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1. Let S and S’ be inertial frames. Frame S’ moves at velocity v with respect
to S, in the common (positive) = direction. Measurements of events in the
two frames, denoted respectively by (x,y, z,t) and (2/, v/, 2/, '), are related
by the Lorentz transformation

/ / !/

=)@ —ut); Y =y; F=z; t'=40)t—vx/P)
1

where y(v) =

(a) Show that the quantity z* + y* + 22 — ¢*? is invariant under this
Lorentz transformation.

[20 pts.]

(b) By algebraically solving for x and ¢, find the inverse Lorentz transfor-
mation, i.e,, express (x,y, z,t) in terms of (', ¢y, 2/, t').
Explain why you could have expected this result, based on the velocity
of frame S relative to frame S’.

[15 pts.]

(¢) The rapidity ¢ is defined such that tanh¢ = v/c. Show that the
Lorentz transformation (omitting the transverse directions) can be

expressed as
ct"\ [ cosh¢ —sinho) (ct
')  \—sinh¢ cosho x)
(Possibly useful relationships involving the hyperbolic functions:

tanh ¢ = sinh ¢/ cosh ¢ and cosh? ¢ — sinh? ¢ = 1.)

[15 pts.]
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2.

()

Inertial frame S’ moves at velocity v with respect to another inertial
frame S, in the common z direction. An object moves with constant
velocity 4’ (components wu}, u,, and u) relative to S’. (If the particle
changes z-position by Az’ in time interval At' as observed in the S’
frame, then v/, = Ax'/Atl'.)

Use the (inverse) Lorentz transformation to show that the velocity
components (ug, u,, u,) of the object relative to the S frame are

! / /
U, +v uy u,

e = 1+ uwv/c?’ Uy = y() (1 +uv/c?)’ U= = y(v) (1 +ulv/c?)’
[20 pts.]

A subatomic particle decays 1.5 x 10~ seconds after it is created, as
observed in its own reference frame. If this particle is created with
speed v = gc with respect to the earth, how far will it travel before it
decays, as seen from the earth frame?

You can use the approximation ¢ ~ 3 x 10%m/s.

[15 pts.]

The relativistic energy of a particle of rest mass m is mc? when the
particle is at rest and y(v)mc® when the particle moves with speed
v. Show that the kinetic energy due to motion is approximated by
the well-known non-relativistic expression when the speed v is much
smaller than the speed of light.

[15 pts.]
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3.

()

A particle of rest mass M, while at rest, decays into a particle of
mass m and speed v, and a photon of frequency f moving in opposite
direction. Relativistic momentum and energy are conserved in this
process.

Write down and mark clearly the equations for momentum conserva-
tion and energy conservation.

Use these equations to show that m = M+/(c —v)/(c+ v).

[20 pts.]

Two spacecraft, P and ), approach each other on a collision course
along the same straight line. Relative to a nearby planet, they move

at speeds —c and §c respectively. Find the speed of spacecraft Q as
observed by occupants of P.

Relative to the same planet, a third spacecraft R is seen to be chasing
P (moving in the same direction as P) at speed %c. What is the speed
of R as observed by occupants of P?

[15 pts.]

Using the fact that a Lorentz transformation can be expressed as
[ cosh¢ —sinh¢
A@) = (— sinh¢ cosh¢

rapidities for successive Lorentz transformations are additive.

) in terms of the rapidity ¢, show that

Mention explicitly the identities for hyperbolic functions that you have
used.

[15 pts.]
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PARTIAL SOLUTIONS & HINTS

*

1. (a) [20 pts.] Show that the quantity 2+ y*+ 2? — ¢*¢? is invariant under
this Lorentz transformation.

[Sample Answser:]

2?4y 4+ 27— A = P —vt) 42— A2t — v/ P)?
= [0 = 2t 4 ) — (8 — 200t + )] g7 7
= 2| (a? = AP — ?(9@2 - CQtQ)} +t 22
= P2 =) — /) + P+ 2
= (22— ) 44 + 22 {since V2= ﬁ

= 2?4 y? + 2% — At

which demonstrates the invariance.

