MP363, 2016-2017, JANUARY EXAM, WITH SAMPLE SOLUTIONS p-1

1. Theset {|#1), |p2), |#3), |¢4)} is an orthonormal basis set for a 4-dimensional
Hilbert space. The states |W), 1), |0) are defined as

W) = alor) +ialpy) —a|ps) +alds) ,
_ V3 _o Lyt L
V) = §’¢1>—7’¢3>7 0) = \/§\¢1> \/§|¢2>+\/§|¢4>~

(a) What does ‘orthonormal’ mean, in terms of the inner product between
|¢:) and |¢;)7 (You can use an equation or explain in words.)

[5 marks]
(b) Find the constant a such that |I¥') is normalized. [6 marks]
(¢c) Calculate the inner product (¢|6). [6 marks]
(d) Using the representation
1 0 0 0
0 1 0 0
‘¢1> = ol |¢2> = ol |¢3> = 1] |¢4> = ol
0 0 0 1

express [1) and |6) as column vectors. Also write down (| and (6
as row vectors.

[6 marks]

(¢) Using the same representation, express the operator A = [1))(0| as a
matrix. Determine whether or not A is hermitian. [12 marks]

(f) Calculate the expectation value of B = |¢;)(¢1| in the state |i).

[15 marks]
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2. (a) Prove that, if |wy) and |wy) are eigenstates of a hermitian operator
corresponding to distinct eigenvalues, then they are orthogonal to each
other.

[12 marks]

(b) The functions ¢;(z) and ¢y(x) are found to be solutions of the
time-independent Schroedinger equation, Hi(z) = Eu(z). The
corresponding energies are F, and Fs respectively. Show that

f(fl?,t) — A1¢1(x)e—iE1t/ﬁ + A2¢2(:L‘)€_iE2t/h

is a solution of the corresponding time-dependent Schroedinger equa-
tion.

[18 marks]

(c) Write down the time-independent Schroedinger equation for a particle
of mass m confined to the x-axis, but not subject to any potential. (A
free particle in one dimension.) Show that the function

o(zr) = Asin(kzx)

is a solution of this equation. Highlight the relationship between the
constant k and the energy of the particle.

[12 marks]

(d) For a single particle in a one-dimensional harmonic oscillator potential,

Vi) = %mwzxz, what are the energy eigenvalues of the time-

independent Schroedinger equation? Sketch plots of the four lowest-
energy eigenstates as functions of position.

[8 marks]
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*

SAMPLE SOLUTIONS

*

1. Question 1.

The set {|¢1), |¢d2), |@3), |#4)} is an orthonormal basis set for a 4-dimensional
Hilbert space. The states |W), |¢), |@) are defined as

W) = alor) +iaps) —a|ps) +aldy),
9y = Loy - 22

1 ) 1
5 P3) 0) = ﬁ|¢1>—ﬁ|¢2>+ﬁ|¢4>-

(a) What does ‘orthonormal’ mean, in terms of the inner product between
|¢i) and |¢;)7 (You can use an equation or explain in words.)

[5 marks]
[Sample Answser:]
(i]d5) = 6y
In words: the states |¢;) are each normalized and are orthogonal to
each other.
Pt —— * ™ — f———
(b) Find the constant a such that |1V} is normalized. [6 marks]

[Sample Answser:]

(WW) = o> + lia]* + |—a® + |of = 4|af?
Thus

1
la]* = 1/4 = a = 5X arbitrary phase factor
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(¢) Calculate the inner product (|6). [6 marks]

[Sample Answser:]

W = ~3ol- ol 1) = Sl bt elod)

Multiplying, only the term with (¢||¢1) gives a contribution; the
others vanish by orthogonality. Thus

1 1 1
9 = — — X — = —_
== * ——
(d) Using the representation
1 0 0 0
0 1 0 0
|¢1> = 0 3 |¢2> = 0 ) |¢3> = 1 ) |¢4> = 0
0 0 0 1

express [1) and |6) as column vectors. Also write down (| and (6
as row vectors.

