
Complex classical mechanics

Carl Bender

Washington University

Dresden 2011



PT quantum mechanics has an 

active research community

Nearly1000 published papers!

Lots of Conferences!

Andrianov, Caliceti, Fring, Gazeau, Geyer, Jain, Jones,

Mostafazadeh, Rotter, Scholz, Wu, Znojil, …. 

Webpage!

Hook: PT Symmeter http://ptsymmetry.net

Google “PT Symmetric”  --- 72,500 hits!

http://ptsymmetry.net/
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PT quantum mechanics is fun 

because you can re-visit the things 

you already know about ordinary 

Hermitian quantum mechanics! 

Here are some examples…



Example 1: Dimensional expansions

CMB, S. Boettcher, and L. Lipatov,

Physical Review Letters, 68, 3674 (1992)

The idea: 

Physics becomes simple near D = 0, so obtain a

nonperturbative solution by expanding in powers of D



D-dimensional square well



HermitianNon-Hermitian



Dimensional expansions in 

quantum field theory...

Free energy (vacuum energy density) F:

CMB, arXiv: hep-th/1003.3881



PT quantum field theory



Example 2:Functional integrals

CMB and S. Klevansky, 

Physical Review Letters 105, 031602 (2010)





Hermitian Hamiltonians:

BORING!

The eigenvalues are always real – nothing interesting  happens



PT-symmetric Hamiltonians:

ASTONISHING!

Phase transition between parametric regions of

broken and unbroken  PT symmetry...



PT Boundary
Region of unbroken

PT symmetry

Region of broken

PT symmetry



Broken ParroT Unbroken ParroT



E2 Algebra:

Replace the Heisenberg Algebra                            with the

Another example of a phase transition:

CMB and R. J. Kalveks, Int. J. Theor. Phys. 50, 955 (2011)



Hermitian Hamiltonian:



PT-symmetric Hamiltonian



First observation of PT phase transition

A. Guo, G. J. Salamo, D. Duchesne, R. Morandotti, M. Volatier-Ravat, V. Aimez, 

G. A. Siviloglou, and D. N. Christodoulides, Physical Review Letters 103, 093902 (2009)



To understand the PT phase 

transition – introduce

PT classical mechanics

...a spin-off from PTQM

What exactly is this PT phase transition?



Motion on the real axis

Motion of particles is governed by Newton’s Law:

F=ma
In freshman physics this motion is restricted to the

REAL AXIS.



Harmonic oscillator: 

Particle on a spring

Turning point Turning point

Back and forth motion on the real axis:

(     = 0)



Harmonic oscillator: 

Turning point Turning point

Motion in the

complex plane:

(     = 0)



32 ixpH 
(     = 1)



e  p - 2



Classical orbit that visits three sheets of

the Riemann surface



=     – 2         11 sheets





Broken PT symmetry – orbit not closed

e< 0



p



The effect of closed orbits for real energy

vs. open orbits for complex energy

suggests a way to understand tunneling...

CMB, D. C. Brody, and D. W. Hook, J. Phys. A 41, 352003 (2008)

CMB and D. W. Hook, arXiv: hep-th/1011.0121



Quartic potential: REAL ENERGY



COMPLEX

ENERGY:



Looks like the time-energy

uncertainty principle







Periodic potential
CMB and T. Arpornthip,

Pramana 73, 375 (2009)







But... It’s not so simple...

Complex energy does not always mean open orbits!

A. Anderson, CMB, U. Morone, arXiv: math-ph 1102.4822



(Jacobi elliptic function)

Trajectory closes under the replacement:

Condition for having a periodic orbit:

Potential:

Equation of motion:

Solution:





(n,m) = (3,1)



(n,m) = (5,2)



(n,m) = (8,1)



(n,m) = (14,3)



Periodic (blue, cyan, green) and nonperiodic (red) trajectories

for the sextic potential

(Separatrix not shown)



E = 16.489 + 10i

Periodic trajectories (blue, cyan) and nonperiodic trajectory (red)

Separatrix curve (green)



Thanks for listening!




