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\QECCs: The Basic Problem I

storage

o of quantum information
transmission

quantum state =-| channel |= erroneous state

1

errors

Errors are induced by, e. g., interaction with an environment, coupling to a
bath, or also by imperfect operations.
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\Quantum Error Correction I
General scheme

entanglement = decoherence

environment ——
NODAacCessS — — — — — — — — — — — —

inter-
action
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\Quantum Error Correction I

General scheme
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\Quantum Error Correction I

General scheme
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\Quantum Error Correction I

General scheme

environment —— ¢
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\Quantum Error Correction I

General scheme

environment ——
NODAacCessS — — — — — — — — — — — —

system |¢) ———

ncodin
e __ o
Interaction

decoding| |

encoding ancilla |0) ———

correction
p—

error

syndrome ancilla |0) ——

Basic requirement
some knowledge about the interaction between system and environment

Common assumptions
e Nno initial entanglement between system and environment

e local or uncorrelated errors, I. e., only a few qubits are disturbed
— CSS codes, stabilizer codes

e Iinteraction with symmetry — decoherence free subspaces
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Interaction System/Environment I

“Closed” System

environment |g) ——

} — Uenv/sys(|5> |¢>)

Inter-
action

system |¢) ——

“Channel”

Q: pin = [6) (8] = pour = QI6) (8]) =Y BipmE]

with Kraus operators (error operators) F;

Local/low correlated errors
e product channel Q®™ where Q is “close” to identity

e Q can be expressed (approximated) with error operators E; such that
each E; acts on few subsystems, e. g. quantum gates
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Quantum Error Correction

‘Computer Science Approach: Discretize'

QECC Characterization
[Knill & Laflamme, PRA 55, 900-911 (1997)]

ISSQUI 05

A subspace C of ‘H with orthonormal basis {|c1),...,|cx)} IS an
error-correcting code for the error operators £ = {E1, Es, ...}, if

there exists constants «y ; € C such that for all |¢;), |c;) and for all
EL B e E:

(ci| EXE) |¢j) = 85 jan.. (1)

It is sufficient that (1) holds for a vector space basis of £.
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Linearity of Conditions I

Assume that C can correct the errors £ = {E1, Eo, .. .}.

New error-operators:

A= Z e By and B := Z,LL[E[
l

(il ATBles) = Y N {esl ELE|ej)
k.l

= E Ak 4105 O |
k.l

= 51',]' . O{/(A, B)

It is sufficient to correct error operators that form a basis of the linear vector
space spanned by the operators £.

— only a finite set of errors.
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Error Basis I

Pauli Matrices

0 1 0 —2 1 0 1 0
Op 1= , Oy = | , Oy = , 1=
1 0 1 0 0 —1 0 1

e vector space basis of all 2 x 2 matrices
e unitary matrices which generate a finite group

Error Basis for many Qubits/Qudits
£ error basis for subsystem of dimension d with I € £
— £9™ error basis with elements

F=F®..F,, LI €&

weight of E: number of factors F; # 1
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Local Error Model I

Code Parameters

C = [n,k,d]

n. number of subsystems used in total

k. number of (logical) subsystems encoded

d: “minimum distance”
— correct all errors acting on at most (d — 1)/2 subsystems
— detect all errors acting on less than d subsystems

— correct all errors acting on less than d subsystems at known positions

Markus Grassl 19. September 2005



Quantum Error Correction

ISSQUI 05

Quantum Errors I

e Interchanges |0) and |1). Corresponds to “classical’ bit error.

Bit-flip error:

: 1
e Given by NOT gate X :( 0 )
1 0

Phase-flip error:

e Inverts the relative phase of |0) and |1). Has no classical analogue!

: . 1
e Given by the matrix Z :( 0 )
0 -1

Combination:

XZ.

e Combining bit-flip and phase-flip gives Y = ( 0~ )
1 0

Markus Grassl
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\ Paull and Hadamard matrices I

“Pauli” matrices:

Hadamard matrix : H = L

S

Important properties:
e H'XH = Z, “H changes bit-flips to phase-flips”

0 1
o /X = =-Y=-X7, “X and Z anticommute”

—1 0

e All errors either commute or anticommute!
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Discretization of Quantum Errors I

Considererrors E=F1®...Q F,, FE;,€{l,X,Y,Z}.

