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1.

(a)

An electromagnetic field is described by the scalar potential V' and
vector potential A, given by

V = oy (c2yt — 022) , A= o (02152 + 2% + 92)5
where a4 is a positive constant, and ¢ = 1/,/J10€g is the speed of light.
Find the electric and magnetic fields.

[8 marks]

A semi-infinite line of charge lies along the positive z-axis, extending
from the origin (z = 0) to © = oo. The linear charge density is
uniform, equal to A everywhere on the semi-infinite line.

Calculate the electric field generated by this line of charge at the point
(0, L,0) on the y-axis.

Specify clearly the magnitude, the components, and the direction of
the field. How does the direction depend on L?

Possibly useful integrals:

/ du B U _ / udu B 1
WP afira ) @R iEta
[17 marks]
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2. Consider the static electric field:
E = (22 + 3y)% + B3z + z)j + By + 22)]%

Here [ is a positive constant.

(a) Find the electric potential difference Vgp between the point @) at
(L,5L,0) and the point P at (L, L,0).
Find the electric potential difference Vzp between the point R at
(3L, L,0) and the point P at (L, L, 0).
Here L is a positive constant.

[14 marks]

(b) Consider the rectangular surface ; lying in the x-y plane, with
three corners at points P, (), R, and the fourth corner at point S
at (3L,5L,0). Find the magnitude of the electric flux through this

surface.

[11 marks]
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3. Steady current I flows through an infinitely long straight wire placed
parallel to the z axis, from z = +o00 to z = —o0. (The current direction
is ‘anti-parallel’ to the z axis.) The wire runs through the point (—b,0,0).
Here b is a positive constant.

Reminder: An infinitely long straight wire produces a magnetic field of
strength pol/(27d) at a point at perpendicular distance d from the wire.

(a)

Find the magnitude of the magnetic field created at the origin due to
the current-carrying wire. Find also the z-, y-, and z- components of
the magnetic field created at the origin.

[5 marks]

At the point M(3b,4b,0) in the z-y plane, find the magnitude of the
magnetic field created by the current. Find also the z-, y-, and z-
components of the magnetic field at this point.

[11 marks]

Now consider the point N(3b,4b,5b), not in the z-y plane. Find the
x-, y-, and z- components of the magnetic field at this point.

[3 marks]

Consider the square-shaped surface 35 lying in the y-z plane, having
sides of length 4b. The center of the square is at the origin. Two of its
sides are parallel to the y-axis, and the other two are parallel to the z
azis.

What is the magnetic flux through this surface? Explain, or show your
calculations.

[6 marks]
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4.

(a)

The magnetic field in some region is uniform: B = Bok. At time
t = 0, a charged particle (mass m, charge ¢) is at the origin and has
velocity v = wi + agk. Here w and ay are positive constants.

What is the magnitude and direction of the force exerted at t = 0 on
the particle 7

Explain how the z, y and 2z components of the velocity change with
time.

[6 marks]

The magnetic field in some region is time-dependent and points in
the positive z direction: B(t) = By [2 4 sin(t/T)] k. A circular loop of
radius 7 lies in the xy plane. Here By, rq and T are positive constants.
Find the EMF induced in the loop.

[5 marks]

A metallic slab has width 2a, and lies between y = —a and y = +a,
so that its surfaces are parallel to the z-x plane. The slab has infinite
extent in the x and z directions.

Steady current flows through the slab in the z direction. The current
density has magnitude J, everywhere within the slab:

J - Jok  for |y| < a
o for ly| > a

Using Ampere’s law, find the magnetic field created by the current at
locations outside the slab, both for y > a and for y < —a.

Explain clearly any loop that you introduce, and any symmetry
arguments that you use.

