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1.

(a)

Consider the static electric field E = 2E0% — 3E0§'.

Find the electric potential difference Vop between the point ) at
(0,3L,0) and the point P at (0, L, 0).

Find the electric potential difference Vzp between the point R at
(4L, L,0) and the point P at (0, L,0).

The planar surface X lies parallel to the z-y plane and has area A;.
Find the electric flux through this surface.

[12 marks]

A circular ring of radius R lies in the z-y plane with its center at the
origin. The ring carries a uniformly distributed positive charge Q.

Find the electric potential due to the charged ring at the point
P(0,0, zp) on the z-axis.

Approximate your result in the limit zp > R and explain your result
in terms of the potential due to a point charge.

[12 marks]

A charged sphere has radius ag. The charge density is

po(r?/a2) for r < ay
p —=
0 for r > ag

where r is the distance from the center of the sphere.
What is the total charge carried by the sphere?

Using Gauss’ law (Gauss’ dielectric flux theorem), find the electric
field inside the sphere as a function of r.

[16 marks]



MP204, 2017-2018, AUGUST EXAM page 2 of 4

2.

(a)

The Biot-Savart law can be written as

B (Mo-’) dl’ x (r/—?>

4r Ir — r’|2

Explain what this equation expresses.

Include an appropriate figure or figures, showing relevant vectors
and/or distances. Indicate the direction of dB in your sketch.

[12 marks]

Current I flows through a square-shaped wire loop. Each side of the
square-shaped loop has length L.

Using the Biot-Savart law, calculate the magnetic field created by the
current at the center of the loop.

Possibly useful integral:

du B U
(u2 —|—a2)3/2 - a2(u2 —|—a2)1/2

[18 marks]
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3.

(a)

The magnetic field in some region is uniform: B = Bok. At time
t = 0, a charged particle (mass m, charge ¢) is at the origin and has
velocity R R

v = ai + wk
At which subsequent times does the particle cross the z axis?
What is the z coordinate of the particle position at these instants?
Hint: The trajectory of the particle is helical.

[12 marks]

Consider an electromagnetic wave travelling through empty space
described by the electric and magnetic fields

1 o 1
E = 3VyLcos (E(y—l-ct))i, B = Gcos (Z(y+ct)) ,

where V and L are positive constants and G is a constant vector.
Using Maxwell’s equations in free space, find the constant vector G.
In which direction is the electromagnetic wave propagating?

[10 marks]

An electromagnetic field is described by the scalar potential V' and
vector potential A, given by

2B, R R
V=2t A=B [xi—l—(ysinwt—Bz)k ,
Ho€o

where By and w are positive constants.
Find the electric and magnetic fields in this system.

[8 pts.]
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Posssibly useful Equations

Electrostatics: ~ E=-VV ; Vpg=— fCI;E ~dl

_ @ 1
Aeg [r — 1q|

Electric potential at r due to a point charge ¢; at ry:

GaUSS’ law: fEdS _ Qenclosed
=

€0

e Magnetostatics: Ampere’s law: / B-dl = polenciosed
c

pory A% (r=)
Biot-Savart law: dB = ( 0 )

47 ‘r — 1“‘2

e Force on a charge: F =qE+qv x B

Magnitic force on a current element: dF = Idl x B

A
e Fields from potentials: E=-VV — 88_t , B=VxA
o : dp
e The continuity equation: V -J+ i 0
e Maxwell’s Equations:
O V-E=12 @ VB =0
€o
0B
VXE = — —
® Vv~ ot
OE
@ VxB = pd + Hoto g = o (J + Jp)
e Poynting vector: S = %E x B Speed of light: ¢ = 1/,/moco

1 1
Energy density of electromagnetic fields: u = §€0E2 + 2—32
Ho
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*

HINTS AND PARTIAL SOLUTIONS

*

1. Question 1.

(a) Question 1(a)
Consider the static electric field E = 2E05 — 3E05.
Find the electric potential difference Vop between the point ) at
(0,3L,0) and the point P at (0, L,0).
Find the electric potential difference Vgp between the point R at
(4L, L,0) and the point P at (0, L,0).
The planar surface X lies parallel to the z-y plane and has area A;.
Find the electric flux through this surface.

[12 marks]

[Sample Answser:]
Calculating Vgp

The line from P to @ is in the y direction. We can use the line integral
along the straight line from P to Q.

VQp:—/PQE-dl:—/;LSL <2E0%—3on)- (j dy)

y=3L 3L
= - / (—3Eo) dy = 3E, / dy = 3Ey(2L) = 6E L
)

—L L
A
Q(0,3L,0)9
R(4L, L,0)
P(0,L,0)e °
> o
X
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Calculating Vgzp

To calculate Vgp, we can use the straight line from P to R, which is
in the z direction.