Pauli matrices:

The weight of E is the number of E; # 1. E. g., the weight of
IXRZRZQXIQRY ® ZIs5.

Theorem: (later) If a code C corrects errors E of weight ¢ or less, then C
can correct arbitrary errors affecting < ¢ qubits.
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‘ Repetition Code I

sender. repeats the information,
e.g.0+— 000, 1+~ 111

receiver: compares received bits and makes majority decision

classical:

guantum mechanical “solution”:

sender:  copies the information,

€.g. [1) = a|0) + (1) — [¢) ) [¥)

receiver. compares and makes majority decision

but: unknown gquantum states can neither be copied

nor can they be disturbance-free compared

Markus Grassl
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‘The No-Cloning Theorem I

Theorem: Unknown guantum states cannot be copied.

Proof: The copier would map |0) |¢in) + |0) |0), |1) [in) — |1) 1), and

(@|0) + B[1) [¢in) = «]0)]0) +5[1)[1)
7 (a]0)+8]1) ® («]0) + 51))

= a’|0)[0) + 57 1) [1) + aB(|0) [1) + [1) |0))

Contradiction to the linearity of qguantum mechanics!

Markus Grassl
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The Basic ldea I

Classical codes Quantum codes
Partition of the set of all words of length Orthogonal decomposition of the
n over an alphabet of size 2. vector space H®", where H==C?.

~

e codewords

Q
\}
3

S\

]

H®n:C@gl@...@gzn—k_1

e errors of bounded weight _
Encoding: |z) — Uenc(|z) |0))

e other errors

Markus Grassl 19. September 2005
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Simple Quantum Error-Correcting Code I

Repetition code: |0) — |000), |1) — |111)

Encoding of one qubit:

a|0) + B1) — «[000) + §]111).

This defines a two-dimensional subspace He < Hs ® He ® Ho

bit-flip guantum state subspace

no error a [000) + B |111) | (1®1® 1)Hc
U position | «|100) 4+ 3]011) | (X @ 1 ® 1)Hc
"d position | a]010) + £]101) | (1 ® X ® 1)He
"d position | «|001) +£1]110) | (1®1® X)He

Hence we have an orthogonal decomposition of Ho ® Ha ® Ho

Markus Grassl 19. September 2005
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Simple Quantum Error-Correcting Code I

Problem: What about phase-errors?

Phase-flip Z: |0) — |0) and |1) — —|1).

In the Hadamard basis |+) , |—) given by

+) = 5(0)+1)),
—) = (l0y — 1))

the phase-flip operates like the bit-flip Z |4+) = |—), Z |—) = |+).

S-S

To correct phase errors we use repetition code and Hadamard basis:

(1000) + |011) + [101) + |110))
(|001) 4 [010) + |100) + |111))

0) — (H®H®H)—=(]000)+ [111))
1) — (H®H® H)—=(]000) — |111))

1
2
1
2

S8
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Simple Quantum Error-Correcting Code I

phase-flip guantum state subspace

no error 5(]000) + |011) + |101) + |110)) (I®l®l)He
+2(]001) +]010) + |100) + |111))

1°! position 5(]000) 4 ]011) — |101) — |110)) (Z®1®1)Hc
+2(]001) + |010) — |100) — |111))

2" position 2(|000) — |011) + [101) — |110)) | (1 ® Z @ 1)Hc
+2(]001) — |010) + |100) — |111))

3" position 2(]000) — |011) —|101) + [110)) | (1 ® 1 ® Z)Hc
—2(|001) + |010) + |100) — |111))

We again obtain an orthogonal decomposition of Hs ® Hao ® Ho

Markus Grassl 19. September 2005
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Simple Quantum Error-Correcting Code I
) L ¢ ¢ c1)
0) N ¢ C2
0) - D i . c3)
|0) —— A s
- 0) — bH—d N s
encoding syndrome computation measurement
Error X ®I®I1 gives syndrome sisy = 10
Error I X ®I1 gives syndrome s;iso = 01
Error I1®1®X gives syndrome s;so =11

Markus Grassl
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Simple Quantum Error-Correcting Code I