[14 marks]
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Posssibly useful Equations

P

Electrostatics: E=-VV ; Vpg= —/ E-dl
Q

_ @ 1
47T€0 |I' — I'1|

Electric potential at r due to a point charge ¢; at ry: V

Gauss’ law: fEdS _ Qenclosed
%

€0

Magnetostatics: Ampere’s law: / B-dl = polenciosed
c

pory A (r=)
Biot-Savart law: dB = ( 0 )

47 |r — r’|2

Force on a charge: F =gE +qv x B
Magnetic force on a current element: dF = Idl x B
0A

Fields from potentials: E = -VV — Tl B=VxA

0
The continuity equation: V -J 4+ a—f =0

dP d d
Faraday’s law: & = =L o 7{ E-dl=—-——& = —— / B -dS
dt C 5

Maxwell’s Equations: B VXE = ——

E
@ VxB = pdJ + Hofomr = to(J + Jp)

1
Poynting vector: S = —E x B Speed of light: ¢ = 1/\/foco
Ho
1

1
Energy density of electromagnetic fields: u = §EOEQ + 2—32
Ho
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*

PARTIAL SOLUTIONS/ HINTS/ COMMENTS

*

GENERAL COMMENTS:

(1) The exam was an “online assessment”, with 2 hours for the exam and an
extra hour for the upload.

(2) There might be typographical errors or incomplete explanations in these
pages. Please use with caution.

1. Question 1

(a) Question 1(a)
An electromagnetic field is described by the scalar potential V' and
vector potential A, given by

V = oy (CQyt — 022) , A =uon (02752 + 2 + ?/2) J

where o is a positive constant, and ¢ = 1/,/lg€p is the speed of light.
Find the electric and magnetic fields.

[8 marks]

[(Partial) solution / Hints : |

This is a simple “plug-in” problem; no understanding or analysis is
really needed, only the ability to calculate vector derivatives and the
ability to distinguish vectors and scalars.

Electric field:

E= - VW-— = — <a102t5 — 20416,2/%) - <2alc2t5>

= — 3&102255 + 20410212:

The second term is really needed! The more familiar equation E =
—VV is only valid for electrostatics.
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Magnetic field:

A has only a y-component
B =VxA ’
x . which depends on x but has
= (0:4y)k no z-dependence. Hence

~

= 2@133]2; VXA = (&EAy)k:

(b) Question 1(b)
A semi-infinite line of charge lies along the positive z-axis, extending
from the origin (x = 0) to = oo. The linear charge density is
uniform, equal to A everywhere on the semi-infinite line.

Calculate the electric field generated by this line of charge at the point
(0,L,0) on the y-axis.

Specify clearly the magnitude, the components, and the direction of
the field. How does the direction depend on L?

Possibly useful integrals:

/ du B U ' / udu 1
@+’ e W+ a2 eta
[17 marks]

[(Partial) solution / Hints : |

A clear sketch of the situation is essential and is expected from
examinees.



MP204, 2020-2021, MAY Exam Solutions/Comments: p.3 of 16

2 du

U X

Consider an infinitesimal slice of the rod at distance u from the origin,
of width du. (We could have called this variable z as well in this case.)
The charge carried by this inifinitesimal element is Adu.

From the figure: the element is at distance vu? + L? from the point
(0, L, 0) where we need to calculate the field. The field has both x and
Yy components.

The electric field created by the small element has the magnitude

Adu 1

g = 2~
dmeg u? + L2

The z- and y- components of this field element are

du 1 U A udu
dE, = —dEsinf = -— = —
S Arequ? + L2 \/u2 + L2 4meq (u? + L2)3/2
d 1 L AL d
dE, = dEcost = Y = Y

dmeg u? + L2 \/u? + L2 dreg (u? + L2)3/2

The expressions for sin # and cos 6 used above are obtained by noticing
that the same angle 6 appears in the right-angled triangle with sides
u, L and vu® + L2

The components of the total electric field are found by integrating the
two expressions above. The line being semi-infinite, the integration
limits are u = 0 to y = oo.
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A e udu