(b) [15 pts.] By algebraically solving for x and ¢, find the inverse Lorentz
transformation, i.e,, express (z,y, z,t) in terms of (2/,y/, 2/, t').
Explain why you could have expected this result, based on the velocity
of frame S relative to frame S’.

[Sample Answser:]
The second and third equations can be inverted directly:

y=y; Z=z = y=vy; z2=2 (1)
From the fourth equation one obtains
t'=~(t —vz/c?) = t=—+4+— (2)

Substituting into the first equation, we obtain

ot vz v?
x'zy(x—mf)z’y(x——CZ) :vx(1—02>—vt'
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which yields
z = (2 + vt') (3)

Substituting into Eq. (?7?) gives
t lHJFU (' +ot') =t 1+U2 + v
=—+ =@ +ot') = — 4+ = —
~ 2 v 22 T2

The term in brackets is (1 — v?/c?) +v?/c? = 1. Thus

t=7<t’+vg> )

Equations (??), (?7?), and (?7) together give the inverse Lorentz
transformation:

=y +ot) s y=y's 2=2 t=A( +ed/c)

We could have expected this, because frame S moves at velocity —wv
with respect to frame S’. So, the S coordinates are obtained from the
S’ coordinates the same way as the S’ coordinates are obtained from
the S coordinates, except that one must use —v instead of v,
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(c) [15 pts.] The rapidity ¢ is defined such that tanh¢ = v/c. Show
that the Lorentz transformation (omitting the transverse directions)
can be expressed as

c"\ [ cosh¢ —sinh¢) (ct
')  \—sinh¢ cosh¢ x)
(Possibly useful relationships involving the hyperbolic functions:

tanh ¢ = sinh ¢/ cosh ¢ and cosh® ¢ — sinh? ¢ = 1.)

[Sample Answser:]
Since v/c = tanh ¢,

1 1 1
N = - =
V1—(/c)2  \/1—tanh’¢ 1 sinh? ¢
cosh? ¢
cosh ¢

= —— = cosh ¢
\/COSh(ﬁ sinh” ¢

and also
~yv = cosh ¢(ctanh ¢) = csinh ¢

The Lorentz transformation for x and ¢ are then

2’ =~(x — vt) = (cosh ¢)x — (csinh @)t
t' = ~(t —vz/c*) = (cosh @)t — (csinh ¢)x/c?

which can be rewritten as

ct’ (cosh ¢)ct + (— sinh ¢)x
¥ = (—sinh@)ct + (cosh @)z

or in matrix form:

VRS
8 8
~_
|
N
I o
@ O
==
Ry
<
a |
S o
= B
@r
©-
~
R
8 Q
~
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2.

(a) [20 pts.] Inertial frame S” moves at velocity v with respect to another
inertial frame S, in the common z direction. An object moves with
constant velocity @' (components u,, u;, and u’) relative to S". (If the
particle changes z-position by Az’ in time interval At as observed
in the S’ frame, then u/, = Az’/At'.) Use the (inverse) Lorentz
transformation to show that the velocity components (ug, wu,, u,) of
the object relative to the S frame are

u, v Uy u
Uy = ———, Uy = LUy = }
L+uv/c2” Y y) (1 +uv/c?) y(v) (1 4+ ulv/c?)

[Sample Answser:]

z-component:

S Az y(v)(Az’ +vAY) {using the inverse
At 4(v) (At + L Az) Lorentz transformation
B % +v {Dividing numerator and
1+ 32z denominator by~y(v)At
B A
1+ ulv/c?
y-component:
u — i@tj _ A/y’ _ {using the inverse |
v(v) (A + 5 Az) Lorentz transformation
_ ﬁi{f {Dividing numerator and
N v(v) (1 + 3 ﬁf,’) denominator by At’
o

V() (1 +ujo/c?)

Same for z-component.

[
I
I
|
*
I
I
I
I
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(b) [15 pts.] A subatomic particle decays 1.5 x 107® seconds after it
is created, as observed in its own reference frame. If this particle is
created at a speed v = %c with respect to earth, how far will it travel
before it decays, as seen from the earth frame?