1Y) = i * ’ D c1)
0) N ¢ % C2)
0) D l ’ P c3)
’O> . O—D | . ¢ ® . 81>
10y — D—D———0—o—o—— [s))

encoding syndrome computation éerror correctioné

e Coherent error correction by conditional unitary transformation.
e Information about the error is contained in |s;) and |ss).

e To do it again, we need either “fresh” qubits which are again in the
ground state |0) or need to “cool” syndrome qubits to |0).
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Effect of a Single Qubit Error I

Suppose an error ’ corresponding to the bit-flip (9 } ) happens.
) = al0) +311) l *+— ’ P ¢1
0) — . & Co
0) D ’ L ? ST (6
0) ———b ¢ }/ — |1
0) R R A — |52

Encoder maps |y) to
Error maps this to
maps this to

Correction maps this to

syndrome computatiori  ‘error correction

000) + B]111) = |tenc)

001) + 3]110)

00111) 4+ 8]11011)

00011) + B[11111) = |thenc) |11)

Markus Grassl
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Linearity of Syndrome Computation I

Different Errors:

Error X ®I®I syndrome 10
Error I® X®I syndrome 01

Suppose the (non-unitary) error is of the form
F=0X®IQI+3IX®I.
Then syndrome computation yields
(X @1 @I [thenc) ®[10)) + B @ X @ I [thenc) ® [01)).
— |enc) ([10) + 301))

Theorem: Suppose we have a QECC |¢) — |1ene) Which corrects errors £
and F'. Then this QECC corrects oF + GF for all o, 3.

Markus Grassl 19. September 2005
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\Shor’s Nine-Qubit Code I
Hadamard basis:

) = L(0) + 1), =) = 25(l0) — 1))

Bit-flip code: [0) — [000), 1) — |111).
Phase-flip code:  [0) — |+ + +), [1) — |— — —).

Concatenation with bit-flip code gives:
0) — \/%(|OOO> + [111))(]000) + |111))(]000) + [111))

1) =

—(/000) — [111))(]000) — [111))(|000) — [111))

Claim: This code can correct one error, i.e., itis an [n, k,d] = [9, 1, 3].

Markus Grassl 19. September 2005
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\Shor’s Nine-Qubit Code I

Bit-flip code: |0) — [000), |1) — [111)

Effect of single-qubit errors:
e X-errors change the basis states, but can be corrected
e Z-errors at any of the three positions:

Z|000) = |000)

“encoded” Z-operator
Z |111) —|111)

— can be corrected by the second level of encoding

Markus Grassl 19. September 2005
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‘Encoding/Decoding: Overview I

error correction

— | encode

channel

syndrome
comput.

encode™

[ln—»

syndrome

n error
COlIT.

ﬂn

— error

QECC [n, k] with length n and dimension 2*

Markus Grassl
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Quantum Error-Correcting Codes (QECC) I

Characterization [Knill & Laflamme, PRA 55, 900-911 (1997)]

Let C have orthonormal basis {|c1),...,|ck)}. ThenCis a
guantum error-correcting code for the error operators

E =A{E1,...,Ex} iff there are constants «;; € C such that for all
lci), |c;) and for all By, E; € E:

(cil| ELEy |c;) = 8; 5 cuy.

Note:

e If £ Is a vector space it is enough to check this for a basis of £.

e The conditions imply that there exists a measurement which detects
any error with non-trivial action on C.

e The also imply that there exists a unitary transformation which corrects
any error.

Markus Grassl 19. September 2005
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‘General Decoding Algorithm I

EC E>C E.C
Vo | E1lco) Ealco) -+ Exlco)
Vi | Eiler) Esler) -+ Egler)
Vi | Eilci) Eslc;) -+ Eglei)
(ci| ELE |cj) = 6i jou. (1)

Markus Grassl 19. September 2005
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‘General Decoding Algorithm I

EC EsC -+ ELC
Vo | E1lco) Ealco) -+ Egklco)
Vi | Eiler) Esler) -+ Egler)
_ _ rows are orthogonal
as (c;| Bl Ey|e;) = 0
Vi | Eila) Ealc) -+ Egle) -0 fori#j
(cil B Erle;) = 650 (1)

Markus Grassl 19. September 2005
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‘General Decoding Algorithm I