VRp:—/RQEdl:—/:jL (QEO%—:’)EO}). (% dm)

x=4L 4L
T 0

=0

Flux

A unit vector perpendicular to ¥ is l;:, so that any surface element
vector of ¥y is dS = kdS. Thus the flux is

/ E~dS:/ (2E0%—3on> kdS= [ 0dS =0
1 1 1

*
|
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(b) Question 1(b)
A circular ring of radius R lies in the z-y plane with its center at the
origin. The ring carries a uniformly distributed positive charge Q.

Find the electric potential due to the charged ring at the point
P(0,0, 2p) on the z-axis.

Approximate your result in the limit zg > R and explain your result
in terms of the potential due to a point charge.

[12 marks]

[Sample Answser:]

Any part of the ring is at distance

\/ R?+ 22 L e

o X"

RN

from the point P(0,0, zp). Q

If we consider an infintesimal segment of the ring carrying charge dq,
this segment may be regarded as a point charge.

The potential at the point P due to this segment is

1 d
AV = d

 dmeg \/R2 + 22

The potential is independent of the location of the element along
the ring!! Thus, each element dgq produces the same potential at P.
Integrating gives

1 1 10
V= [ da-
dmeg \/R? + 22 I dmeg \/R? + 22

At large distances, zy > R, the potential becomes
1
y_ 1@

4dmeq 2
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which is the potential due to a single point charge. The interpretation
is that, at large distances, the structure of the ring is not visible and
the charge is perceived as clumped together as a point charge.

Question 1(c)
A charged sphere has radius ag. The charge density is

po(r?/a2) for r < ag
p —_=
0 for r > ag

where r is the distance from the center of the sphere.
What is the total charge carried by the sphere?

Using Gauss’ law (Gauss’ dielectric flux theorem), find the electric
field inside the sphere as a function of r.

[16 marks]
[Sample Answser:]
Total charge:
a0 a0 47 po ag 4
Q = / 4rr?p(r)dr = 47Tp—g ridr = 5030 = 57‘(’,00&8
0 ap Jo ap

To find the electric field inside the sphere, we construct a spherical
gaussian surface ¥ of radius r concentric to the charged sphere. (A
sketch is expected from the examinees.) The charge enclosed within
this surface is

r 5

Po 47 por

GQencl. = 47T_2 T4d7’ = 5 2
ap Jo ap

To find the electric flux through this surface, we need to use symmetry.
By symmetry, the electric field has the same magnitude at all points
of the surface and points radially outwards, hence is perpendicular
to the surface (parallel to the surface-vector dS) at all points of the
surface. Therefore the flux is

j{E-dS = E xarea = E(47r?)
s
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Thus Gauss’s law (flux = %x enclosed charge) gives

enc 4 5
E(47T7°2) = Gend _ Wpog - F = p02 r3
€0 560&0 560&0

Although not asked for in this exam question, the calculation for the
electric field outside the charged sphere would be very similar. Now
the enclosed charge is the total charge on the sphere. Thus Gauss’s

law gives

e 1 3\ 1
E(m?) = T _ @ p Q@ _ <M>—2

€0 €0 4dmreg 12 Seg ) T
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2. Question 2.

(a) Question 2(a)
The Biot-Savart law can be written as

B (MOI) dl’x(ﬁ)

4 Ir — r’]2

Explain what this equation expresses.

Include an appropriate figure or figures, showing relevant vectors
and/or distances. Indicate the direction of dB in your sketch.

[12 marks]

[Sample Answser:]

The Biot-Savart law gives the magnetic field created by an infinitesi-
mal element of a current-carrying wire.

In the equation, dl’ is an infinitesimal element of the wire, directed
along the flow of current /. The magnetic field created at point r (call
this point P) is dB. The location of the wire element is at point r’.

The displacement of the point P from the source current element dl’
is r — r’. In the equation, r —r is a unit vector in the direction
of the displacement. The magnitude of the created magnetic field is
inversely proportional to the square of the distance of the point P
from the current element. The field magnitude is also proportional to
the current strength I.

The direction of the magnetic field is given by the cross-product of
dl' and r — r’. In the figure (assuming there is one), the field is likely
perpendicular to the plane of the figure. In the electronic figure shown
here, the field points into the plane of the paper.
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In the equation, the p is a constant known as the permeability of free
space.

Question 2(b)
Current I flows through a square-shaped wire loop. Each side of the
square-shaped loop has length L.

Using the Biot-Savart law, calculate the magnetic field created by the
current at the center of the loop.

Possibly useful integral:

du B U
(u2 —|—a2)3/2 o aQ(UP —I—a2)1/2

[18 marks]

[Sample Answser:]
A sketch would be very useful.