[6 marks]

[Sample Answser:]

i/2 1/v/3
= _ gl =]
0 i/\V/3

(Wl=(=i/2 0 =v3/2 0),  (8]=(1/V3 +i/V3 0 —i/V3)

* — —
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(e) Using the same representation, express the operator A=1)(0 as a
matrix. Determine whether or not A is hermitian. [12 marks]

[Sample Answser:]

i/2
. 0 1 1 l
A = 0 = — ) ——
ol = | | (B 7 0 7)
0
1 1 0 +1
23 23 23
_ 0 0 0 0
- 1 l 1
3 T3 Y 7y
0 0 0 0
Hermitian? The matrix doesn’t have the structure A;; = Aj;, for
1
example, Ajo = ———= and Ay; = 0. Hence not hermitian.

2V/3
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(f) Calculate the expectation value of B = |¢;)(¢1| in the state |i)).

[15 marks]
[Sample Answser:]
The operator is
1 1 000
A 0 0000
0 0000
The expectation value is
1 000 i/2
A . 0000 0
(Y| Blp) = (—2/2 0 _\/5/2 0) 000 0 _\/§/2
0000 0

]

2

= (=i/2 0 —V3/2 0)

/
0 . : 1
0| = cimae = 5
0
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2. Question 2.

(a) Prove that, if |w;) and |wy) are eigenstates of a hermitian operator
corresponding to distinct eigenvalues, then they are orthogonal to each
other.

[12 marks]

[Sample Answser:]
Let the operator be fl, and the corresponding eigenvalues be a; and
as: R )

Alwy) = aqy |wy) Alwy) = ag |wy)
Since A is hermitian, A= Al Also, a; and ay are real. So, the first
equation gives the dual relation:

(wn| AT = aj(w| — (un| A = ay (w]
Applying (w;| on the second eigenvalue equation:
(wi] Afwy) = (wi] az [wy) == ay (wy |wy) = ag(ws|w,)
Since a; # aq, this implies (wl‘w2> = 0, i.e., that the two kets are

orthogonal to each other.

—_—————-— * -
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(b) The functions ¢;(x) and ¢z(x) are found to be solutions of the
time-independent Schroedinger equation, Hi(z) = FE(z). The
corresponding energies are Fy and FEs respectively. Show that

f(.’l',t) = Al(bl(l')e*iElt/h + A2¢2<x>eiiE2t/h

is a solution of the corresponding time-dependent Schroedinger equa-
tion.

[18 marks]

[Sample Answser:]
It’s given that:
ﬁ¢1($) = E1¢1 () f{[%(x) = Ey1¢ ()

The corresponding time-dependent Schroedinger equation is

Hip(z,t) = m%wx, t)

Trying the solution ¢ (z,t) = f(z,t) on both sides of this equation:

left side = PA[f(x,t) = ﬁ[Al¢1($)e—iE1t/ﬁ + A2¢2(x)e—iE2t/h]
= A\ Fyoy(x)e ™ PN 1 Ay Eygo(x)e 20N

and
right side = ih%f(:v,t) = zh% [Alqbl(x)e—z‘Elt/h + A2¢2(1.)6—iE2t/h}
L0 L
= tnlo) (e B+ At (in e e

—ik —iE,
= Aign(z) (ih%e"w’i) + Aso(x) (zh—lh Qe—zEzt/h)
= A1E1¢1<I)6—1E1t/ﬁ + A2E2¢2(x)e—iE2t/h

* — —
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(c) Write down the time-independent Schroedinger equation for a particle
of mass m confined to the x-axis, but not subject to any potential. (A
free particle in one dimension.) Show that the function

¢(r) = Asin(kz)

is a solution of this equation. Highlight the relationship between the
constant k and the energy of the particle.

[12 marks]

[Sample Answser:]

&) = B

2m dx?
Trying the solution 1 (z) = ¢(x) = Asin(kz) on this equation:
h2 d2 21.2

Left side = — ———=Asi = A
eft side 5 02 sin(kx) -

sin(kx)

Right side = FEAsin(kz)
The two sides can be equal at all z, if
h*k?
2m
Thus Asin(kz) is a solution, if £ = h%k?/2m.

* — —

(d) For a single particle in a one-dimensional harmonic oscillator potential,
V(z) = jmw?z?, what are the energy eigenvalues of the time-
independent Schroedinger equation? Sketch plots of the four lowest-
energy eigenstates as functions of position.

[8 marks]
[Sample Answser:]
1
E, = (n + 5) hw

The plots should clearly have zero, one, two, three nodes.

*