E, = dE, = — —_——
/ 4meg /0 (u? + L?)3/2

B A { 1 } u=ee

 dme | V2 L2,

A 1 A
4reg L 4megL
and

AL [ du
Ey = /dEy B 471'60/0 (u? + L2)3/2

AL [ u rw
47T€[) L2\/m u=0

The upper limit might be tricky:
U : 1 1

Iim ——— = lim S
umoo [2\/uf + L2 oo [2\/T+ L2 /0?2 12

whereas the lower limit is easy:

u
S =0
{szﬂ + LQ} st

AL (1 A
E — _— O —
Y Arey (L2 > dmeg L

The magnitude of the electric field at (0, L, 0) is

A A\ V2)
E=,\/E2+E2= — = .
e T By \/( 47T€0L> * (47T€0L) dmeg L

The components are

Thus

A A

E, = ——, E, =
4megL 4 4dmegL

The direction: because the two components are equal, the electric field

points at angle § = 45° to the y axis or to the negative x axis. The

direction does not depend on L, as E, = —E, for any value of L.

*
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2. Question 2
Counsider the static electric field:

E = 82z + 3y)i + B3z + 2)] + By + 22)k .
Here [ is a positive constant.
(a) Question 2(a)
Find the electric potential difference Vop between the point @ at
(L,5L,0) and the point P at (L, L, 0).
Find the electric potential difference Vgp between the point R at

(3L, L,0) and the point P at (L, L,0).
Here L is a positive constant.

[14 marks]

[(Partial) solution / Hints : |
It would be useful to first sketch the positions of P, (), R on the z-

y plane, so that one knows the directions of the lines joining them.
(Point S is also shown, for the next question.)

Calculating Vop

The line from P to () is in the y direction. We can use the line integral
along the straight line from P to ). On this line, x = L and z = 0.

Q
VQp:—/ E-dl
P

[ (w s awie p3e 42+l 298) - (i )

=L

y=5L 5L
- dy = — L+ 0)d
ﬁ/ (32 + 2) dy 5/L (3L + 0)dy

L
= —34L /:) dy = —3BL(4L) = —12BL°
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Sb
ale .S(bLWSL 0)
@““@
) Q)
Q [ ] .?V(‘))‘)_’L’
>
xr

Calculating Vgp

To calculate Vgp, we can use the straight line from P to R, which is
in the x direction. On this line, y = L and z = 0.

Q
va:—/ E-dl
R

—_ /FM (ﬁ(2x +3y)i + B3z +2)j + By + 2z)l%> : (z dx)

r=3L
:—ﬁ/ (2x + 3y) d :—6/ (2x 4+ 3L) dx
=L

~on(2(B2 - 5) vanorn- )

= —B(8L* +6L*) = —14BL?

(b) Question 2(b)
Consider the rectangular surface >; lying in the z-y plane, with
three corners at points P, (), R, and the fourth corner at point S
t (3L,5L,0). Find the magnitude of the electric flux through this
surface.
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[11 marks]

[(Partial) solution / Hints : |

Refer to the sketch made for part (a), for the geometry.

A unit vector perpendicular to X is l%, so that any surface element
vector of ¥ is dS = kdS. (Up to sign, which is not well-defined for
this question.)

Thus the flux is

/ZlE.dS = /21 <5(2x+3y)£+5(3x+z)5+ﬁ(y+2z)/%> - kdS

=0 (y+22)dS=p0 [ (y+0)dsS

21 Z1

The last step uses the fact that the surface lies in the x-y plane, so
that z = 0 everywhere on the surface.

The integration limits are determined by the geometry of the rectangle:

3L 5L
/ ds = / dx / dy
P =L y=L
so that the flux is

3L 5L 5L o512 2
6/ dx/ dyyzﬁ(?L)/ dyyzZ,BL( > ——) = 24813
=L y=L L 2 2

*
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3. Question 3

Steady current I flows through an infinitely long straight wire placed
parallel to the z axis, from z = 400 to 2 = —o0. (The current direction
is ‘anti-parallel’ to the z axis.) The wire runs through the point (—b,0,0).
Here b is a positive constant.

