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Abstract: I give a nutshell introduction to the exciting ﬁeld of discrete breathers / intrinsic
localized modes. I focus on how to obtain these states, how they are localized in space, and how
they may interact with extended plane wave states. This work is dedicated to Shozo Takeno,
one of the early pioneers in the ﬁeld.
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1. Introduction
In solid-state physics, the phenomenon of localization is usually perceived as arising from extrinsic
disorder that breaks the discrete translational invariance of the perfect crystal lattice. Familiar
examples include the localized vibrational modes around impurities or defects in crystals and Anderson
localization of waves in disordered media [1]. The usual perception among solid-state researchers is
that, in perfect lattices excitations must be extended objects as well, essentially plane wave like.
Such ﬁrmly entrenched perceptions were severely jolted by Ovchinnikov, Takeno and Sievers since
the discovery of intrinsic localized modes (ILM) [2, 3], also known as discrete breathers (DB) [4–
6]. These states are typical excitations in perfectly periodic but strongly nonlinear systems, and are
characterized by being spatially localized, at variance to plane wave states [7–10].
DB-like excitations, being generic objects, have been observed in a large variety of lattice systems
that include bond excitations in molecules, lattice vibrations and spin excitations in solids, charge
ﬂow in coupled Josephson junctions, light propagation in interacting optical waveguides, cantilever
vibrations in michromechanical arrays, cold atom dynamics in Bose-Einstein condensates loaded on
optical lattices, among others. They have been extensively studied, and a high level of understanding
about their properties has been reached.
Two decades of intensive research have polished our theoretical understanding of DBs in classical
nonlinear lattices. The application of the DB concept to quantum lattices, and the contribution of
DBs to thermal equilibrium properties including transport, and to the relaxation of complex systems
from a nonequilibrium state back to equilibrium, is less intense explored. This work is intended to give
a short introduction into the main concepts, and to formulate directions of possible future research
in this exciting ﬁeld.

2. Constructing discrete breathers
Let us study the combined eﬀect of nonlinearity and discreteness on the spatial localization of a
discrete breather. For that we look into the dynamics of a one-dimensional chain of interacting
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(scalar) oscillators with the Hamiltonian

 1
2
p + V (xn ) + W (xn − xn−1 ) .
H=
2 n
n

(1)

The integer n marks the lattice site number of a possibly inﬁnite chain, and xn and pn are the
canonically conjugated coordinate and momentum of a degree of freedom associated with site number
n. The on-site potential V and the interaction potential W satisfy V  (0) = W  (0) = 0, V  (0), W  (0) ≥
0. This choice ensures that the classical ground state xn = pn = 0 is a minimum of the energy H.
The equations of motion read
ẋn = pn , ṗn = −V  (xn ) − W  (xn − xn−1 ) + W  (xn+1 − xn ).

(2)

Let us linearize the equations of motion around the classical ground state. We obtain a set of linear
coupled diﬀerential equations with solutions being small amplitude plane waves:
q
.
(3)
xn (t) ∼ ei(ωq t−qn) , ωq2 = V  (0) + 4W  (0) sin2
2
These waves are characterized by a wave number q and a corresponding frequency ωq . All allowed
plane wave frequencies ﬁll a part of the real axis which is coined linear spectrum. Due to the underlying lattice the frequency ωq depends periodically on q and its absolute value
has always a finite
upper bound. The maximum (Debye) frequency of small amplitude waves ωπ = V  (0) + 4W  (0).
Depending on the choice of the potential V (x), ωq can be either acoustic- or optic-like, V  (0) = 0
and V  (0) = 0, respectively. In the ﬁrst case the linear spectrum covers the interval −ωπ ≤ ωq ≤ ωπ
which
includes ωq=0 = 0. In the latter case an additional (ﬁnite) gap opens for |ωq | below the value
ω0 = V  (0).
For large amplitude excitations the linearization of the equations of motion is not correct anymore.
Similar to the case of a single anharmonic oscillator, the frequency of possible time-periodic excitations
will depend on the amplitude of the excitation, and thus may be located outside the linear spectrum.
Let us assume that a time-periodic and spatially localized state, i.e. a discrete breather, x̂n (t + Tb ) =
x̂n (t) exists as an exact solution of Eqs. (2) with the period Tb = 2π/Ωb . Due to its time periodicity,
we can expand x̂n (t) into a Fourier series

x̂n (t) =
Akn eikΩb t .
(4)
k

The Fourier coeﬃcients are by assumption also localized in space
Ak,|n|→∞ → 0.

(5)

Inserting this ansatz into the equations of motion (2) and linearizing the resulting algebraic equations
for Fourier coeﬃcients in the spatial breather tails (where the amplitudes are by assumption small)
we arrive at the following linear algebraic equations:
k 2 Ω2b Akn = V  (0)Akn + W  (0)(2Akn − Ak,n−1 − Ak,n+1 ).