EC EsC - ERC
Vo | Eilco) Eolco) -+ Ei|co)
Vi | Eilan) Ealel) -+ Eyler)
_ rows are orthogonal
as (c;| Bl Ey|e;) = 0
Vi

Eile) Ealc) -+ Eple) -0 fori

Inner product between columns is constant as
(cil BLE |ei) = o,

(ci| ELE; |cj) = s joun (1)

Markus Grassl
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‘General Decoding Algorithm I

EC EsC - ERC
Vo | Eilco) Eolco) -+ Ei|co)
Vi | Eilan) Ealel) -+ Eyler)
_ rows are orthogonal
as (c;| Bl Ey|e;) = 0
Vi

Eile) Ealc) -+ Eple) -0 fori

Inner product between columns is constant as
(cil BLE |ei) = o,

— simultaneous Gram-Schmidt orthogonalization within the spaces V;

Markus Grassl
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‘Orthogonal Decomposition I

E'C EC -+ EC
Vo | B lco) E3leo) - Ejlco)
Vi | Eile) Ejle) -+ Ejla)
rows are mutually
orthogonal
Vi | Eila) Ejla) -+ Ejlc)

columns are mutually orthogonal

e New error operators E; are linear combinations of the E;
e projection onto E,.C determines the error

e exponentially many orthogonal spaces E,.C

Markus Grassl 19. September 2005
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‘ Reprise I

Quantum Channel

Q: pin = 19) (8] — pou = Q(I9) (8]) = Y _ FipnE]

Code Conditions
(ci| ELEy |ej) = 6 jaun,

Orthogonal Decomposition EiC EiC

E.C
Vo | E1|co)  E3lco) E}, |co)
Vi | Eila) Esla) Ey |c1)
Vi | Eilci)  Esle:) Ey |ei)

Markus Grassl
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CSS Prelims: Linear Binary Codes I

The field Fs:
The set {0, 1} with addition/multiplication modulo 2.

The vector space IF3:
The set of all binary sequences of length n with componentwise addition.

Linear binary block codes:
Subset of 7 which is closed under addition.

Hamming distance of a and b:
Number of positions where a and b differ.

Hamming weight of a:
Number of positions where a is hon-zero.

Markus Grassl 22. September 2005
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CSS Prelims: Linear Binary Codes I

Minimum distance:

d = min{dist(a, b) : a,b € C|a # b}
dist(a, b) = dist(a — b, 0)
Minimum weight:

d = min{wgt(a) : a € C|a # 0}

Notation: C = [n, k, d]
e subset of I, I. e. codewords of length n
e k-dimensional subspace, i. e. 2 codewords

e Minimum distance/weight d

Markus Grassl 22. September 2005
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CSS Prelims: Linear Binary Codes I

Generator matrix:

C' = [n, k,d] is a k-dim. subspace of [}

— basis with £ (row) vectors, G € IF’; xn
C ={iG : i c %}

Parity check matrix:

C' = [n, k,d| is a k-dim. subspace of I}

—> kernel of n — kK homogeneous linear equations, H < IF%”_"“)X”
C={v:velF}vH'=0}

Error syndrome:
erroneous codeword v = c+ e
— error syndrome vH! = cH' + eH! = eH?

Markus Grassl 22. September 2005
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\CSS Prelims: Dual of a Classical Code I

Let C' < IF5 be a linear code. Then

ct .= {yEIF"g’:inyiO foralla:eC}

1=1

n

We denote the scalar productby = -y := ) ._; z;y;.

Lemma: Let C be a linear code. Then

> (1) =

iC| forx e Ct,
0 forxdCt.

Markus Grassl 22. September 2005
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Bit-flips and Phase-flips I

Let C' < IF5 be a linear code. Then the image of the state

Ja 2

under a bit-flip x € 5 and a phase-flip z € % Is given by

ZC’C_l_w

Hadamard transform H ® ... ® H maps this to

(_‘16): > (=1)"Cle+ z)
ceC+t

Markus Grassl
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CSS Codes I

Introduced by R. Calderbank, P. Shor, and A. Steane
[Calderbank & Shor PRA, 54, 1098—-1105, 1996]
[Steane, PRL 77, 793—797, 1996]

Construction: Let C; = [n, k1,d1] and Cy = [n, ko, d1] be classical linear
codes with C5- < C;. Let {z, ...,z } be representatives for the cosets
C,/C5 . Define quantum states

’:cZ—I—C’z

Fye%'

Theorem: Then the vector space C spanned by these states is a quantum
code with parameters [n, k1 + k2 — n, d] where d > min(dy, ds).

