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Hydrodynamic interactions
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Brownian Dynamics (BD)
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Brownian Dynamics

H(t+At) =7 +At2 i Fi(t) + A7
J

(AF ® AF) =2 Djj At

» For many Brownian particles, the correlation matrix
becomes huge and very unwieldy!

» Exact calculation of stochastic term via Cholesky
decomposition: O(N3)

» Approximate solution via matrix Chebyshev expansion:
O(N2.25)

» “P3M"—like methods (Banchio & Brady): O(N'-?>In N)
(complicated, not considered here)

» = In many cases, explicit momentum transport is

desired (strictly O(N)!)



Brownian Dynamics vs. explicit solvent (ES)

| BD | ES
Sc=c | Sc>1
Ma=0| Mak1
Re=0 | Rexk1
Bo>0 | Bo>0
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» Schmidt number Sc =v/D
(diffusive momentum Brownian Dynamics
vs. explicit solven
transport vs. diffusive mass
transport)

» Mach number Ma = v/c (flow velocity vs. speed of
sound; importance of fluid compressibility)

» Reynolds number Re = vL/v (convective vs. diffusive

momentum transport)

» “Boltzmann number” Bo: Ax/x (thermal fluctuation
vs. mean value, on the scale of an effective degree of
freedom — depends on the degree of coarse—graining!)

» Particle methods: Bo = O(1)
» BD, discretized field theories: Bo freely adjustable!
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Low Mach number physics
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» only u < a/h (lattice spacing / time step)

» only u < ¢

» Ma=u/c; <1

» low Mach number =
compressibility does not matter =
equation of state does not matter =
choose ideal gas!

Mach number

mp, particle mass:

p=LkeT
mp
1
2= 9 _ —kgT
op mp

p = pc&s

_ 2
kg T = mpcs
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“Boltzmann number”
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> ldeal gas, temp. T, particle mass mp, sound speed c;:

_ 2
kg T = mpcs

> cs ~ a/h (a lattice spacing, h time step)

Boltzmann number

» s as small as possible

Example (water):

mass density p = 10°kg/m°

sound speed realistic: 1.5 x 10°m/s

sound speed artificial: ¢, = 10°m/s
temperature T = 300K, ks T =4 x 1072y
particle mass: m, = 4 X 107 Bkg

macroscopic scale | molecular scale
lattice spacing | a = 1mm a=1nm
time step h=10"5s h=10"1s
mass of a site | m, = 10 %g m, = 10"%*kg
“Boltzmann Bo = (mp/m3)Y/? | Bo = (mp/m,)*/?
number” =6x10"10 =0.6




Consequences
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solvent = just a medium to transmit momentum!

. . Strategy
easy and simple representation

lattice model with momentum conservation
ideal gas

inclusion of thermal fluctuations

Stochastic Lattice Boltzmann!
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Coupling lattice Boltzmann < Molecular
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Dynamics
(P. Ahlrichs & B. D. 1999)
» particle system: stochastic Molecular Dynamics
» solvent: stochastic lattice Boltzmann
» dissipative coupling: St

=

» F= (v 0)
> 0 interpolation from
surroundings

» momentum conservation

» fluctuation—dissipation
theorem

[

yields hydrodynamic interactions on large scales
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Equations of motion, continuum limit o
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ﬁ,z/d3Fa;(F,,“)ﬁ(*)
d 1
Efi = *I_Pi
Equations of motion
%13,' = Fi— <,717i5i - ﬁi) +f
0tp + Oojo =0

Otja + 03 (Pdag + puaus) = 0a1apys0yUs + 03 Qap

DY [C, < Do ) - f} o1 (7 7)
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Fluctuation—dissipation relations
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<fia> =0
<Qa/6> - 0 FDT
(fia () fi (') = 2k T(0ydapd (t = t')
(Qup (7,1) Qus (7, 1)) = 2keTiiapns0 (F=F) 3 (t = t)

Proof for the coupled system: See B. D. & A. J. C. Ladd,
Advances in Polymer Science 221, 89 (2009).
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Fluctuating lattice Boltzmann

P | > linearized
L/ Boltzmann
/ equation (kinetic

—— theory of gases)
“ ~r P » fully discretized
/ > sites 7, lattice

# Y spacing a

> time t, time step h GenerallEzele onna
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\

ni(F+ Gih,t + h) = ni (7, t) = ni(7, t) + Ai(F, t)

» n; mass density associated with velocity ¢;
» conserved mass density p = > . n;
» conserved momentum density j = pd = >, n;C;

» collision term A;: stochastic variable



Deterministic D3Q19 model

>

>

v

=Y =X m&, i=]/p
n= > niCi ®
n:? (p, U) = wip (1 + ”C’ + (”2'2,)2 — %) such that
>0t =p, 32 nE =]

