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Definitions of P, T, and Inner Products

@ Both are involution: P2 =1 & 72 =1.
@ They commute: [P, 7| =0.
@ Two choices for T

“PT Symmetry"”
TAT=A* = P=pP*
[H,PT]=0 <« PHP=H"

“P pseudo-Hermiticity”
TAT =At = p=p!
[H,PT]=0 < PHP=H'
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Definitions of P, T, and Inner Products

@ Inner products in QM [Ballentine, Quantum Mechanics|

@ (¥, ) is a complex number,
Q (¥, ¢) = (¢,1)*, where x denotes complex conjugate,

Q (V,c101 + cap2) = c1(¥, ¢1) + c2(2), 2), where ¢; and ¢y are complex
numbers,
Q (4, ¢) > 0, with equality holding iff ¢ = 0.

@ In general, (¢, ¢) = (Y|W|p).

@ The metric operator is a Hermitian matrix: W = Wt
@ All the eigenvalues of W are positive: AW > 0.

@ A self-adjoint operator in finite dimensions

(0, Ho) = (Hy,¢) = WH=HW.
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P pseudo-Hermiticity

@ Time reversal

T=t & TAT = AT

o Parity
P, T]=0 =  P="pP!

cos sinf e™ ¥

— . = .
P#.¢)=n"-o sinf e  —cosf

where n” = (sin 0 cos p, sin 0 sin ¢, cos 0).
e Eigenvalues of P: AP = +1.
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P pseudo-Hermiticity

@ Hamiltonian

H=el+ <7nr +ipsindn’ + ipcosén‘p) e
. [ e+ ycosf —ipsinfsind (’ysin0+ipcosGsinS—i—pcosé)e*i‘f’]
(ysinf + ipcosOsind — pcosd)e'¥ e —ycosf +ipsinfsind
with
n’ = (cosfcos,cosfsing, —sin )
n? = (—siny,cosp,0)

o Eigenvalues

M =e+ /42— p2

H|Ey) = \{|Ey)

@ Hermitian limit: p = 0. All 2 x 2 Hermitian matrices are
P(0, p)-pseudo-Hermitian.

o Eigenstates
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P pseudo-Hermiticity

@ The self-adjointness of H = a dynamic W
WH = H'W
@ The metric operator
W =u [fyl + <vnr + pcosdn’ — psin6n¢> . 0'}

with uy > 0 & v? < 4% — p?
o Eigenvalues of W

)\qu['y:t\//m} >0

@ With a proper choice of u & v, W = PC.
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P pseudo-Hermiticity

e Definition: (¢, ¢)w = (Y|W|¢)
@ Orthogonality: (E4|W|E_) =0= (E_|W|E})
@ Normalization
Ny = (EL|W|Ey)
= |nzlPuv/4? - p? ('v /72 - pz) (\/72 —p? v)

> 0

@ P-inner product defines a Krein space:
o Orthogonality: (E4|P|E_) =0= (E_|P|E})
o But (EL|P|EL) and (E_|P|E_) have opposite signs.
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P pseudo-Hermiticity

e Condition: 72 = p2 #0
@ Assume v =p
@ Only one eigenstate: H|®g) = e|®g)

cos & — e~i(0+¢) sing ]

Do) =n 2 -
[@o) 0l _ s1ng — e7100+9) ¢og g

@ Jordan chain:
(H — el)|®1) = Do)

I3
—i(d+¢p) s 0
e =
|(I)1> =nNo—— |: zloréé :| +a|(b0>
v 2

with arbitrary a.
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P pseudo-Hermiticity

o Close to a Jordan block: p? =72(1 —¢€) # 0, where 0 < ¢ < 1
@ For simplicity, fix u and set v = 0.

@ What happens to W?

o The larger eigenvalue of W: )\‘;V ~ 2ury
o The smaller eigenvalue of W: A% ~ Lu~e
o W stops being positive definite.

@ How about eigenstates?
o Normalization: Ny ~ |ni|?uvy3e
o Eigenstates cannot be normalized.
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PT Symmetry

@ Time reversal

T =% = TAT = A*

o Parity is real: [P,7] =0 = P =p*
o Parity #1
D — cosf sinf e ¥
7 | sin@e? —cost
o Parity #2

: -
Py — [ cosh 0 sinh @ e ]

—sinh 6 e? —coshf

Eigenvalues of P: AP = +1.