Let’s first concentrate on one of the sides, say AB. Choose an
infinitesimal element of this side, of length |dl|. Define 1 as its
displacement from the center of AB. The line joining this element
to the center of the loop (call it point P) makes an angle 6 with the
line joining the point P to the center of the side AB.

It would be useful to sketch a top view of the square wire and an

element dl, showing clearly the angle 6, made at the center of the
loop, the distance [, and the direction of the current.
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D C

L/2

A dl B

Point P is at distance L/2 from the wire segment AB. The distance
to the element dl is

2

L/2)2 412 =
(L/2)* + cos

The Biot-Savart law says that the magnetic field element is due to the
current in an element of the wire is

poI dl x 7
4 r2

dB =

where r is the displacement from the wire element in dl to the point
where we are calculating the field, and 7 is a unit vector in the direction
of r. In class we also used the more cumbersome notation

oI dl x (r — 1)
At |r —r/|?

dB =

to mean the same thing. Let’s use the first notation to avoid clutter.

In the present case, dl makes angle 5 — 6 with 7, hence the magnitude
of the cross product is
L)2

dlx 7| = |dl| x 1 x sin(> —0) = dl——to
2 (L)2)? + 2

Also, 7? = (L/2)* + 2. Thus the magnitude of the field element is

pol — (L/2)dl

W (@
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The limits of integration from A to B (over one side of the square) are
l=—L/2tol=+L/2. Thus the total field due to the entire segment

AB is
g HlL /*L/2 dl ol l
8t Jorp [P (L2277 8T [(L/2) [+ (L/2)7)'*
ol ( L/2 - (—L/2) )
2rL \[(L/2)2 + (/22" [(L/2) + (L/2)%)'"?
pol
- 27TL\/§

By symmetry, each side of the square produces the same magnitude
of magnetic field at P. Using the right hand rule also shows that each
segment creates a field in the same direction, hence the fields due to
the four sides add up. The total field is

pol ol
4 2 = 2V?2
% 27TL\/— L V2
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3. Question 3.

(a) Question 3(a)

The magnetic field in some region is uniform: B = Bok. At time
t = 0, a charged particle (mass m, charge ¢) is at the origin and has
velocity ) )

v = + wk
At which subsequent times does the particle cross the z axis?
What is the z coordinate of the particle position at these instants?
Hint: The trajectory of the particle is helical.

[12 marks]

[Sample Answser:]

The magnetic field exerts a force qv x B perpendicular to itself, hence
in directions perpendicular to z. In the z direction, the velocity thus
remains constant, v, = w.

Perpendicular to the z direction, the magnetic field causes cyclotron
motion, with speed «. If the cyclotron radius is R, then

2

mo
B=— = R=-—
“ R qB

The time it takes to complete one cyclotron revolution is

T— circumference _2nR  2mm
N speed  a  ¢B

Therefore, the particle will cross the z axis at times

2
:ﬁ7 2T:47T_m7 3T:67T_m7 4T:87T_m7
qB qB qB qB
At these instants the z coordinate will be
T — 27me7 owT — 47me7 3w — 67rmw7 AT — 87rmw’
B qB
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(b) Question 3(b)
Consider an electromagnetic wave travelling through empty space
described by the electric and magnetic fields

1 o 1
E = 3VyLcos (E(y—l-ct))i, B = Gcos (E(y—i—ct)) ,

where V and L are positive constants and G is a constant vector.
Using Maxwell’s equations in free space, find the constant vector G.
In which direction is the electromagnetic wave propagating?

[10 marks]

[Sample Answser:]
Using Maxwell’s third equation:

0B

OE, 8EI] :

—= — E: — g
VX {89& Jy

- [0—31/0[, (—%) sin %(yﬂ:t))] k
— —3Vsin (%(y + ct)> ki

Integrating gives

1 1 A S
B — 31 < ) (—1) cos <E(y N ct)> - [tlme mdependent]

c/L constant vector

I ) A N
_ 3 cos (Z (y+c t)) - {tlme 1ndependent}
c

constant vector

Comparing with the given form for the magnetic field, the constant
vector (constant of integration) is seen to be zero. In addition, the
constant G is seen to be

3VoL -

G = k

C

The spatial dependence appears as y+ct. This means the wave travels
in the negative y direction.

If the fields were functions of y — ct, it would be a wave traveling in
the positive y direction.
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(¢) Question 3(c)
An electromagnetic field is described by the scalar potential V' and
vector potential A, given by

2B, R R
V="2¢ A=B, [xz + (ysinwt — 32)k| |
Ho€o
where By and w are positive constants.

Find the electric and magnetic fields in this system.

[8 pts.]
[Sample Answser:]
0A . .
E= -VV- 5 = 0 — By (wycoswt) k = — Bywy coswt k

B =VxA = (9,A, —3.A,)1 + 0] + 0k = Bysinwti