<—>e

! =>;n; G R¢=pc+pi®i
th|s fixes:

» wi(nn) =1/18

» w;(nnn) =1/36
> ¢ = (1/V3)(a/h)
linear relaxation: A; =} Ljj(n; — n:)

streaming

Chapman—Enskog:
Navier—-Stokes in the hydrodynamic limit

<«
M relaxation rates < viscosities
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D3Q19
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Inclusion of noise
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» Ladd JFM 1994: Noise acts only on the stress
» Adhikari / Stratford / Cates / Wagner EPL 2005: Noise
should act on all non—conserved degrees of freedom

» B. D. / Schiller / Ladd PRE 2007: Confirmation based
on the detailed—balance principle; restriction to stresses
only correct in the hydrodynamic limit

Noise



. . . Stochastic LB
Poisson statistics o
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» v; # of LB particles in velocity bin i
» contact with a large reservoir

» Poisson + constraints of conserved mass and
momentum:

P ({vi}) <H S exp (— ))
0 (Z pvi = P) g <Z peivi —7> s

i i

> mp mass of an LB particle
> = mp/a® = n; = v and p& = wip

» Stirling: v;! = exp (viInv; — ;)
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hence,

P({ni}) o exp(S({ni}))

(Zno)elEee)

n; n;
S{ni}) = Zp ,< ~ g L _1> s

pwWi  pwp  pw; distribution

with

mean square fluctuations o p (degree of coarse—graining)



. . . Stochastic LB
Maximizing P o
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Lagrange multipliers A, Xj
oS >
—+XN+X-G =0
8[7,‘ P J !
Snp =0
i
Zn;a——f =0
i
approximate solution up to O(u?): apuliatont
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Gaussian approximation for fluctuations
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n!* = n; — n%?
P ({ni}) cexp(S (Zn, ) §<Znia—j>
u = 0 approximation:
P({n’*}) xexp | — Z 7(,77%)2 8 Z n"a s Z ¢ n"d
i i 2MPW1 ’- i ,- i
n!®l = (pwi)/? x; iy

approximation
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Modes

B. Diinweg
orthogonal transformation:
X = E é;jmj
J
Z 2 _ Z 2
Xi = m,-
i i
. d » bulk stress mode:
mass mode: 2
my o< Y\ /wixi(ci — 1)
mgp X ZIN/WI'XI' =0
. q » shear stress modes:
» momentum modes:
m O(Z o X 0 n"l5O(Z:I-\/W,'X,'C;(C;v
1 P/ WiXiCl =
i 1 i m6,-'-,m9 Modes

my o< Y J/wixic! =0 > o des.
m3 o< 3 /WixicE = 0 ghost modes:
mig, ..., Mg
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Detailed balance
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P({mj}) oc exp 1 Z m?
1 2 ¢ 1
i>4
w(m — m*)  exp (—m*?/2)
w(m* — m)  exp(—m?2/2)
m* =~ym-+ pr
r Gaussian random number with (r) =0 and (r?) =1
*x 2
olm = ) = (2r?) Ve (-3 )
detailed balance holds if
= (]_ — 72)1/2 Detailed balance

» All modes should be thermalized!
» Chapman-Enskog: Hydrodynamic limit is
Landau—Lifshitz noise!



LB vs. BD: One simple comparison

Pham / Schiller / Prakash / B. D. JCP 2009
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» BD: CPU x N225

» LB+MD: /(R?)/L = const.,

3

> system: single
polymer chain, good
solvent, thermal
equilibrium

» BD: infinite system

» LB+MD: 3 boxes
with periodic
boundary conditions,
size L, extrapolation
L — oo

CPU o L3 x R3 ox N3 x N18
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Efficiency
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Diffusion constant
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Diffusion
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Rouse modes
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Rouse modes: Weak finite size effects

» internal forces cancel in leading order
» = “dipolar” interaction with periodic images

» = finite size effect L3

2451
'® 24
-
5
2.35f » LB, Kinetic modes not thermalized 1
= LB, Kinetic modes thermalized

« BD
2.3 - - +
-0.5 0 0.5

1 31 5 2 25 3
1/L x10™
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Rouse modes
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Conclusions
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» dissipative coupling LB4+MD: simple, versatile, efficient

» rigorous understanding of thermal fluctuations in
ideal-gas LB models

» rigorous understanding of the fluctuation—dissipation
theorem for the coupled system

» thermal noise is necessary for all LB modes, and for the
Brownian particles

» quantitative agreement between Brownian Dynamics
and LB+MD

» BD: for highly dilute systems with few Brownian
particles

» LB+4MD: advisable for systems with many particles

Conclusions
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