(6)

If kΩb = ωq , the solution to (6) is Ak,n = c1 eiqn + c2 e−iqn . Any nonzero (whatever small) amplitude
Ak,n will thus oscillate without further spatial decay, contradicting the initial assumption. If however
kΩb = ωq

(7)

for any integer k and any q, then the general solution to (6) is given by Ak,n = c1 κn + c2 κ−n where κ
is a real number depending on ωq , Ωb and k. It always admits an (actually exponential) spatial decay
by choosing either c1 or c2 to be nonzero. In order to fulﬁll (7) for at least one real value of Ωb and
any integer k, we have to request |ωq | to be bounded from above. That is precisely the reason why the
spatial lattice is needed. In contrast most spatially continuous ﬁeld equations will have linear spectra
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Fig. 1. The frequency versus wavenumber dependence of the linear spectrum for a one-dimensional chain of anharmonic oscillators with potentials (8).
Chosen DB frequencies are marked with green arrows and lie outside the linear
spectrum ωq . Red circles indicate the oscillator displacements for a given DB
solution, with all velocities equal to zero. Lines connecting circles are guides
for the eye. From [9].

which are unbounded. That makes resonances of higher order harmonics of a localized excitation
with the linear spectrum unavoidable. The nonresonance condition (7) is thus an (almost) necessary
condition for obtaining a time-periodic localized state on a Hamiltonian lattice [8].
The performed analysis can be extended to more general classes of discrete lattices, including
e.g. long-range interactions between sites, more degrees of freedom per each site, higher-dimensional
lattices etc. But the resulting non-resonance condition (7) keeps its generality, illustrating the key
role of discreteness and nonlinearity for the existence of discrete breathers.
Let us show discrete breather solutions for various lattices. We start with a chain (1) with the
functions
1
V (x) = x2 + x3 + x4 , W (x) = 0.1x2 .
(8)
4
The spectrum ωq is optic-like and shown in Fig. 1. Discrete breather solutions can have frequencies
Ωb which are located both below and above the linear spectrum. The time-reversal symmetry of (2)
allows to search for DB displacements xn (t = 0) when all velocities ẋn (t = 0) = 0. These initial
displacements are computed with high accuracy (see following sections) and plotted in the insets
in Fig. 1 [9]. We show solutions to two DB frequencies located above and below ωq - their actual
values are marked with the green arrows. To each DB frequency we show two diﬀerent spatial DB
patterns - among an inﬁnite number of other possibilities, as we will see below. The high-frequency
DBs (Ωb ≈ 1.66) occur for large-amplitude, high-energy motion with adjacent particles moving out
of phase. Low-frequency DBs (Ωb ≈ 1.26) occur for small-amplitude motion with adjacent particles
moving in phase.
In Fig. 2 we show two DB solutions for a Fermi-Pasta-Ulam chain of particles coupled via anharmonic springs V (x) = 0, W (x) = 12 x2 + 14 x4 (c.f. (1)) which has an acoustic-type spectrum [11]. The
DB frequency is in both cases Ωb = 4.5. Again the displacements xn are shown for an initial time
when all velocities vanish. In the inset we plot the strain un = xn − xn−1 on a log-normal scale. The
DB solutions are exponentially localized in space.
Finally we show DB solutions for a two-dimensional square lattice of anharmonic oscillators with
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Fig. 2. Discrete breather solutions for a Fermi-Pasta-Ulam chain (see text).
These states are frequently referred to as the Page mode (left) and the SieversTakeno mode (right). Adapted from [11].

nearest neighbour coupling. The equations of motion read
ẍi,j = k(xi+1,j + xi−1,j − 2xi,j ) + k(xi,j+1 + xi,j−1 − 2xi,j ) − xi,j − x3i,j

(9)

with oscillator potentials V (x) = 12 x2 + 14 x4 . In Fig. 3 we plot the oscillator displacements with all
velocities equal to zero for three diﬀerent DB frequencies and k = 0.05 [12]. For all cases adjacent
oscillators move out of phase.

Fig. 3. Displacements of DBs on a two-dimensional lattice (9) with k = 0.05,
all velocities equal to zero. (A) Ωb = 1.188; (B) Ωb = 1.207; (C) Ωb = 1.319.
From [12].

We emphasize that DB solutions can be typically localized on a few lattice sites, regardless of the
lattice dimension. Thus little overall coherence is needed to excite a state nearby - just a few sites
have to oscillate coherently, the rest of the lattice does not participate strongly in the excitation.

3. Spatial localization
Let us discuss the localization properties of discrete breathers. Consider a model with one degree
of freedom per unit cell. Generalizations to more complicated cases should be straightforward. The
Hamiltonian reads


 1
Pl2 + V (Xl ) +
Wl,l (Xl − Xl ) .
(10)
H=
2

l

l

The hypercubic lattice has dimension d, and the lattice index l is a d-dimensional vector with integer
components. The interaction potential Wl,l = Wl+m,l +m , and thus the model, are translationally
invariant. All zero and ﬁrst derivatives of the potential functions vanish for zero arguments. By the
virtue of the discreteness the frequency spectrum ωq of small amplitude plane waves is bounded in
absolute value.
A discrete breather solution is given by

Xl (t) =
Akl eikΩb t .
(11)
k

Here the Fourier number k is a scalar integer independent of the lattice dimension d. The breather is
localized in space which implies
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Ak,|l|→∞ → 0.