You can use the approximation ¢ ~ 3 x 10%m/s.
[Sample Answser:]
From the earth frame, the lifetime of the particle is
1 -8 5 -8 -8
T=9T = —F——=1.0Xx10""s=-15x 107" =25 x 10""s
1—(4/5)? 3

Therefore the distance covered is

4
time x speed = 2.5 x 107%s x <5 x 3 X 108m/s> = 6 meters.

Wrong —

A wrong answer:

1.5 x 107 8s

4 8 -8 4 8
X 5X3X10 m/s | =0.9x10  sx 5><3><10 m/s | = 2.16 meters.
~

This is incorrect; please explain why!!



MP352, 20152016, MAY EXAM - WITH SOLUTIONS page 9

(c) [15 pts.] The relativistic energy of a particle of rest mass m is mc?

when the particle is at rest and «(v)mc? when the particle moves with
speed v. Show that the kinetic energy due to motion is approximated
by the well-known non-relativistic expression when the speed v is much
smaller than the speed of light.

[Sample Answser:]

The kinetic energy due to motion =

_ energy of _ energy of _ 2 9
- <m0ving particle> (particle at rest> = (w)me” —me

1
= [ ——= -1 | mé?
(\/1—02/62 )

When v < ¢, we can expand as a power series in (v/c)?:

~1/2
y(v)me* —mc® = mc? <1 - U) — mc?

= (mF+imv*+--) —mc® = Imo*+ -

The leading term of this expression for small v/c is the nonrelativistic

expression for kinetic energy, %va.

— === * ——=——-



MP352, 2015-2016, MAY EXAM - WITH SOLUTIONS page 10

3. (a) [20 pts.] A particle of rest mass M, while at rest, decays into
a particle of mass m and speed v, and a photon of frequency f
moving in opposite direction. Relativistic momentum and energy are
conserved in this process. Write down and mark clearly the equations
for momentum conservation and energy conservation. Use these to

show that m = M\/(c —v)/(c+v).

[Sample Answser:]

h
Momentum conservation: 0 = —f —y(v)mv
c
Energy conservation: Mc* = hf +~y(v)mc®

Eliminating hf yields
Mc = y(v)mve +y(v)me
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(b) [15 pts.] Two spacecrafts P and ) approach each other on a collision

2 3
course, moving (relative to a nearby planet) at speeds —c and —c

respectively. Find the speed of spacecraft () as observed by occupants
of P.

Relative to the same planet, a third spacecraft R is seen to be chasing
4

P (moving in the same direction as P) at speed ¢ What is the speed

of R as observed by occupants of P?

[Sample Answser:]

The relativistic velocity addition formula can be used to calculate the
relative velocities.

Speed of @ relative to P:

3 2
sc+ zc c 5

vop = 52 = ~ = —c ~ 0.806c
1+ 50'250 1+ 2% 31

4 2 2
zc— =c Zc 10
VRp = 5 i, (igc) = 1i§ 7176 ~ (0.588&c
142 2 25
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(c) [15 pts.] Using the fact that a Lorentz transformation can be

expressed as A(¢) = (f(;isrlllf s _ccs)ls%hf) in terms of the rapidity

¢, show that rapidities for successive Lorentz transformations are
additive.

Mention explicitly the identities for hyperbolic functions that you have
used.

[Sample Answser:]

_ cosh¢p; —sinh¢ cosh¢py —sinh¢
AP)A(¢) = <— sinh g?)l cosh qbll) (— sinh ;)2 cosh ¢22>
~ [cosh ¢y cosh ¢y + (—sinh ¢y )(—sinh ¢y) cosh ¢y (—sinh ¢y) + (— sinh ¢y ) cosh ¢,
~ \(—sinh ¢1) cosh ¢ + cosh ¢1 (— sinh o)  (— sinh ¢1)(— sinh ¢) + cosh ¢, cosh ¢y
cosh (¢1 + ¢2) —sinh (¢ +¢2)\
(_ cinh (61 4 82) cosh (@ 1 o) > = A(d1 + ¢2)

This shows that successive Lorentz transformations are additive.
The identities used above are:

sinh(¢; + ¢2) = sinh ¢y cosh ¢y + cosh ¢y sinh ¢
cosh(¢1 + ¢2) = cosh ¢ cosh ¢ + sinh ¢; sinh ¢,