Qing-hai Wang (NUS) General PT-Symmetric Matrices & Jordan Blocks



PT Symmetry

@ Hamiltonian #1

H, — e+ ycosfcosd —ipsinf (ysinf@cosd — iysind + ipcosf)e™ ¥
1 (ysinfcosd + iysind + ip cos)e? e —ycosfcosd +ipsinf

@ Hamiltonian #2

H, — e + v cos(d + i0) —i[ysin(d + i0) — ple™¢
2 = |i[ysin(§ 4 i0) + ple¥® e — ycos(d + 10)

o Eigenvalues
M =e+ /42— p2
e Eigenstates of H: H|Ey) = \{|E.)

e When PT symmetry is not broken (p? < +2), they are also the
eigenstates of PT: PT|Ey) = P|E+)* = \}7|Ey).
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PT Symmetry

@ Hamiltonian #1: p=¢ =0
o Hi o [ e+ ~ycosfcosd ysinf cosd — iysind
! | ysinfcosd +iysind e —ycosfcosd
o All 2 x 2 Hermitian matrices are P;7T-symmetric.
@ Hamiltonian #2: p=¢=0=0
o Hy eji—'y.cos6 —iysiné
| iysind  e—ycosd
e Only some Hermitian matrices are Py T -symmetric.
@ Hermitian Hs is just a special case of Hermitian Hy with 6 = 0.
@ H; and H» coincide when ¢ =6 = 0.
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PT Symmetry

@ The self-adjointness of H = a dynamic W:

WH =H'W
@ Metric operator #1
W _ [v¥ + cos@(psind + vcosé)]e? sin@(psind + vcosd) + i(pcosd — vsinf)
1=u sin@(psind + vcosd) — i(pcosd — vsinf) [y — cosO(psiné + vcosd)|e™?
@ Metric operator #2
Wo — [ycosh @ + (psind + vcosd)]e? ~sinh 6 + i(pcosd — vsind)
2= ~sinh @ —i(pcosd — vsiné) [ycosh® — (psind + vcosd)]e™ ¥

e Both with uy > 0 & v? < 72 — p?
o Eigenvalues of W

/\W:u[yi\/;m} >0
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PT Symmetry

e Definition: (¢, ¢)w = (V|W o)
@ Orthogonality

(EL[W|E_) = 0= (E_|W|E})

@ Normalization
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Ny = (EL|W|EL)

= |nefuyy/? - p? (\/72 -2+ v)
> 0
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PT Symmetry

e Condition: 72 = p2 #0
@ Assume v =p
@ One eigenstate: H;|®g) = e|Dp)
7] . P . 6
_ cos 5(1 —sind) +ie™ ¥ sin 5 cos &
® [®o) =m0 [ —sin £(1 — sind) + ie ™% cos § cos &

o It is also an eigenstate of PT: PT|®y) = Z—E|<I>0>
@ The Jordan chain: (H; —el)|®1) = |®o)

|—sins | cos?
—Sin 2 . .
Teoss | —sin{ } + a|®g) with arbitrary a.

o When « is real, |®1) is also an eigenstate of PTwith same eigenvalue,
PT|®1) = 72]®1)
@ Similar results for Case #2.

o |q)1> =MNo
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PT Symmetry

Exactly the same thing happens.
Close to a Jordan block: p? =2%(1 —€) # 0, where 0 < e < 1
For simplicity, fix u and set v = 0.

What happens to W7

o The larger eigenvalue of W: AW ~ 2uy
o The smaller eigenvalue of W: AW ~ Luve
o W stops being positive definite.

@ How about eigenstates?
o Normalization: Ni ~ |ni|?uy3e
o Eigenstates cannot be normalized.
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o All 2 x 2 Hermitian matrices are both P-pseudo-Hermitian and
PT-symmetric with respect to some P.

@ In P pseudo-Hermiticity, P can be used to define a Krein space.

@ When PT symmetry is not broken, eigenstates of PT-symmetric H
are also eigenstates of PT.

@ Both P-pseudo-Hermitian and P7T-symmetric matrices may form
Jordan block.

@ When H forms a Jordan block, W becomes ill-defined and the
eigenstates cannot be normalized.
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