(12)


Assuming that the potential functions have nonzero second derivatives at their origin, i.e. V (0) =

= w0,l = 0 for some l, we may linearize the algebraic equations for the Fourier
v2 = 0 and W0,l
coeﬃcients Akl in the spatial tails |l| → ∞:

k 2 Ω2b Akl = v2 Akl +
wl,l (Akl − Akl ).
(13)
l

Since the Fourier amplitude equations decouple after linearization, we can solve each of these equations
separately. Recalling that the necessary condition for the localization of each Fourier amplitude is
the nonresonance condition kΩb = ωq , the spatial decay of the k-th amplitude is then given by the
lattice Green’s function
cos(ql) d
Gλ (l) =
d q, λ = k 2 Ω2b .
(14)
2
1.BZ ωq − λ
Here the integration extends over the ﬁrst Brilloin zone of the reciprocal wavevector space q. We
note that the spectrum ωq is periodic in q, with its irreducible multidimensional period residing
exactly in the ﬁrst Brilloin zone. Fixing the direction of l and changing its absolute value, Eq. (14)
will then generate the Fourier coeﬃcients of the periodic function (ωq2 − λ)−1 . The spatial decay of
the breather is thus characterized by the convergence properties of the corresponding Fourier series.
And the convergence properties of Fourier series are deﬁned through the analytical properties of the
generating periodic function.

3.1 Optical breathers
3.1.1 Short range interactions
We deﬁne a lattice having short-range interactions, if the corresponding squared spectrum ωq2 is an
analytical function on the extended wavevector space q, e.g. when all its derivatives at any point q
exist and are ﬁnite. Examples are lattices with nearest neighbour interaction, or more general lattices
with ﬁnite-size interactions where w0,l = 0 for |l| > r with r being a positive real number. But
we can even generalize by considering lattices where the harmonic interaction potential extends over
r. For all these
the whole lattice, with exponentially decaying amplitudes w0,l ∼ e−|l|/r for |l|
2
−1
cases the denominator (ωq − λ) which enters (14) is an analytical periodic function of q, and thus
the convergence of its Fourier series and the spatial localization of a DB is bounded by exponential
tails. The exponent will depend on λ = k 2 Ω2b . The localization length will grow whenever any of the
multiples kΩb will come close to an edge of the spectrum ωq .
In the insets in Fig. 2 the exponential localization of two DBs is shown for a one-dimensional
FPU chain with nearest neighbour interaction. The comparison between the numerically obtained
localization length and the prediction from Eq. (14) is reviewed extensively in [8].
Here we also show the amplitude distribution of a DB solution for a three-dimensional cubic DNLS
lattice with nearest neighbour interaction

Ψm ),
(15)
Ψ̇l = i(Ψl + |Ψl |2 Ψl + 0.1
m∈Nl

where Nl denotes the set of nearest neighbours of l. Making the substitution Ψl = Al eiΩb t the algebraic
equations are solved for the real amplitudes Al [13] for a lattice with linear size 31. To visualize the
solution, we place the DB center at the lattice site l = (16, 16, 16) and plot its amplitude distribution
as a function of the x, y coordinates in a plane with ﬁxed coordinate z = 16 which contains the lattice
site with the maximum breather amplitude. Note that the DB is strongly localized on a few lattice
sites (left plot in Fig. 4). The same solution, when displayed on a logarithmic amplitude scale, shows
a conical structure (right plot in Fig. 4) as expected from the predicted exponential decay in space.
3.1.2 Long range interactions
We deﬁne a lattice having long-range interactions, if the corresponding squared spectrum ωq2 is a
nonanalytical function on the extended wavevector space q, i.e. some of its derivatives at some points
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Fig. 4. Amplitude distribution of a breather solution of the the threedimensional DNLS system (15) with linear size N = 31. Only a distribution
in a cutting (x; y) plane is shown (the plane cuts the center of the breather).
The intersections of the grid lines correspond to the actual amplitudes, the rest
of the grid lines are guides to the eye. Left panel - amplitudes are shown on
a linear scale. Right panel - the same solution with amplitudes plotted on a
logarithmic scale. Data are from Fig. 2 in [13].

q do not exist or diverge. That happens e.g. when the harmonic interaction potential extends over
the whole lattice, and decays algebraically with increasing distance w0,l ∼ |l|−s with some positive
exponent s. Despite the slow decay of interactions, discrete breathers still exist, but will now localize
slower than exponentially. In fact what matters is the analysis of the degree of nonanalyticity of ωq2 ,
which straightforwardly gives a power law convergence of the Fourier series (14) and thus an algebraic
spatial localization of DBs.
We will present the results obtained in [14] to illustrate that the true DB localization can be more
complicated even for simple one-dimensional lattices. We consider the Hamiltonian

 1

H=
Pl2 + V (Xl ) +
W|l−l | (Xl − Xl ) .
(16)
2

l

The on-site potential V (z) =
∞ φµ (l) μ
μ=2 μ z

∞ vµ μ
μ=2 μ z

l

generates an optical phonon spectrum, and the interaction

Wl (z) =
incorporates long range interactions with φ2 (l) = C2 l1s . For small values of Pl
∂H
∂H
and Xl the classical Hamiltonian equations of motion Ẋl = ∂P
, Ṗl = − ∂X
can be linearized in Xl .
l
l
Solving the corresponding eigenvalue problem with plane waves Xl (t) ∼ expi(ql−ωq t) , one obtains
ωq2 = v2 + 2C

∞

1
(1 − cos(qm)).
ms
m=1

(17)

