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o [H=-a+ V][ v (ta) + cxv(da) =0
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Complex EVs

o V€ B(H) (not only potential), ci € C

\N”\ - Remarks

o H' — A4 V*

N ¥ (£a) + cxp(£a) =0

Sl e H is non-Hermitian
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Scattering in compactly supported potential V'

® 1D particle on line, # = L?(R)

® recal potential V with support in (—a, a)

Re—ikz

eikz

14

Model

Teik®

_”/\V 0 v

® asymptotic solutions of Schrédinger equation

—" + V= k%

YPas(T) =

ekt | Re—ithr < g
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Telkz,

r>a



Perfect

transmission
scattering as \ /] d 1
a PT- O e
symmetric
spectral
problem
Reflectionless scattering in compactly supported potential V'
Petr Siegl
® 1D particle on line, # = L?(R)
Introduction . . .
1 1 ® recal potential V with support in (—a, a)
Reflectionless
Scattering v
Model
PT-symmetry
Complex EVs
Inverse problem ik ik
— —_—

Non-locality

Notations

A
Factorization —a v 0 a
© existence
Structure ©
PT example I
PT example 11

Conclusions

Summary ® asymptotic solutions of Schrédinger equation
=+ VY = K
eikz, < —a

z) = .
Was(2) etke, T>a



Model
How to solve reflectionless scattering?

® Schrédinger equation

—y" 4 VY =k
® asymptotic solution
eikr < —a
z)=14 .
Was(2) {e‘kz, T>a
® matching to the solution % in (—a, a)

75;(7(1) - @'as(fa)v

¥ (—a) = Yis(~a) = ik(~a)
1}((1) = @//'as(a)s p

W(a) = Wia(a) = ikth(a)

e reformulation in L?(—a, a)

p" () + V(z)p(z) = k2¢(z), = € (—a,a)
b (£a) —ik¥(£a) =0

® nonlinear problem with energy dependent transparent BC
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® pon-linear problem

- (z) + V(2)1(z)
Y (+a) —ikt(+a)

® new parameter a € R

{

Y'(£a) +iay(La)
+ additional condition

From non-linear to non-Hermitian spectral problem

= k2¢($)7 z e (_a1 a)
—0

" (z) + V(z)y(x)
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Square well

® cigenvalues of H(a):

Examples

po(e) = a® + Vo,
= (n7/2a)% + Vo

e PTEs: k2 = (nw/2a)? — Vo
e if Vo =0, then PTEs: k2 € Rt
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Two § potentials

B>0
® FEigenvalue equation
(k? — a? — B?)sin 2ka — 2Bk cos 2ka = 0
® all eigenvalues are real [krsi10]
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Two 0 potentials

B <0
® FEigenvalue equation
(k? — a? — B?)sin 2ka — 2Bk cos 2ka = 0

® either one or no pair of complex conjugated eigenvalues [Krsi10]
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Inverse problem

® what can we say about the spectrum of

Y/ (+a) —ia(+a) =0

Add constant potential Vg
[ )

{

(@) + (V(@) + Vo)u(a) = u( Vo, a)h(a)
Y (+a) —iay(£a) =0

{—W’(Z) + V(@)y(2) = ple)y(z), =€ (—a,a)

z € (—a,a)
u(Vo, @) = o

Vo shifts the EVs up and down

X parabola determining PTEs is not shifted

® appearance of complex conjugated pair
< loss of two close PTEs
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Operator
H=-A+V
W (a) + cxv(+a) =0
Eigenvalues, eigenfunctions
Hyy = Entpn
H*¢n = Enén

Metric operator ©, similarity transformation 2

0= cnduldn,")
n=0

0 =0*Q
h:=QHQ !

Notations
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Factorization [eS)
© existence P
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Structure ©
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‘ ‘ 0=Q"Q
hi= QHQ™!
Similarity to Hermitian and normal operator [si11]
E,eR & OH=H"O < h=h"
E,¢R & OHO'H*=H*OHO™! & hh*=h*h

[Si11] 2011 Siegl, IJTP 50
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O, 2, and h

Existence of © for H
e reformulation of known results [mi62], [DsI1I]
® bounded, positive, and invertible metric operator © exists
< all eigenvalues of H are simple
® multiple EVs < Jordan blocks < © is not invertible
® existence of Q2 follows
o h=QHQ ! is Hermitian iff o(H) C R

® complex eigenvalues = h is normal

[DSIII] 1971 Dunford, Schwartz, Linear Operators, Part 3, Spectral Operators
[Mi62] 1962 Mikhajlov, Dokl. Akad. Nauk SSSR 114
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Structure of ©® and (2

Theorem

Let all eigenvalues of H be simple and let {en} be an orthonormal basis of H.
Then

e O=J]+K,
e O=U+1L,

where K, L are integral (H-S) operators and U is a unitary operator.
Moreover, if ey := x,ly (eigenfunctions of —Ay), then U = I.
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Structure of ©® and (2

Theorem
Let all eigenvalues of H be simple and let {en} be an orthonormal basis of H.
Then

e O=1+K,

e O=U+1L,
where K, L are integral (H-S) operators and U is a unitary operator.
Moreover, if en := xN (eigenfunctions of —Ay), then U = I.

Remarks

® proof: asymptotics of EVs and EFs + analytic perturbation theory
® kernels of K, L are in L?((—a, a) x (—a, a))
e Q1 = U~1 4+ M, M is an integral operator
® similar A is typically non-local
® “preferred” basis XT]Y
® PT-symmetry is not needed (but provides “nice” examples)
® valid for strongly regular connected BC as well (expected)
e K is not always an integral operator (compact):
O =1 —isin ¢P sgn(z)- for “PT-quasi-periodic BC” [sios]

[Si08] 2008 Siegl, Journal of Physics A: Mathematical and Theoretical 41
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PT -symmetric example |

Operator [KrBizn06]
Ho = A
¥ (£a) + iogp(+a) =0
Eigenvalues and eigenfunctions
o(H) = {a®}Y U{kI}P2,, kn = nm/(2a)
bo(o) = Ao () = Ay (@)~ 1xR(@))
1

_— eia(w-‘ra)’ (bn(m) = Xflv(z) + 1%)(5(1)’

#o(z) o

T B 3 O 5"
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Closed form of ©, Q, Q~1

e O=I+K, Q=I1+L Q'=I4+M
e K, L, M integral operators with kernels

K(z,y) = ae” =) (tan(aa) — isgn (y — z))

i 1 .
£(5,9) = 5= (y— asgn(y = o) + o (207 — 1)

ia(a—1x) i
M(z,y) = L - Zemiala=y) (cot(2ca) — isgn (y — x))
sin(2aa) 2
ae—io(@+y)

2 sin(2aa)

e K for special choice of ¢, # 1 corresponding to C-operator,
C="PO

® kernel for ¢, = 1:

i jay_a) . « a? io
K(z,y):;e'2(y )sm(g(yfx))+%(a27xy)+£(yfx)

— 1 (9 ia(y - 2)) sen(y - o).
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e all other Hermitian % similar to H are unitarily equivalent to h
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o effective description via associated spectral problem
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