Reminder: An infinitely long straight wire produces a magnetic field of
strength pol/(27d) at a point at perpendicular distance d from the wire.

(a) Question 3(a)
Find the magnitude of the magnetic field created at the origin due to
the current-carrying wire. Find also the z-, y-, and z- components of
the magnetic field created at the origin.

[5 marks]

[(Partial) solution / Hints : |
A top view of the z-y plane is very useful. The current flows

perpendicular to the plane, direction pointing opposite to the z axis,
hence into the paper.

AY

b

~
=

The perpendicular distance to the origin is b. Hence the magnitude of
the magnetic field, created at the origin, is pol /(27b).

The direction is found using the right hand rule (either the rule for
the cross-product in the Biot-Savart law, or the rule for the direction
of magnetic field due to current-carrying wires). At the origin, the
direction is found to be in the negative y direction. Thus

ol



MP204, 2020-2021, MAY Exam Solutions/Comments: p.9 of 16

(b) Question 3(b)
At the point M (3b,4b,0) in the z-y plane, find the magnitude of the
magnetic field created by the current. Find also the z-, y-, and z-
components of the magnetic field at this point.

[11 marks]

[(Partial) solution / Hints : |

There is little hope of doing this correctly without a sketch. A top
view of the z-y plane is essential.

The perpendicular distance of the point M(3b,4b,0) to the wire is
is the distance between points (—b,0,0) and M (3b,4b,0). Using
Pythagoras, this is

(4b)2 + (4D)2 = 4/20.

YA

M

4b

=Y

4b

b

Hence the magnitude of the magnetic field is

1 1
B — Mt o

2 (distance) 8v/2mb
The magnetic field at M (3b,4b,0) points perpendicular to the line
joining M to the nearest point on the wire, as shown by the arrow in
the figure. The field direction is in the z-y plane, hence B, = 0.
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To find the x and y coordinates, we need the angle. The field points
‘southeast’, making angle —m /4 with the positive x direction. Hence
the components are

pol 1 ol

B, = Bcos(—7/4) = Bcos(m/4) = 8v/21b /2 ~ 167b

and

pol 1 ol

T 8V2rbyv2 | 167h

Thus the magnetic field created at point M has the components

B, = Bsin(—n/4) = —Bsin(n/4) =

(¢) Question 3(c)
Now consider the point N(3b,4b,5b), not in the z-y plane. Find the
x-, y-, and z- components of the magnetic field at this point.

[3 marks]

[(Partial) solution / Hints : |

The point N(3b,4b, 5b) lies directly above the point M, at the same
distance and direction from the infinite wire. Therefore by symmetry
the magnetic field created at N is exactly the same as that created at
M, and hence has components

pol ol

Bx = T 1> EEVIRE
+ 167d 4 16mb
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(d) Question 3(d)
Consider the square-shaped surface 5 lying in the y-z plane, having
sides of length 4b. The center of the square is at the origin. Two of its
sides are parallel to the y-axis, and the other two are parallel to the z
azis.

What is the magnetic flux through this surface? Explain, or show your
calculations.

[6 marks]

[(Partial) solution / Hints : |

A reasonable drawing will show that the magnetic field component
perpendicular to the surface, i.e., B,, is positive for y < 0 and negative

for y > 0.
gy s,

grom
ﬁeﬂe 5\¢e3

n

®
\

2b

b

The magnetic field also has a y component which is negative every-
where on 3, but this does not contribute to the flux. (Why?)

