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Some partial solutions and/or hints are provided here.
Not carefully proofread and possibly incomplete — please use responsibly.

If you spot any typo’s or errors, please let me know.

1. An electromagnetic system in vacuum (no charges or currents are present!)
is described by the fields

(x —wt)?] - "
E = Eyexp [_ 572 j L and w are positive constants.
(z — wt)?] - explu] is common notation for
B = (Ey/w) exp {_T k the exponential function e*.

(a) Show that these fields obey Maxwell’s third equation (which concerns
the curl of the electric field).

(Partial) Solution/Hint —

_0E,. 2K, (x —wt)?] »
VXE = —xk’ = —m(x—wt)exp |:— e k
0B Ey w (x —wt)?] »
o = w (Tap) (2 —w)ew [—T h
— 27 .
= %(m—wt)exp {—%}k = —VxE

(b) The fields should also obey Maxwell’s fourth equation in vacuum. Find
the value of w for which this works.

(Partial) Solution/Hint —

1 0E

Fourth law in vacuum: VxB = ———
2 Ot
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Comparing

E
VxB = —2(z —wt)exp [—

orz |/

i (z — wt)z} .

and
10E 1 Eyw (x —wt)?] -
2ot 2 L2 212 J

it is clear that the fields satisfy the fourth equation only if

(z — wt) exp [—

1 w

- = = =4 w = *c

w c
Since w is given to be positive, w = c. Thus traveling solutions of the
Maxwell equations are forced to have speed c.

Look up the properties of the gaussian function (e.g., wikipedia). You
should be able to tell the center and the width of a gaussian by looking
at its form.

(Partial) Solution/Hint —

(x — x0)?

552 } represents a gaussian centered at g
o

The function exp [—

and with width o.

Sketch plots of the magnitude of the electric field as a function of the
position, at the time instants ¢ = 0, t = 2L/w, and t = 4L/w. (You
can think of these as ‘snapshots’ at different points of time.)

You can use a plotting program for guidance if needed, but please
submit a hand-drawn sketch, not a computer printout.

In which direction is our electromagnetic pulse traveling?

(Partial) Solution/Hint —

The plots should show the functions

x? (r —2L)? (v —4L)?
P Tor) 0 P T Tae 0 P T |
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t=2LIw

0 L AL

Observing the positions of the three gaussians, we notice that the
structure moves in the positive x direction with increasing time. The
electromagnetic pulse is thus traveling in the direction of increasing
positive x. Of course, one should have been able to guess this from
the fact that the fields are functions of x — ct.

Calculate the Poynting vector S. In case it has not been treated in

1
class yet: S= —E x B.
Ho

(Partial) Solution/Hint —

1 1 Ej —wt)?].  E} —ct)?]
S = —ExB = ——Oexp _M M— _OeXp _('T C) :
Ho po W L? Clig L?

The Poynting vector gives the ‘current density’ for the flow of
electromagnetic energy. Explain whether the calculated direction of S
makes sense.

(Partial) Solution/Hint —

The pulse is traveling in the positive x direction, so the energy it is
carrying must also be traveling in this direction; hence it makes sense
that S points in the ¢ direction.
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(g) Calculate the energy density for electromagnetic fields,

1 1
u = = (€0E2 —+ —Bz)
2 Ho

for the given fields.

(Partial) Solution/Hint —

u =

eo B2 (x — wt)? E?
e |-

Using the fact that w? = ¢ = 1/(eopp), we get

1
2

= €0,

hence

L2

E? — ct)? —ct)?
u = Dg)exp [_M] B2 exp [_u

|
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(h) Conservation of electromagnetic energy in vacuum is encoded in the
relation (analogous to the continuity equation for charge)

ou
V-S—i—a = 0.

Find out whether this is satisfied for our fields.

