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2003: Paul Lauterbur, Peter Mansfield (Medicine)
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Resonance frequencies at 14 Tesla:
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M. Saunders et al.
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Example: SN-HSQC of p63
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I5N labeling:

« all N atoms replaced by >N (ca. 95 % '"N),
* characteristic fingerprint spectrum

* p63:233a.a./27kDa

* measured at 750 MHz / 303 K



Relaxation rates k increase with molecular weight




NMR guantum computing



2 qubits (1996) Cory et al., Gershenfeld et al.

3 qubits (1998) Linden et al.
5 qubits (2000) Marx et al.
7 qubits (2001) Vandersypen et al.

e (7)

Scaling problem: Creation of pseudo-pure states based on
thermal density operator: exponential signal loss

Solutions: Quantum algorithms based on thermal desity operator
Myers, Fahmy, Glaser, Marx, Phys.Rev.A 63,032302 (2001)

Creation of pure states (e.g. using para hydrogen)
Hiibler, Bargon, Glaser, J. Chem. Phys. 113, 2056 (2000)

Practical problems: "hardware", molecules with suitable spin systems

"software", quantum algorithms
quantum "compilers”

experimental imperfections, decoherence
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Time-optimal transfer



Unitary Quantum Evolution (no Relaxation)

transfer amplitude a

)
unitary bound
2
4 %
T =7

transfertime T



Control Parameters

Uy (t)




Time-Optimal Control of Two-Spin Systems
Strong-Pulse Limit:  Hef >> Hg (2 time scales)

Cartan Decomposition

Characterization of ALL unitary operators
that can be created intime T

Derivation of - time-optimal transfer function (TOP curve)

- minimum time for maximum transfer

- pulse sequence

Khaneja, Brockett, Glaser (2001)
Khaneja, Kramer, Glaser (2005)



Propagators U(t) that can be synthesized in time t
given: general coupling term

He =20C (1 15S: + polySy + pusl.S:)

Theorem (Khaneja 2000): U(t) = K1 A(t) K,
K7 and K5 are local unitary transformations
A(t) = exp{—i2nCt(al, S, + B1,Sy +~I.5.)}
(o, 8,7) in the convex cone generated by

(/l1,/$2,l~t3)7 (M17—N2,—/~L3)7 (_,Ufla_/J%/iS)v (_N1;N27_/~L3)7 ~~~~~



Maximum transfer efficiency n*(t) and minimum time ¢,,;, for complete transfer

Transfer n*(t) t1

I, — S, sin®(5C(|psl + |ua))t) C(|ps| + [p2])

I—— 5" sin(rCa) sin(rCb) 2C(|us| + p2] + )
I, —2I.,S, sin(wC|ps|t) 2C s

I= =25~ maxg sin(GCO{|ps| + [pe| — |p1| + z}t) cos(wCta)  C(|ps| + |p2| — |pal)

I.Sp — IpSs sin(5 C(|us| + |p2])t) C(lusl + |p2l)
I=Sg — I35~ sin(5C(|us| + |p2])t) C(|ps| + |p2l)
Note: I™ = I, —il, and Ig = 1—2 — I.. For the transfer I~ — S, the optimal values of a and b are

completely characterized by the two conditions a +2b = (|us| + |p2| + |11]|) ¢ and tan(wCa) = 2 tan(7rCb).

Khaneja, Kramer, Glaser (2005)



TOP (time-optimal pulse) curves for dipolar coupling
(M1, Wp, Ug) = (=172, =172, 1)

— 1, = 215,

— 21,5

— 1S > 1S,

yc™!

Khaneja, Kramer, Glaser (2005)
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Optimal durations t1, to, t3 for a given

transfer time ¢t = t1+ to+ t3

t1 =t2 and tan(wCa) =2 tan(mwCh)
with a = (|p2| + psl)t2 + |plts

b= (|pal + pa|)(t2 +t3)/2 + ||tz
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Model system:

Cytosine in liquid crystal
C=10.8 Hz

u,=0.03, u,=0.88, 11,=0.88

Khaneja, Kramer, Glaser (2004)



GRAPE (Gradient Ascent Pulse Engineering)

. desired transfer: A — C
5 i TII
n ﬂ I performance: <C ‘ p(T)>
il
- t
0 T
p(0) =A MT)=C

u () —ut)+ e (MO |- H,_p®])

Khaneja, Reiss, Kehlet, Schulte-Herbriiggen, Glaser, J. Magn. Reson. 172, 296-305 (2005)



Time-optimal /;” - /= transfer along Ising spin chains
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Relaxation-optimized transfer



Quantum Evolution in Presence of Relaxation

transfer amplitude a
)

transfertime T
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Optimal transfer efficiency N from |, to 21 S,

k2 k2

with & = k2
_I_

Khaneja, Luy, Glaser, Proc. Natl. Acad. Sci. (2003)



maximum transfer efficiency:

n=\1+8® - ¢

formal proof (based on principles of optimum control theory):

optimal return function V(r,,r,)

Hamilton-Jacobi-Bellman equation

max[g—\fﬁr1 + é—\r/5f2]=0
u1,u2 1 2



Transfer Efficiency 1 for k./k,=0.75

n=y1+&® —¢

CRINEPT Riek, Wider, Pervushin, Wiithrich (1999)
CRIPT Bruschweiler, Ernst (1992)
INEPT Morris, Freeman (1979)
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Optimal trajectory preserves ratio 2 = =1 andangley
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Experimental Transfer Functions

| 2 CRINEPT
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Amplitude Phase
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Optimal trajectory preserves ratio T =1 andangley
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Trajectory adapted 180° rotations preserve

the ratio 4 and the angle vy

b

R,=m(e;) n(S)