Markus Grassl 22. September 2005
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CSS Codes — how they work I

]mZJrCQ

Basis states:

FZ'

Suppose a bit-flip error b happens to |z; + C3"):

o > lzi+y+b)
|02 yEC’J-

Now, we introduce an ancilla register initialized in |0) and compute the
syndrome.

Markus Grassl 22. September 2005
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CSS Codes — how they work I

Let H, be the parity check matrix of C1, i.e., x H} = 0 for all x € C}.

! Z @, +y+b)|(z; +y+b)H)) = Z l@; +y +b) |bHY)

1
Then measure the ancilla to obtain s = bH!. Use this to correct the error

by a conditional operation which flips the bits in b.

Phase-flips: Suppose we have the state

1
Cy |

> (1) @EHYE g 4 y)

yeCy

Then H®" yields a superposition over a coset of C5 which has a bit-flip.
Correct it as before (with a parity check matrix for ).

Markus Grassl 22. September 2005
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Classical code

iInformation

i = (1,0, ix)

Quantum code

information

’7’> — ’i17i27 I 7Zk>

‘ Encoding I

codeword

k
7 - G = Zijgj
71=1

cosets of the code C3- in C;

S jeta) = Y let S ig)

ceCy- ceCy- =1
Kk
E -G+ ) i9;)
xe{0,1}* j=1

Cy C C1, G is generator matrix for Cs-,
the g; are linear independent coset representatives of C; /Cy

Markus Grassl
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Example: Seven Qubit Code I

Given binary Hamming code C' with generator matrix

0

I
R, O O
© r O

1 O
0 1
0 1

O R B
e N
), O Bk

then C'is a [7,3,4] and C < C+. The dual code C+ is a [7, 4, 3] and has
generator matrix

(0 0 0 1 1 0 1)
o |00 10111
0101 11 0
\1 00 1 0 1 1)

Markus Grassl 22. September 2005
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-

-

-

oS O

-

H : ® Cl>
|
H | 1 C2) (0| 0 0 1)
H : . c3) o | 0 1 0
0 1 0 0
P D—D cs) Gi=| 1] 0 1 1
B Jan L 10
Y N C5) 0 1 1 1
I Y NS o) \ 10 1)
PN VAN 6
|
—D D c7)

1 . . .
0) +8|1) — 04—8 E 07 +i3g3 + i2g2 +9191)
’il,ig,’i3€{0,1}

1 . . .
+ E 119, +i393 + 1292 +1191)
7:177:2/1:36{071}

Markus Grassl
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‘Computation of an Error Syndrome I

Classical code:

received vector —— syndrome
n—k
r=(ry,re,...,7g) +—— 7 -H'= erhj =(c+e)-H' =e-H
j=1

Quantum code:
guantum state +—— guantum state ® syndrome

Yo D letmite@lctaite) )
cEC’;‘|c—|—azi+e> cEC’2L

= | Y letmite)| ol H)
ceCy-
H is a parity check matrix of C;

Markus Grassl 22. September 2005
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‘Syndrome Computation of CSS Codes I

|1;) = Z lc+ ;) , H®N ;) = Z (—1)c®

c)

ceCy- ceCy

c1) ’ H . HF|c1)

|c2) * H * H c2)

lc3) ® Hi—e H lc3)

lcq) ° * H ° ° H lca)

c5) . * H . . Hi— |cs5)

lce) ° ° ° H ° * * H lce )

lcr) l — H * — I lc7)

0) —-B-DD s1) )

0) G-O-DD |s2) % bit—flips
0) S-DDD s3)

0) ORORONE |54) )

0) OOO O 1s5) b sign—flips
0) S-OOD [s6)

Markus Grassl 22. September 2005
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Stabilizer Codes I

C I1s a common eigenspace of the stabilizer group &

Observables

( 82n'k:_1
decomp. into ) Ei
common eigenspaces | | :