(Partial) Solution/Hint —

ou , 0 (x —ct)?
o el 5 P [— I
(=¢) (z — ct)®
= «F} < T2 2(x —ct)exp |— 72
2¢oc B2 x — ct)?
OLQ O(z — ct) exp [— T2 ) }
Thus
ou 2K ) (x — ct)?
V . S + E == CIUOLQ (-1 +c 60,&0) ([L’ — Ct) exXp [—T

Noting that —1 + c®egug = —1 + 1 = 0 gives us the desired result.
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2. Using Maxwell’s equations in vacuum and the definitions of S and u, derive
the relation V- S = —0u/0t. You may need the vector identity

V-(AxB) = B-(VxA)—A-(VxB)

(Partial) Solution/Hint —

V-S = iV-(E><B) = iB'(VXE)—iE-(VxB)
Ho Ho Ho

1 0B 1 1 0E
- _B.[-Z2=2)-—E.[=Z
() - (55)
1 0B 1 OE
B 140 ot poc? ot

g 9E 15, 0B
T e T
Note that
0, 5 0 0B 0B 0B
E(B) = §<B'B) = B-E%—W-B = 2B-E
so that
8B_182 .. 8E_182
BE = 5&(.8) and Slmllarly, EE = EE(E)
Therefore
608 2 1 0 2
= —_— E -
VS 2825( ) 2p08t( )
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3. Consider an electromagnetic wave travelling through empty space described
by the electric and magnetic fields

1 A 1
E = 3acos | —(y—ct) )1, B = Gecos | —=(y—ct)
L L
where o and L are positive constants and G is a constant vector.
(a) In which direction is this wave traveling?

(Partial) Solution/Hint —

The spatial dependence appears as y —ct. This means the wave travels
in the positive y direction.

If the fields were functions of y + ct, it would be a wave traveling in
the negative y direction.
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(b) Find the magnitude (in terms of ) and the direction of the constant
vector G. You might need to use one of Maxwell’s equations.

(Partial) Solution/Hint —

Using Maxwell’s third equation:

0B
ot

— _VUxE - _[__

Integrating gives

B — (—3a/L) ( %/L ) (1) cos ( % (y_ct>> - [time—independent]

constant vector

1 R S
_ 3a cos (E@ _ ct)) i {tlme mdependent]
c

constant vector

Comparing with the given form for the magnetic field, the constant
vector (constant of integration) is seen to be zero. In addition, the
constant G is seen to be
G - -3
c
Note that finding a vector means finding both it’s magnitude and
direction.

(c) What is the wavelength and the frequency of this wave?

(Partial) Solution/Hint —

Comparing with the standard form

o (i)

the wavelength A is seen to be related to L according to

27 1
—_ = = = =27 L
3 7 A T
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4. An electromagnetic wave has an electric field given by

2 2 R
E = Ejcos (%t) sin (%) )

where \ is a positive constant.

(a)

Use Maxwell’s third equation (Faraday’s law in differential form) to
calculate the associated magnetic field B. You can assume the time-
independent additive term (constant of integration) to be zero.

(Partial) Solution/Hint —

Using Maxwell’s third equation,
0B (8Ex (9EZ> A

E: “VxE = 0z ox

= — 27TEOCOS 27TCt cos 27T—Z —0)y
- ) X\ \ J

21 Ey 27TCt 2z \ ~
= — cos | —t ) cos | —
A A X )!
Integrating over time gives

Ey . [27c 27z \ A
B = - — sin (Tt) cos (T) J + G(r)

Here G(r) is the ‘constant of integration’. Since the integration is
over time, it can be an arbitrary function of space. As suggested in
the problem set, we set it to zero and obtain

E 2 2 .
B = — TOSiH (%Ct) cos <%Z> J

Is this wave traveling? In which direction?

(Partial) Solution/Hint —

This is a standing wave — it does not travel in any direction.

If an equation describes a traveling wave in the +z direction, the
space- and time-dependence can be combined so that the expression is
a function of z —ct. Similarly, for a traveling wave in the —z direction,
the space and time dependence appear only in the combination z -+ ct.
Here, the dependence of the fields on space and time do not appear in
the combination z — ct or z + ct.
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(c) Calculate the Poynting vector and explain the direction of energy flow
using your result.

(Partial) Solution/Hint —

Taking the cross product of the two fields

1
S = —ExB
Ho

E} 2me \ . (27z\ . (2mc 21z -
= —cos|—t])sin|—|)sin|{ —t)|cos|— | k
o€ A A A A
2
= Eq sin 4_7rct sin Az k
4poc A A
Because of the factor sin (%t), The direction of this vector is +& half

the time and —k the other half of the time. The average energy flow
is thus zero.