R,= () n(S)

Ry=T(e3)
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[°N, 'H]-TROPIC-TROSY of GroEL (800 kDa)
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Frih, Ito, Li, Wagner, Glaser, Khaneja, J. Biomol. NMR (2005)



Time-optimal unitary transformations



Time-Optimal Simulation of Trilinear Coupling Terms

. . 2

given: conventional
H=2m)J (I1Z IZZ + IZZ |32) t/J

desired: 1

time-optimal

H =21 (I, | ls,)
eff off e nee 7o (geodesic)

U= exp{-ik2mlyls, I3} 0 | 1 | 5

Tseng, Somaroo, Sharf, Knill, Laflamme, Havel, Cory, Phys. Rev.A 61,012302 (2000)
Khaneja, Glaser, Brockett, Phys. Rev. A 65,032301 (2002)



GRAPE (Gradient Ascent Pulse Engineering)

desired propagator:  Ug

u, j
i T
- ﬂ I performance: K U | U(T)>‘2
il
-t
0 T
U(0) =1 P(T) = U,

u () —u(t) + e Re {(P(t) |- H U] ){u®) | P®)] )}

Khaneja, Reiss, Kehlet, Schulte-Herbriiggen, Glaser, J. Magn. Reson. 172, 296-305 (2005)



Time-optimal implementation of the quantum Fourier transform

707

Saito et al. (2000)
quant-ph/0001113

time [1/J]

Blais (2001)
PRA 64, 022312

Schulte-Herbriiggen et al. (2005)
quant-ph/0502104

2 3 4 5 6 7
number of qubits



x and y control amplitudes /J

0 1 > 3

time [1/J]

Pulse sequence for
time-optimal implementation
of the

quantum Fourier transform
for n=4 qubits

Schulte-Herbriiggen et al.
quant-ph/0502104



Quantum Gates for Coupled Josephson Charge Qubits

Pioneering "CNOT" by Yamamoto,
Pashkin, Astaviev, Nakamura, Tsai

Pulse gate 2 75 S Fulss |-_:]ale i

0 +i 0 0
Ji 0 0 0
250 ps pulse duration for "CNOT™": 0 0 —i 0
0O 0 0 -1

Yamamoto et al., Nature 425, 2003
Makhlin et al., Rev. Mod. Phys. 73, 2001



Pseudo-Spin Hamiltonian for Coupled Josephson Qubits

Hyig=ad,ta,l, +b [, +b,I, +cl, I,

H — U (dl ]lz+ ¢ ]22) + u2(d2]22+ ¢ [lz)

control

gate charges 1| controlled via external voltages

_ qubit coup tunnel
d=2E qubit coup

Makhlin, Schén, Shnirman, Rev. Mod. Phys. 73 (2001)
Spérl, Schulte-Herbriiggen, Glaser, Bergholm, Storcz, Ferber, Wilhelm, quant-ph/0504202



Time-Optimal cNOT for Coupled Charge Qubits
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five times faster: duration T=55 ps  (correct relative phases)

cNOT with trace fidelity > 1-10"

pulse realisable with standard network theory (8 LCR and 2 low-pass filters)

Spérl, Schulte-Herbriiggen, Glaser, Bergholm, Storcz, Ferber, Wilhelm, quant-ph/0504202



Extension to Three Coupled Charge Qubits:
ToFrFoOLI Gate on Linear 3-Spin Chain

e very fast (T' = 180 ps)

— 13 times faster than 9 of Nakamura’s cNOTs (2250 ps)

— 2.7 times faster than 9 of timeoptimised cNOTs (495 ps)

e TOFFOLI with trace fidelity > 1 — 107°

quant-ph /0504202



Robust control



Robust control of a single spin
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Skinner, Reiss, Khaneja, Luy, Glaser (2003)



RF Amplitude (kHz)

Phase (deg)

Robust control of a single qubit

-2dB -

Control fields

-1dB i

L R—
i1 L =S

T T T T T T T T T
0 .2 0.4 0.6 0.8 1 12 14 16 18 2
Time (ms)

-
»

[ -

(=B R I

10 -5 0 5 10
Offset [kHz]

Skinner, Reiss, Khaneja, Luy, Glaser (2003)



Larger excitation bandwidths require longer pulses
for same performance

efficiency of  1.00 A ey, Mo & Q& ¥ HH A
broadband 4 g . P bandwidth:
excitation
0.80 - ¢ 10kHz
070 - m 20kHz
A 30kHz
0.60 + e 40kHz
0.50 - + 60kHz
0.40 -I! Y T ¥ '
0 100 200 300 400

pulse duration [ms]

(max. rf amplitude: 10 kHz, no rf inhomogeneity)



Longer pulse durations
allow for more complex
phase variations

excitation bandwidth: 20 kHz
no rf inhomogeneity
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Time-optimal excitation pulses are significantly shorter
compared to previously known composite pulses

800
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500 =
400 - . |
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Duration, us

0 20 40 60
Offset range [kHZz]

(excitation efficiency: 98%, max. rf amplitude: 10 kHz, no rf inhomogeneity)



Pattern Pulses

rf amplitude (x)
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Kobzar et al., J. Magn. Reson. (2005)
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NMR Test Patterns (Excitation)

Simulation

1.2
B4 scaling
1.0

Experiment

1.2
0.8
B4 scaling

1.0
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offset [kHZz] 0.8

0.6
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offset [kHZz]
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