&

\ 51

the orthogonal spaces are labeled by the eigenvalues
— operations that change the eigenvalues can be detected

Markus Grassl
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Stabilizer Codes I

C Is an eigenspace of S w.r.t. some irred. character x;

Representation Theory

(| Xan-k_1
decomp. into ) Xi
Irred. components | |
X2
\ X1

the orthogonal spaces are labeled by the character (values)
— operations that change the character (value) can be detected

Markus Grassl 22. September 2005
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\The Stabilizer of a Quantum Code I

Pauli group:

gn:{j:El(X)@EnEze{],X,Y,Z}}

Let C < C?" be a quantum code.

The stabilizer of C is defined to be the set

S = {Megn:Mm = |v) for all |v) EC}.

S Is an abelian (commutative) group!

Markus Grassl 22. September 2005
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The Stablilizer of the Repetition Code I

ISSQUI 05

Repetition code: Recall that C Is the two-dimensional code
spanned by

0) = 1000)
1y = |111)

What is the stabilizer of C?

S={III, ZZI, ZIZ, IZZ).

Markus Grassl 22. September 2005
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Stabilizer Codes I

Let C be a quantum code with stabilizer S.

The code C is called a stabilizer code if and only if
M |v) =|v) forall M € S

implies that |v) € C.
In this case C Is the joint +1-eigenspace of all M € S.

Example : The repetition code is a stabilizer code.
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\Errors In Stabilizer Codes I

Important identity:
1 O 0 1

ZX =
0 —1 1 0

For error operators in the Pauli group G, (i. e. tensor products
of I, X,Y, Z) there are two possibilities: either

—XZ.

e they commute: FF = F'E

e Or they anticommute: FF = —FFE
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\Errors In Stabilizer Codes I

Let S be the stabilizer of a quantum code C. Let F; be the
projector onto C.

If an error £ anticommutes with some M € S then E IS
detectable by C.

Indeed,

PoEP, = PPEMPy = —P-MEP, = —P-EPp.

Hence FEF. = 0, I.e. the spaces C and EC are orthogonal.
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Errors: the Good, the Bad, and the Ugly I

Let S be the stabilizer of a stabilizer code C.

An error E Is good if it does not affect the encoded
Information, i.e., If £ € S.

An error E'Is bad if it is detectable, e. g., it anticommutes with
some M € S.

An error E Is ugly If it cannot be detected.
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Examples of the Good, the Bad, and the Ugly I

Let C the repetition code

Good: Z®Z®I since Z®Z®I|111)=|111)
7 ® Z @ I000) = |000)

Bad: X®I®I since X®I®I|111)=011)
X ® I ®1]000) = |100)

Ugly: X®X®X since X ®X®X|[111) =1000)
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Error Correction Capabilities I

Let C be a stabilizer code with stabilizer S.

Let NV(5) be the normalizer of S in G,,. This is the set of alll
matrices in G which commute with all of S. Clearly, we have
S < N(S).

All errors outside N (.S) can be detected.
Good do not affect encoded information: x € S

Bad anticommute with an elementin S: x & N(S)
Ugly errors that cannot be detected: re N(S)\S

We need to find stabilizers such that the minimum weight of an
elementin N(S) \ S is as large as possible.
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Error Correction Capabilities I

Summary: Any two elements M;, M5 of S commute.

Detectable errors anticommute with some M € S.
Task: Find a nice characterization of these properties.

Notation: Denote by X, where a = (a4,...,a,) € I} the
operator

Xg=X"RX2?®...0 X%
For instance X0 = X X ® I.

Hence, any operator in G,, is of the form +X 7, for some
a,bc I'y.
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‘Symplectic Geometry I

Consider M, = X, Zp, M, = X.Z4. When do M, and M,
commute?

M1M2 — XaZchZd — (_l)b.ch—l—ch—l—d
MoMy = XeZgXaZp = (_1)a.an—|—ch—|—d

Hence, M; and M, commute iffa-d —b-c = 0 mod 2.

