symmetries and vanishing 
Lyapunov exponents"



Central manifold"



Projections of GS-vectors"



Projections of covariant vectors"



Covariant subspaces of the null space"



Angles between 2N-vectors from Q and P"



Transverse modes T(1,0) and T(2,0)"



Mode reconstruction for LP-Modes"





Reconstructed L(1,0) and P(1,0) modes: Q space only"



Reconstructed L(1,0) and P(1,0) modes: P space only"



Gram-Schmidt mode LP(1,0)  
N = 780 hard disks, rho = 0.8, A = 0.867  

reflecting boundaries"



Transversality I"



Transversality II"



Transversality III"



Transversality in the mode domain I"



Transversality in the mode domain II"



Transversality in the mode domain III"



Distribution of Minimum angle between conjugate subspaces"



Transversality of adjacent covariant vectors"





Density dependence: hard and soft disks"



Relaxation to equilibrium (Ch. Dellago, and HAP,  PRE 55, R9 
(1997)"



Ch. Dellago and H.A.Posch, Phys. Rev. E 55, R9 (1997)"



Reliability of correlation functions (single particle correlations)"



Collective properties"
Partitioning of phase space for the periodic Lorentz 
gas: "



Rough Hard Disks and Spheres"



Rough particles: collision map in tangent space"



N = 16,  N/V = 0.5,  I = 0.1"















Localization (G-S vectors):"

rho = 0.5"



Localization: G-S (blue) and covariant (red) vectors 
N = 88, A = 2/11, N/V = 0.7"



Rough disks: comparson G-S and covariant vectors"



Convergence  
(G_S vectors)"



Convergence (G-S vectors)"



Summary I: Equilibrium systems  
with short-range forces"

•  Lyapunov modes: formally similar to the modes 
of fluctuating hydrodynamics"

•  Broken continuous symmetries give rise to 
modes"

•  Unbiased mode decomposition"
•  Hard dumbbells, ......"
•  Applications to phase transitions (with transition"
•  path sampling), particles in narrow channels, 

translation-rotation coupling, ......"