Let us discuss the properties of Es (q) = ωq2 ≥ 0. Es (q) is bounded from above for all s > 1 and
periodic in q with period 2π. Most important is that Es (q) is a nonanalytic function in q, i.e.
its κ = (s − 1)-st derivative with respect to q is discontinuous at q = 0 (when s is noninteger,
(s − 1) < κ < s). This follows already from the fact that the convergence radius of (17) is zero for
nonzero imaginary components in q. Indeed for even integers s one ﬁnds (Es (q) − v2 ) ∼ Bs (q/(2π))
for 0 ≤ q ≤ 2π. Here Bs (z) is the Bernoulli polynomial of s-th order. Consequently at small q
the expansion of Es (q) contains a term q s−1 which, together with the periodicity of Es (q), leads to
the mentioned nonanalyticity. For odd integers s the expansion of Es (q) contains a term q s−1 ln(q),
and for noninteger s a term q s−1 (follows from d2 Es (q)/dq 2 = −Es−2 (q) + 2Cζ(s − 2) with ζ(z)
being the Riemann Zeta function). Finally for small q the leading term in the expansion of Es (q) is
∞
v2 + Cζ(s − 2)q 2 for s > 3 and v2 + 2Ca(s)q s−1 for 1 < s < 3 with a(s) = 0 (1 − cos x)/xs dx. Note
that the dispersion at the upper band edge (q = π) is in leading order always proportional to (q − π)2 .
Now we can turn to the ﬁrst problem of the spatial decay of a breather. In order to generate a
breather solution we chose v4 = 0 and all other anharmonic terms in V (z) and W (z) being zero.
Since we can only simulate ﬁnite system sizes N , we use periodic boundary conditions. In that case
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we have to deﬁne a cutoﬀ length in the interaction which we chose to be N/2. Calculated breather
solutions for s = 10, 20, 30 are shown in Fig. 5. We observe that the spatial decay of the breather is

Fig. 5. Left panel: breather solution at time t = 0 with Pl (t = 0) = 0. The
corresponding displacements (amplitudes) Xl (t = 0) are plotted versus lattice
site. The nonzero model parameters are v2 = v4 = 1, C = 0.01. The period of
the solutions T = 4.7682. Circles: s = 10, squares: s = 20, diamonds: s = 30.
Lines are guides to the eye. Right panel: same as in left panel but only for
s = 20 in a log-log plot. Data from [14].

exponential for small distances from the center, while it becomes algebraic (in fact exactly 1/ls ) after
a crossover at some distance lc (see right panel in Fig. 5). Note that lc is s-dependent. Moreover,
lc is also depending on the parameter which selects a given breather solution from its one-parameter
family (this parameter could be the breather frequency, its energy, action or something else).
The asymptotic spatial decay of the breather is given by the convergence properties of the Fourier
series (14). Nonanalytic functions with discontinuities in the (s − 1)-st derivative produce Fourier
series which converge algebraically 1/ls . From that follows that at large distances the spatial decay
of the breather will be algebraic, which is what we found in Fig. 5. To obtain the exponential decay
at small distances, let us ﬁrst slide along the breather family such that the breather frequency (or one
of its multiples) approaches the edge of the phonon band ωq . Then the integrand in (14) will become
very large for wave numbers close to the band edge which is approached. Applying a stationary phase
approximation to (14), i.e. expanding the integrand around the band edge we obtain
Gλ (l) ∼

∞
−∞

for s > 3 and
Gλ (l) ∼

∞
0

cos(ql)
dq
v2 − λ + Cζ(s − 2)q 2

(18)

cos(ql)
dq
v2 − λ + 2Ca(s)q s−1

(19)

for 1 < s < 3. Standard evaluation of (18) (closing the integration contour in the complex
plane by
√
adding a half circle with inﬁnite radius and evaluating the residua) yields Gλ (l) ∼ e− v2 −λl for s > 3,
i.e. exponential decay. On the other side, (19) yields (closing the integration contour in the complex
plane by adding a quarter circle and returning to zero along the positive imaginary axis, and noticing
that there are no poles of the integrand in the enclosed ﬁrst quadrant including the imaginary axis)
Gλ (l) ∼ 1/ls for 1 < s < 3.
Now we can explain the observed crossover from exponential to algebraic decay in Fig. 5. Indeed,
the stationary phase approximation for these cases leads to (18) in the limit (v2 − λ) → 0. This
approximation neglects higher order terms in the expansion of Es (q) around q = 0 which necessarily
contain nonanalytic terms. Consequently (18) probes (14) for not too large distances. Thus we
can explain the observed crossover. We can also estimate the crossover distance lc using a simple
argument. A tagged site with index l < lc and l > 0 (the center of the breather is located at lb = 0)

7

will experience forces from all other sites with index l according to (16). The amplitude of these forces
will monotonously decay to zero for increasing l with l > l. However the amplitude of the forces for

decreasing l will be given by (l − l )−s eν(l−l ) for 0 < l < l (here ν is the given exponent of the spatial
decay for |l| < lc ). Since for negative l the amplitude of these forces will again monotonously decay
to zero, the worst case is reached when l = 0. If this force acting from the center of the breather on
site l is comparable to the forces acting on l from its nearest neighbours, the exponential decay will
be violated. This condition yields lc−s eνlc = 1 or
ν
ln lc
= .
lc
s

(20)

Especially we ﬁnd that lc → ∞ if ν/s → 0. Thus for s > 3 exponential decay is reobtained either
for large s or for breathers with frequencies close to the phonon band edge. Since we are considering
a lattice, the exponential decay part will disappear if lc ≈ 1 or smaller. For s = 20 and ν = 4.2724
we obtain lc = 11.39, and for s = 30 and the same value of ν the result is lc = 21.56. We miss the
observed crossovers in Fig. 5 by just two sites.