Suppose that S is the stabilizer of a 2*-dimensional stabilizer
code. Then |S| = 2"7*, S can be generated by n — k operators
XoZp. Let H = (X|Z) be an (n — k) x 2n matrix over IF,. This
matrix is used to describe the stabilizer. The rows of H contain
the vectors (a|b).
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‘Short Description of a Stabilizer I

Example: Let S ={IIl, ZZI, IZZ ZIZ}
Note that S Is generated by ZZ1 and Z1Z.

0001 10
H = (X|Z) =
0001 01

(a|b) = (000[110) and (c|d) = (000]101) are orthogonal:

a-d—b-c=000-101+4110-000 =0

In this case we also write (a|b) L (c|d) with respect to the
symplectic inner product ((a|b)|(c|d)) :==a-d — b - c.
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Shor’s nine-qubit code I

Hadamard basis:

Phase-flip code: [0) — |+ ++), |1)— |———).

Concatenation with bit-flip code gives:

0) — \/12_3(|OOO> + [111))(|000) + |111))(|000) + |111))

1)+ —L(|000) — [111))(]000) — |111))(]000) — |111))

=
V2

This code can correct one error, i.e.,itisa 9,1, 3].
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Stabllizer for the nine-qubit code I

(ZZ\

zZ - Z
7 Z
Z Z
Z 7
Z Z
X X X X X X
\X X X - - . X X X )

Generates an abelian subgroup of Gg. This generating system of eight
generators is minimal. Each generator divides the space by 2.

Hence we obtain a [9, 1, 3] quantum code.
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The Five Qubit Code I

Stabilizer: S=(YZZYI, IYZZY, YIYZZ 6 ZYIY Z)

(X]Z) matrix given by (recall: X = (1,0), Y = (1,1), Z = (0, 1)):

(100101 1 11 0)
0100 1/0 1 1 1 1
O —
1 0100/1 0111
\0 10101 1011)
C=1[5,1,3]

shortest qubit code which encodes one qubit and can correct one error
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Example: CSS-Code C = |7,1, 3],

Here H = (X|Z) is of a special form:

1 0 0 1 0
0 1 0 1 1
0 0 1 0 1

—_
—_ O

1 0 0 1 0
0 1 0 1 1
0 0 1 0 1

—_
—_ O

\ /

e Can be applied for (binary) codes C5- C C;. If C; = [n, k1, d;] and
Cy = [n, ko, ds], this gives a QECC [n, k1 + ko — n, min(dy, ds)].

e Has been used to derive asymptotic good codes (explicitly).

e CSS codes have nice properties for fault-tolerant computing.
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‘ Fault Tolerant Quantum Computing I

e Operate on encoded data (map codewords to codewords).

e Prevent spreading of errors.

( °
@
— Ui — qubit 2 <
L
E— U2 .
L @
. (U,
—Un— _ Us
qubit 1 <
Us
N Usr=
local operations transversal operations
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Bounds I

Quantum Hamming Bound: Set of vectors obtained by applying each
error to each basis vector has to be linear independent. The subspace they
span has to fit into the Hilbert space of n qubits. For a pure* QECC

[n, k, 2t 4+ 1] this implies:

Quantum Singleton Bound/Knill-Laflamme Bound: For all quantum
codes [n, k, d], we have that

n+2>k+ 2d.

Codes which meet the bound are called quantum MDS codes. They exist
only for ¢ large, 1. e., for higher-dimensional alphabets.

aall error-syndromes are different
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Optimal Small QECC I

n/k 0 1 2 3 4 5 6
2 | [2,0,2]

3 | [3,0,2]

4 |[4,0,2] | [41,2] | [4.2,2]

5 | [5,0,3] | [51,3] | [5,2,2]

6 |[6,0,4] | [6,1,3] | [6,2,2] | [6,3,2] | [6,4,2]

7 | [7,0,3] | [7,1,3] | [7,2,2] | [7,3,2] | [7,4,2]

8 |[8,0,4] | [8,1,3] | [8,2,3] | [8,3,3] | [84,2] | [8,5,2] | [8,6,2]
9 |[9,0,4] | [9,1,3] | [9,2,3] | [9,3,3] | [9,4,2] | [9,5,2] | [9,6,2]

[n, k, d] means that n minimal for fixed (k, d).
[n, k, d] means that d maximal for fixed (n, k).

For more tables see htt p: / /i aks-wwv. i ra. uka. de/ hone/ grassl / QECC
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