The symmetry of the situation means that the contributions to the
flux are equally positive and negative in the two halves of the surface.
This is seen from the magnetic field represented by the red arrows
in the figure. In the y > 0 half of the surface, the z-component of
the field is positive (arrow rightward), while in the y < 0 half, the
z-component of the field is negative (arrow leftward)

—> the magnetic flux through ¥, is zero.
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Of course, to get credits for this problem, examinees are expected to
explain the geometry and symmetry argument, not just state that the
flux is zero.
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4. Question 4

(a)

Question 4(a)

The magnetic field in some region is uniform: B = Bok. At time
t = 0, a charged particle (mass m, charge ¢) is at the origin and has
velocity v = wi + ask. Here w and ay are positive constants.

What is the magnitude and direction of the force exerted at ¢ = 0 on
the particle 7

Explain how the x, y and z components of the velocity change with
time.

[6 marks]

[(Partial) solution / Hints : |
The force is

F=qvxB=gq (w5+0z2fc) X Bol% = —quoj'

Magnitude qw By, direction in the negative y direction.

The magnetic field exerts a force qv x B perpendicular to itself, hence
in directions perpendicular to z. In the z direction, the velocity thus
remains constant, v, = as.

Perpendicular to the z direction, the magnetic field causes cyclotron
motion. Thus the x and y components of the velocity will each
oscillate.

Question 4(b)

The magnetic field in some region is time-dependent and points in
the positive z direction: B(t) = By [2 4 sin(t/T)] k. A circular loop of
radius 7y lies in the xy plane. Here By, ro and T" are positive constants.
Find the EMF induced in the loop.

[5 marks]
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[(Partial) solution / Hints : |

Since the magnetic field is perpendicular to the loop, the flux through
the loop is

®p = Blarea) = By[2+sin(t/T)]7rg

The EMF according to Faraday’s law is

N =

Question 4(c)

A metallic slab has width 2a, and lies between y = —a and y = +a,
so that its surfaces are parallel to the z-z plane. The slab has infinite
extent in the x and z directions.

Steady current flows through the slab in the z direction. The current
density has magnitude Jy everywhere within the slab:

J - Jok  for y| < a
1o for|y|>a

Using Ampere’s law, find the magnetic field created by the current at
locations outside the slab, both for y > a and for y < —a.

Explain clearly any loop that you introduce, and any symmetry
arguments that you use.

[14 marks]

[(Partial) solution / Hints : |

The geometry implies that the magnetic field is everywhere in the x
or the —z direction. In other words, B, and B, are zero everywhere;
the only nonzero component is B,.
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Ay cross-section
of slab

In addition, using the right hand rule, the field points leftward in the
y > 0 region, and rightward in the y < 0 region, as shown by red
arrows in the figure. The magnitude of B, might depend on y, but is
by symmetry independent of z and x.

We use a rectangular Amperean loop I', parallel to the z-y plane. The
z-direction sides have length L., and the y-direction sides have length
L,, and are equally far from the z axis. The z- or x- position of the
loop does not matter.

To use Ampere’s law, we have to calculate the line integral of the
magnetic field counterclockwise around the loop:

j{B-dl.
r

The contribution from the sides of length L, is zero. The contribution
from the side at y = +L,,/2 is

(B@:+%mﬂx%
The contribution from the side at y = —L, /2 is

‘B@:—%mﬂx@
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By symmetry, the fields at these two sides have the same magnitude,
thus the total line integral is

fB Ll = ’B(y — +L,/2)| x 2L,
T

By Ampere’s law, this is equal to j times the current piercing the
loop. The current piercing the loop is the current flowing through
the part of the slab that intersects the loop. Since this part has cross
section 2al,, this current is

1

piercing = current density x cross-section area = Jy X 2al,

Thus Ampere’s law gives
B(y =+L,/2)| x 2L, = po x Jo X 2aL,
— |Bly =+Ly/2)| = poJoa
Remarkably, the magnitude is independent of L, and hence of y. In
other words, the magnitude of the magnetic field outside the slab is

the same at any distance. To summarize

B _ —i o Joa fory >0
|+ toJoa  fory <0