3.2 Acoustic breathers
As already mentioned, the breather frequency Ωb should fulﬁll a nonresonance condition nΩb = ωq
for all integer n = 0, ±1, ±2, .... This is necessary in general in order to have spatial localization
of the corresponding Fourier mode. In the case of weakly coupled oscillators a proper choice of the
breather frequency always ensures nonresonance. In the case of homogeneous interaction potentials
the symmetry of the potential Φ(z) = Φ(−z) is found also in the breather solution, which implies
that only odd Fourier components are present in the breather solution. Thus the dc component
(0 × Ωb = 0) which is in resonance with the mentioned degenerated phonon band is strictly zero, and
the resonance is harmless.
If any nonzero multiple of Ωb resonates even with an edge of a phonon band, this leads either to
the vanishing of the whole breather, or to a delocalization of the breather and to a divergence of its
energy. The resonance of the dc component to be considered here is special - it resonates with a
Goldstone mode, and one can expect the resonance to be not as destructive to the breather as any
resonance at nonzero frequency. From the theory of elastic defects we know the characteristic feature
of the strain decay to be algebraic in the distance (from the defect center). The exponent is only
depending on the dimension of the system and on the symmetry of the defect (monopole, dipole etc.),
but independent on the defect strength.
We will treat the simplest case of hypercubic lattices with one degree of freedom per lattice site
and nearest neighbour interaction, which can be considered as generalized Fermi-Pasta-Ulam (FPU)
systems:

 1

H=
Pl2 +
Φ(Xl − Xl ) .
(21)
2

l

l ∈DNN

Here Pl and Xl are canonically conjugated scalar momenta and displacements of a particle at lattice
site l. Note that depending on the lattice dimension d the lattice site label l is a d-component vector
with integer components. The inner sum in (21) goes over all directed nearest neighbours, e.g. for
d = 1 and l = n we sum over l = n+1, for d = 2 and l = (n, m) we sum over l = {(n+1, m); (n, m+1)}
etc. The interaction potential Φ(z) is given by
Φ(z) =

1
1
1
φ2 z 2 + φ 3 z 3 + z 4 ,
2
3
4

(22)

which turns out to be generic enough for the purposes discussed below.
Breathers for such a system can be represented in the form (11). We will restrict ourselves to
solutions invariant under time reversal, so that all Akl = A−k,l are real. The spatial localization
property of (11) implies Ak,|l|→∞ → 0 for k = 0 and A0,|l|→∞ → const. The dc component of the
breather is given by A0l .
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Numerical and approximative analytical studies for one-dimensional lattices show that the acoustic
breather exists as a solution to ﬁnite energy. Its peculiarity is that the dc component of the breather
versus lattice site number has a kink shape A0,l→±∞ → ±const. for free boundaries (Fig. 6). For

Fig. 6. An acoustic DB solution for the d = 1 case. Displacements Xl (t = 0)
for φ2 = φ3 = φ4 = 1 and Ωb = 4.5 are plotted versus lattice site number l.
At this initial time all velocities Pl (t = 0) = 0. Inset: Staggered deformation
ul = (−1)l (xl − xl−1 ) for the same solution on a logarithmic scale versus lattice
site number l. This DB is linearly unstable. Data from [11].

periodic boundary conditions one would ﬁnd a linear decay of A0l far from the breather, but the
gradient of the dc components (the strain) is inverse proportional to the size of the chain, so that in
the limit of an inﬁnite chain the result is again a constant for the dc component (zero strain).
Let us now turn to the general d-dimensional case. Suppose that a breather exists, which creates
some strain ﬁeld. The dc displacements A0l will have some dependence on the lattice site vector l.
The strain El is given by the lattice gradient of A0l . The far ﬁeld energy is given by the integral over
the squared strain. Assuming that the strain does decay algebraically, we can use continuum theory
far from the breather. The corresponding equation is equivalent to the electrostatic equations in d
dimensions. Consider d = 1. A monopole far ﬁeld E = c = 0 and the corresponding energy diverges.
Also in this case the (electrostatic) potential A0l = sgn(l)a + cl. This is clearly not what was observed
for acoustic breathers in 1d. A dipole far ﬁeld instead will yield E = 0, A0l = sgn(l)a, and the energy
is ﬁnite. This is the situation observed. So the known acoustic breather solutions are accompanied
by a dipole strain ﬁeld. The request that the acoustic breather is a solution to ﬁnite energy limits the
strain ﬁelds to dipole or higher order multipole symmetries. In this special case the potential A0l is
constant far away from the breather, so the corresponding exponent of the algebraic decay is simply
zero.
For d = 2 (square lattice) the situation is the following. A monopole will generate a strain E ∼ 1/l
and a potential A0l ∼ ln(l). The energy of such a ﬁeld diverges. If we search for acoustic breathers
with ﬁnite energy, we would have to exclude a monopole ﬁeld. A dipole generates a strain E ∼ 1/l2
(we skip angular dependencies here) and a potential A0l ∼ 1/l. The energy for this ﬁeld is ﬁnite. The
predicted exponents of the algebraic decay are nonzero, and no simple limit exists, which makes the
strain to be of compact support. So already at this stage it is clear, that existence proofs of acoustic
breathers in two-dimensional systems are much more complicated than for d = 1. Notice that for
d = 3 (cubic lattice) a monopole generates E ∼ 1/l2 and the energy of this ﬁeld is ﬁnite.
Next we will present numerical calculations of acoustic breathers of (21) for d = 2 and φ2 = φ3 =
0.01 [15]. The results show up to numerical accuracy that acoustic breathers exist on ﬁnite lattices
with free boundaries. The symmetry and spatial decay properties are in accord with the expectations
given above. The maximum lattice size is 70 × 70, but no profound size eﬀects were observed on the
existence and symmetry of the acoustic breather when considering smaller systems. The only size
eﬀect (to be expected) is observed even for the largest systems with respect to the algebraic decay
properties. The ac components of the found solution decay exponentially in space and essentially
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vanish at a distance of 5-7 lattice constants from the center of the breather. In Fig. 7 we show the dc

