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The classic voter model
3 basic results

Voting on complex networks  TAntal, V.Sood

new conservation law
two time-scale route to consensus
short consensus time

Confident/Reinforced voting D.Volovik
two time-scale dynamics

symmetry breaking clustering
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Classic Voter Model Haios e tarm

Example update:
3/4
. I 7T 1
1 broportional
p rule
S A
A

0. Binary voter variable at each site i
|. Pick a random voter

2.Assume state of randomly-selected neighbor
individual has no self-confidence & adopts neighbor’s state

3. Repeat | & 2 until consensus necessarily occurs in
a finite system



Voter Model Evolution  Doric etal. (2001)
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Voter versus Ising Evolution
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Voter Model: Tell me how to vote

Invasion Process: | tell you how to vote

Link Dynamics: Pick two disagreeing
agents and change
one at random

identical on lattices, distinct on degree-heterogenous graphs
Suchecki, Eguiluz & San Miguel (2005), Castellano (2005), Sood & SR (2005)
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| st moment:

high degree
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11 = av. degree
ng = frac. nodes of degree k
pi = frac. T on nodes of degree k
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Invasion Process on Complex Networks
Castellano (2005)

Antal, Sood, SR (2005, 06, 08)

high degree: changes often

I

/7/ '

“flow” from low degree to high degree

|

\ low degree; changes rarely

degree-weighted 1 Z 1
: W_1 = — k™ 'n !
inverse moment 1 1 k Pk conserved.
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Exit Probability on Complex Graphs
E(w) =w

: h N nodes: degree |
Extreme case: star grap | node: degree N

0
0 0
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warmup: complete graph

T'(p) = av. consensus time starting with density p

T(p) = RPEIT(p+dp)+di]
+L(p)[T'(p — dp) + di]
+[1 =R(p) — L(p)][T(p) + di]
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Consensus Time on Complete Graph
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Consensus Time on Complete Graph

T(p) = Rp)IT(p+dp)+ di]
L(p)[T(p — dp) + dt]
1 —=R(p) — L(p)][T(p) + dt]

N
p(1—p)

+ +

continuum limit: T —

solution:

I'(p) =—Nlplnp+(1—p)ln(l—p)



Consensus Time on Heterogeneous Networks

T({pr}) = av. consensus time starting with density py
on nodes of degree k

T({pr}) ZRk {oeNIT{ P} }) + di]
¥ Z Le(oe DT ({pe 1) +df
k
+ 1= ST Re({orh) + LU [T ({or}) + ]

k
Ri({pr}) = prob(pr — p}) Lr({1pe}) = nipe(l — w)

:%Z/ézp(la—aT)
L Yy

= npw(l — k)



Consensus Time on Heterogeneous Networks

continuum limit:
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continuum limit:
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Consensus Time on Heterogeneous Networks

continuum limit:

k

NOW USE
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to give
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Consensus Time for Power-Law Degree
Distribution ng ~ k™"

Voter model: N U 3
, N/In N v =23

Ty o Negg = N2~ { N20-2/0=) 9 <)) < 3
i (In V)2 v =2

O(1) v < 2



Consensus Time for Power-Law Degree
Distribution ng ~ k™"

Voter model: N U 3
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Consensus Time for Power-Law Degree
Distribution ng ~ k™"

Voter model: N U > 3
, N/In N v =3
Ty o Negg = NEL ~ d N200=2/(0=1) 9 ) < 3
2 (In V)2 V= 2
O(1) v < 2
Invasion process: ot amals
N v > 2,
I'n~< NInN v = 2,

N2~V v < 2.
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motivation: Centola (2010)
related work: Dall’Asta & Castellano (2007)
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motivation: Centola (2010)
related work: Dall’Asta & Castellano (2007)
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Simplest case: 2 internal states M1+ —P1 unsure

densities Py, P1, Mo, M1, A><A
with Py+P1+ Mo+ M;=1 MO-—v v__ P, confident

basic processes:

M, Pr — ByP, or MyM;, Moy Fy — MoP, or M;iF,

PhPr — ByP or ByFy MoMy — MoMy or MyM,
M Fy — MiP, or PhFy Moy P, — M{P; or MyM,

rate equations/mean-field limit:
Py = —MyPy + M, P, + Py P,
P, = MyPy— M P, — PyP; + (M, Py—MyP)

similarly for Mg, M4
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special soluble case: symmetric limit
Py+ P =My + M =3

Py = —MyPy + M, P, + Py P,
P, = MyPy— MP, — PyP, + (M, Py—MyP,)

— PQ:—Plzp()Q—I—%PQ—%
= —(Po — A4)(Po — A-)
Ay = +(—1++/5) ~ 0.309, —0.809

solution: Po(t) — A+ _ Po(0) — Ay o~ (Ap—A_)t
Py(t) — A FPy(0) — A_




near symmetric p _ L1107%, My = L1—1073, Py =M;=0
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near symmetric p _ L1107%, My = L1—1073, Py =M;=0
limit:
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near symmetric limit: composition tetrahedron
Po




Consensus Time in Two Dimensions
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Consensus Time Distribution

droplets stripes



Island o

10° 10" 10% 10° 10* 10° 10°
N

two time scales control approach to consensus
see also Spirin, Krapivsky, SR (2001), Chen & SR (2005)

Ising model Majority vote model
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Summary & Outlook

Voter model:
paradigmatic, soluble, hopelessly naive

Voter model on complex networks:

new conservation law
route to consensus sensitive to network structure
fast consensus for broad degree distributions

Confident voting on simple networks:
two time-scale route to consensus
fast consensus (In N vs. N) in mean-field limit
slow consensus on lattices & networks

Ongoing:
“churn” rather than consensus
heterogeneity of real people
positive and negative social interactions — social balance



