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1. Consider a magnetostatic situation: currents and fields are time-independent.

(a) The vector potential in a region is given by

a= ()54 ()

Find the magnetic field B. Use Ampere’s law in differential form to find
the current density.

(Partial) Solution/Hint —

B o (OAL DA\ (A A .
B_VXAl_(ay 82)2_(2 (2)>Z—)\Z

Using Ampere’s law in differential form (V x B = p,J),

1
J=—VxB =0
Ho

(b) Now consider the vector potentials

Ay=(AN)i+ Ok, Ay= (Aygz)}Jr(/\y;Z)l%

Show that both these vector potentials lead to exactly the same magnetic
field as the vector potential A;.

(Partial) Solution/Hint —

Both curls give B = \i.
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(c) If two choices of the vector potential correspond to the same magnetic

field, their difference must have zero curl. Write down the vector function
A, — A, and show that it indeed has zero curl.

(Partial) Solution/Hint —

Ay~ A, = (4N)i+ (Af)j+ </\g>l%

2 2
The curl is
0A,, O0A,\ » A AN -
As —A)) = — Yy - (2_Z2 _
VX( 2 1) (ay az)l (2 2>Z 0

A vector with zero curl can be written as a gradient of some scalar
function; thus Ay — A; = Vf. By examining the form of Ay — Ay,
guess a scalar function f that does this job. Show that the gradient of
your function indeed gives Ay — A;.

(Partial) Solution/Hint —

The following function would do the job:

A
f =4\ + S Y% + constant
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2. An infinite wire carrying current I runs along the y axis; the current flows
from y = —o0 to y = 400 through the origin.

A square loop of wire lies on the xy plane, with the four corners having
coordinates (%o, Yo), (¥o + L,Y0), (o + L,yo + L), and (zo,yo + L).

A sketch showing a top view of the xy plane might help.

(a) Find the magnetic flux through the square loop. The magnetic field is
created by the current through the long wire.

(Partial) Solution/Hint —

This won’t make much sense unless you sketch the situation. (For such a
problem in an exam, you really would be expected to include a sketch of
the positions of the wire and the loop.)

As long as we are considering points on the xy plane, the magnetic field

1
due to the wire has magnitude 'UL, because x is perpendicular to the

T
wire. The field is perpendicular to the xy plane, hence perpendicular to
the square loop surface; we thus don’t have to worry about angles. The
flux is

yo+L zo+L i
@z/BdS:/ dy/ dr HO”
" 0 2mx

[ [t q
= “LL/ dr=
2m o x

IU()[L (.TO + L>
= In
2 Zo
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(b)

Imagine that the square loop moves away from the long wire with speed
v, so that zo(t) = vt but yo and L are constant. Find the EMF generated
in the square loop.

(Partial) Solution/Hint —

Now the flux is time-dependent, because x is time-dependent.

O(t) = “;ITL In <1+%@)>

ol L 1 ( L) , pol L? x
£ =) = — ) = -
®) 2r 14 L/xg \ o(t) 2m xo(zo+ L)

[1,0[[/2 v
2 wt(vt+ L)

Imagine instead that the square loop moves in the y-direction (parallel to
the long wire) with speed v, so that yo(t) = vt but xy and L are constant.
Explain why there is no EMF generated in this situation.

(Partial) Solution/Hint —

Since the flux does not depend on vy, changing yo will not change the
flux, thus no emf will be generated.
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3. An electromagnetic system is described by the time-dependent fields

A - Here By and w are
E = —Cycos(wt)k; B = Bysin(wt)i . -0
positive constants.

(a) [5 pts] Using Maxwell’s third equation (which concerns the curl of the
electric field), express the constant C' as a function of By and w.

(Partial) Solution/Hint —

Noting
~(O0FE, OFE ~ (0E, OF . (0E, OFE
E = 1 E_ Y 1 z _ o -7y r
VX Z(ay 3z>+j(8z 8x)+k(8x 8y)
= %(’3;;3 = — Ccos(wt)i
and 9B
o =~ Bow cos(wt)i

Maxwell’s third equation gives us C' = Byw.

(b) Find the current density J. Your answer should contain By and w, not
C. Which of Maxwell’s equations are you using?

(Partial) Solution/Hint —

Using Maxwell’s fourth equation,

1 OE . 5
J = %VXB — g = 0 — € <+Cywsm(wt)k)

— — ¢Bow?ysin(wt)k
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4. A long solenoid has n turns per unit length and radius R. The current through
the solenoid increases with time: I(t) = at. We will use Maxwell’s 3rd equation
(Faraday’s law) in integral form, to calculate the magnitude of the electric
field created by electromagnetic induction. The calculation is silmilar to using
Ampere’s law to calculate the magnetic field due to a thick wire.

We calculated in class the magnetic field inside and outside a solenoid, for
steady currents. In the present case the current is time-dependent: Assume
that the magnetic field at any instant is given by the steady-state expression,
using the instantaneous value of the current.

(a) Calculate the magnitude of the electric field induced at a distance r > R
from the axis of the solenoid (outside the solenoid).

(Partial) Solution/Hint —

The magnetic field is ZERO outside the

B=0 solenoid. Inside the solenoid, the field is

ponl(t) = ponat
so that the flux enclosed in the solenoid is

by = wR*uonat

Consider a circular loop of radius r > R; centered on

the solenoid axis. By symmetry the electric field is

the same everywhere on this loop. The line integral ——
of the electric field is then

f E-dl = E(2rr) /

Faraday’s law in integral form then gives

d
EQ2mr) = — %CDB = —TR*pgna \

5 R%jgna
2r
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(b) Calculate the magnitude of the electric field induced at a distance r < R
from the axis (inside the solenoid).

(Partial) Solution/Hint —

Now consider a circular loop of radius r < R centered on the solenoid
axis (inside the solenoid). Now the flux enclosed is

by = mriugnot

while the line integral is still E(27r). Therefore Faraday’s law in integral
form gives

d
EQ2nr) = — £<1>B = —Tpgnaor?

Thus

B o (MY,
2
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5. A circular conducting loop with radius R, centered at the origin, rotates around
the y-axis, so that the angle 0(¢) between the normal to the loop and the z-
axis varies as 0(t) = Qt. A constant magnetic field points in the z-direction:
B = Byk. Find the EMF induced in the loop.

(Partial) Solution/Hint —

The magnetic flux through the loop is time-dependent, because the angle
between the magnetic field and the normal to the loop is changing with time.
The flux is

® = B(nR*)cosf = mBR*cos(t)

& = —Cfl—(f = TBR*Qsin(0t)