Fig. 7. Dc displacements of a breather as a function of the lattice vector l.
Figure from [15].

displacements of a DB solution. We do observe dipole symmetry of the dc ﬁeld.

Fig. 8. Variation of the absolute value of the strain along the diagonals of
the lattice on a double logarithmic plot. Open circles - (1,1) direction; ﬁlled
squares - (-1,1) direction. Figure from [15].

To analyse the spatial behaviour of the strain, we plot in Fig. 8 the variation of the absolute values
of the strain along the two diagonals, as in those directions we have the largest distance and can hope
that ﬁnite size eﬀects are suppressed in some bulk region. The results depend on the choice of the
diagonal. The diagonal which is directed along the dipole moment gives poor results - the ﬁnite size
eﬀects are too strong to observe any power law in the double logarithmic plot. The second diagonal
perpendicular to the dipole moment however, though still with strong inﬂuence from the boundaries,
allows to ﬁt some part of the bulk data with a power law (solid line in Fig. 8). The resulting exponent
is 1.85, and considering the small system size, quite close to the expected value 2.
These results support the expectations that breathers can exist in real crystals. Moreover at any
ﬁnite temperature excited breathers will decay after some time. Since they are accompanied by a
strain ﬁeld, those strain ﬁelds will be dispersed in the form of low-lying acoustic modes after the
decay of a breather. Thus breathers can act as an eﬃcient energy transfer from high-frequency
excitations into low-frequency acoustic phonons.
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3.3 Nonlinear corrections
The linerization of the equations of motion in the spatial tail of a DB seems to be ﬁne by virtue of
the localized character of the solution. Yet there may be nonlinear corrections in the tails, which will
happen typically whenever any of the multiples of the DB frequency comes close to the spectrum ωq .
While the Fourier amplitude Akl with the weakest spatial decay, as predicted from linearization, will
always decay accordingly, it will do so very slowly by the above assumption. Consequently nonlinear
terms which contain this amplitude and enter the equations for other Fourier amplitudes, e.g. the
one with k  = 3k, will induce a nonlinear but much slower spatial decay than the linearized one.
A detailed discussion is given in [8]. Here we want to add that these nonlinear corrections also
allow to systematically account for the surprising localization of all higher harmonics of a breather
solution in the continuous sine-Gordon equation, despite the fact that ωq is unbounded there. It
comes together with the property of the sine-Gordon equation being integrable. This implication of a
(perhaps uncountable) inﬁnite number of conservation laws is equivalent to a corresponding number
of symmetries conﬁning the dynamics to high dimensional tori no matter where one starts in phase
space. It has been since conjectured that it is these symmetries which for some reason also guarantee
that the breather exists, since one has to satisfy an inﬁnite number of additional constraints - one for
each resonant higher harmonics - in order to suppress the nondecaying linear solution for it, leaving
one with the nonlinear correction only.

4. Energy thresholds of discrete breathers
DB solutions come in one-parameter families. The parameter can be the amplitude (measured at
the site with maximum amplitude), the energy E or the breather frequency Ωb . Its amplitude can
be lowered to arbitrarily small values, at least for some of the families for an inﬁnite lattice. In this
zero amplitude limit, the DB frequency Ωb approaches an edge of the phonon spectrum ωq . This
happens because the nonresonance condition ωq /Ωb = 0, 1, 2, 3, ... has to hold for all solutions of a
generic DB family. In the limit of zero amplitude, the solutions have to approach solutions of the
linearized equations of motion, thus the frequency Ωb has to approach some ωq , but at the same time
not to coincide with any phonon frequency. This is possible only if the breather’s frequency tends to
an edge ωE of the phonon spectrum in the limit of zero breather amplitude. If we consider the family
of nonlinear plane waves which yields the corresponding band edge plane wave in the limit of zero
amplitude A, then its frequency ω will depend on A like
|ω − ωE | ∼ Az

(23)

for small A, where the detuning exponent z depends on the type of nonlinearity of the Hamiltonian
(10).
Here we follow the lines of argumentation in [13]. Let us assume that we have a system with short
range interactions and estimate the discrete breather energy in the limit of small amplitudes. Deﬁne
the amplitude of a DB to be the largest of the amplitudes of the oscillations over the lattice. Denote it
by A0 where we deﬁne the site l = 0 to be the one with the largest amplitude. The amplitudes decay
in space away from the breather center, and by linearising about the equilibrium state and making a
continuum approximation, the decay is found to be given by Al ∼ CFd (|l|δ) for |l| large, where Fd is
a dimension-dependent function
1
F1 (x) = e−x , F3 (x) = e−x
x
√ 2
e−x 1+ζ

F2 (x) =
dζ,
1 + ζ2

(24)
(25)

δ is a spatial decay exponent to be discussed shortly, and C is a constant which we shall assume can
be taken of order A0 . To estimate the dependence of the spatial decay exponent δ on the frequency
of the time-periodic motion Ωb (which is close to the edge of the linear spectrum) it is enough to
consider the dependence of the frequency of the phonon spectrum ωq on the wave vector q when
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close to the edge. Generically this dependence is quadratic (ωE − ωq ) ∼ |q − qE |2 where ωE = 0
marks the frequency of the edge of the linear spectrum and qE is the corresponding edge wave vector.
Then analytical continuation of (q − qE ) to i(q − qE ) yields a quadratic dependence |Ωb − ωE | ∼ δ 2 .
Finally we must insert the way that the detuning of the breather frequency from the edge of the linear
spectrum |Ωb − ωE | depends on the small breather amplitude. Assuming that the weakly localized
breather frequency detunes with amplitude as the weakly nonlinear band edge plane wave frequency
z/2
this is |Ωb − ωE | ∼ Az0 . Then δ ∼ A0 .
Now we are able to calculate the scaling of the energy of the discrete breather as its amplitude goes
to zero by replacing the sum over the lattice sites by an integral
Eb ∼

1 2
C
2

(4−zd)/2

rd−1 Fd2 (δr)dr ∼ A0

.

(26)

This is possible if the breather persists for small amplitudes and is slowly varying in space. We ﬁnd
that if d > dc = 4/z the breather energy diverges for small amplitudes, whereas for d < dc the DB
energy tends to zero with the amplitude. Inserting z = 2 we obtain dc = 2. Note that for d = dc
logarithmic corrections may apply to (26), which can lead to additional variations of the energy for
small amplitudes.
An immediate consequence is that if d ≥ dc , the energy of a breather is bounded away from zero.
This is because for any non-zero amplitude the breather energy can not be zero, and as the amplitude
goes to zero the energy goes to a positive limit (d = dc ) or diverges (d > dc ). Thus we obtain an
energy threshold for the creation of DBs for d ≥ dc . This new energy scale is set by combinations of
the expansion coeﬃcients in (10). If z = 2 with |Ω − ωE | ∼ βA2 for the nonlinear plane waves, and
the energy per oscillator E ∼ gA2 and the spatial decay exponent δ is related by |Ωb − ωE | ∼ κδ 2 ,
then the energy threshold Emin is of the order of κg/β, and the minimum energy breather in 3D has
spatial size of the order of the lattice spacing, independently of κ, g and β. One should allow for a
factor of (2 + d) for underestimating the true height of the minimum and the contributions of nearest
neighbours.
Many numerical results have since conﬁrmed the above results. For the d-dimensional DNLS model
(15) the left panel in Fig. 9 shows the variation of the DB energy with its central amplitude, and a
clear notion of an energy threshold starting with d = 2 [13]. The minimum energy DB proﬁle for
d = 3 is the one plotted in Fig. 4 and is indeed (still) strongly localized on the lattice. In order to
observe the eﬀect energy thresholds in one dimension, we present results for a modiﬁed DNLS system
in one spatial dimension d = 1:
Ψ̇l = i(Ψl + |Ψl |μ−1 Ψl + C



Ψm ).

(27)

m∈Nl

By tuning μ we can tune the system into a case with a nonzero energy threshold. In the right panel in
Fig. 9 we show results for d = 1 and μ = 3, 5, 7. Again we ﬁnd full agreement with the predictions from
above. Note that even one-dimensional lattices exhibit positive lower bounds on breather energies if
μ ≥ 5.

We can predict that a modiﬁed DNLS system with an additional term vμ |Ψl |μ −1 Ψl can exhibit
complex curves Eb (A0 ). For example, for d = 1, μ = 7, μ = 3 and vμ = 0.1, the Eb (A0 )-dependence
will be nearly identical to the case vμ = 0 already considered, if the amplitude A0 is not too small.
Then Eb (A0 ) will show a minimum at a non-zero value of A0 . For small A0 however the energy of
the breather will ultimately decay to zero, so the curve has a maximum for smaller amplitudes! The
dashed line in the right panel in Fig. 9 shows the numerical calculation, which coincides with our
prediction.
Another example is the two-dimensional lattice system (9) which is characterized by z = 2, and
thus the critical dimension is d = 2. The energy thresholds have been computed and reported in
[12]. The proﬁles of DB solutions in Fig. 3 correspond to (A) a low amplitude DB, (B) the minimum
energy DB, and (C) a high amplitude DB.
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Fig. 9. Left panel: Breather energy versus amplitude for the DNLS system
in one, two and three lattice dimensions. System sizes for d = 1, 2, 3: N =100,
N =252 , N =313 , respectively. Right panel: Breather energy versus maximum
amplitude for the DNLS system in one lattice dimension and for three diﬀerent
exponents μ = 3, 5, 7 (solid lines). The system size is N = 100 and the parameter C = 0.1. The dashed line is for the modiﬁed system (cf. text). Data are
from Figs. 1 and 3 in [13].

5. Fano resonances with discrete breathers
Wave scattering by discrete breathers can yield total reﬂection of plane waves for wave numbers
with nonzero group velocities The eﬀect is due to the time-periodicity of the DB which induces
an eﬀective time-periodic scattering potential for plane waves. It can be interpreted as a destructive
interference between diﬀerent co-existing propagation channels (a detailed discussion of the theory and
experimental data including related ﬁelds in transport through nanostructures can be found in [16]).
The observed total reﬂection was shown to be closely related to the well-known Fano resonance [17].
To explore the origin of this resonance we consider the simple example of plane wave scattering by
a single site DB in the DNLS model (27) with μ = 3. The linear wave spectrum in this model is given
by
(28)
ωq = 2C cos(q),
and constitutes the open channel of the scattering problem.
C. The corresponding DB solution ψn = An exp(iΩb t)
Consider a highly localized DB with Ωb
can be approximated by a single site excitation: A20 = Ωb , An=0 = 0. Due to the gauge invariance
of the DNLS model, there are only two propagation channels for an incident small amplitude plane
wave [17]. With Xn ≡ en,0 and Yn ≡ en,−2 , the coupled equations for the two channels are [17]:
ωq Xn
(2Ωb − ωq )Yn

= C(Xn+1 + Xn−1 ) + Ωb δn,0 (2X0 + Y0 ) ,

(29)

= C(Yn+1 + Yn−1 ) + Ωb δn,0 (2Y0 + X0 ) .

(30)

It is straightforward to show, that 2Ωb − ωq = ωq ∀ q, q  , so that the channel Yn is always closed.
It is instructive to consider a generalised problem given by [17]
ωq Xn
(Ω − ωq )Yn

= C(Xn+1 + Xn−1 ) − δn,0 (Vx X0 + Va Y0 ) ,

(31)

= C(Yn+1 + Yn−1 ) − δn,0 (Vy Y0 + Va X0 ) ,

(32)

which is reduced to the system (29,30) when Ω = 2Ωb , Vx = Vy = 2Va = −2Ωb . Note, that for a
particular case Va = 0, i.e. when the closed channel Y is completely uncoupled from the open channel
X, the former possesses exactly one localized eigenstate for nonzero Vy [17]:
(y)

ωL = Ω −
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Vy2 + 4C 2 .

(33)

Using the transfer matrix technique, the transmission coeﬃcient T for the generalized problem
(31,32) is given by [17]:
T =
a=

Vx + ωq
,
C

4 sin2 q
2 cos q − a −

b=

d2 κ
2−bκ



+ 4 sin2 q

Vy + Ω − ω q
,
C

d=

Va
,
C

(34)

(35)

where κ is the inverse localization length of the closed channel:

κ=

Ω − ωq +

2

(Ω − ωq ) − 4C 2
2C

.

(36)

The transmission coeﬃcient T vanishes, when the condition
2 − bκ = 0

(37)
(y)

is satisﬁed. It is equivalent to the resonance condition ωq = ωL , which has a clear physical meaning:
total reﬂection occurs when the frequency of the incoming wave ωq in the open channel X resonates
(y)
with that of the local mode ωL of the closed channel Y . Thus the resonance is equivalent to the
Fano resonance [18], resulting from a local state interacting and resonating with the continuum of
extended states. An intriguing peculiarity of the case under consideration is that the local state itself
(belonging to the closed channel) is created dynamically, through an interaction between the incoming
plane wave and the scattering DB.
Coming back to the original problem (29,30), the transmission coeﬃcient is given by
T =

For highly localized DBs with Ωb /C

4 sin2 q
2Ωb
C

−

Ω2b
κ
2C 2 1+κ cos q

2

2

.

(38)

+ 4 sin q

1 the total reﬂection occurs in a close vicinity of q = π/2.

6. Outlook
Armed with the fundamental understanding of the origin of DBs/ILMs through the combination of
discreteness with nonlinearity, experimentalists are becoming increasingly proﬁcient at discovering—
or creating—new physical systems in which to study DBs/ILMs and their properties. In sum, the
theoretical, numerical, and experimental results, as well as the innovative concepts, associated with
the physics of DBs/ILMs have shed considerable light on the complex dynamics, properties, and
functions of nonlinear discrete physical systems from the nanoscale to the macroscale. The study of
such systems and DBs/ILMs they support underpins applications ranging from smart materials that
respond collectively to external stimuli in a coherent, tunable fashion to light-induced, reconﬁgurable
all-optical networks. Only a decade ago, DBs/ILMs were almost exclusively the province of theorists.
Today, the rapidly expanding list of experimental observations not only establishes the ubiquity
of dsicrete breathers and intrinsic localized modes in nonlinear, discrete physical systems but also
generates exciting possibilities for future applications both in fundamental science and in technology.
Clearly, for DBs/ILMs, the best is yet to be.
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