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HIGH-LEVEL APPROACH
• Human-readable equations

• No hassle with loops, array 
indices, libraries etc.

• Easy addition of more PDE 
dimensions

• Inbuilt parallel processing 
(MPI) support

• Inbuilt stochastic (P)DE 
solving and averaging
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<!ENTITY Npts     "64">
<!ENTITY Nsamples    "256">
<!ENTITY L  "60">
<simulation xmds-version="2">
  <name>GPE_2D_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 2D
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" />
      <dimension name="y" lattice="&Npts;"  domain="(-&L;, &L;)" />      
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      
     const double mu=1.3;
     const double U=0.04;
     const double eta=0.04;
     const double Rtf=sqrt(2*mu/eta/eta);
     const double Omega=2;
     const double cmid=sqrt(mu);
     
      ]]>
    </globals>
  </features>

  <driver name="distributed-mpi" />
  
  <vector name="wavefunction" initial_space="x y" type="complex">
    <components>phi</components>
    <initialisation>
      <![CDATA[
        if(sqrt(x*x+y*y)<Rtf)
         phi=sqrt((mu-0.5*eta*eta*(x*x +y*y) )/U);
        else
         phi=rcomplex(0,0); 
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="potentials" dimensions="x y" type="real">
    <components>
      trap
    </components>
    <evaluation>
      <![CDATA[
        trap=0.5*eta*eta*(x*x + y*y);
      ]]>
    </evaluation>
  </computed_vector>
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  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ex">
          <operator_names>L Gy Gx</operator_names>
          <![CDATA[
           L = rcomplex(0,-kx*kx/2.0 -ky*ky/2.0);
           Gy =rcomplex(0,Omega*ky);
           Gx =rcomplex(0,Omega*kx);
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=phi.re*phi.re + phi.im*phi.im;
                  
         dphi_dt =  L[phi] + x*Gy[phi] -y*Gx[phi]- i*(U*dens + trap )*phi;               ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;) y(&Nsamples;)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Npts;) ky(&Npts;)" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="x(0) y(0)" initial_sample="yes">
        <moments>atomnumber</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          atomnumber = mod2(psi);
        ]]>
      </sampling>
    </group>    
  </output>
</simulation>
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<!ENTITY Npts     "64">
<!ENTITY Nsamples    "256">
<!ENTITY L  "60">
<simulation xmds-version="2">
  <name>GPE_2D_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 2D
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" />
      <dimension name="y" lattice="&Npts;"  domain="(-&L;, &L;)" />      
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      
     const double mu=1.3;
     const double U=0.04;
     const double eta=0.04;
     const double Rtf=sqrt(2*mu/eta/eta);
     const double Omega=2;
     const double cmid=sqrt(mu);
     
      ]]>
    </globals>
  </features>

  <driver name="distributed-mpi" />
  
  <vector name="wavefunction" initial_space="x y" type="complex">
    <components>phi</components>
    <initialisation>
      <![CDATA[
        if(sqrt(x*x+y*y)<Rtf)
         phi=sqrt((mu-0.5*eta*eta*(x*x +y*y) )/U);
        else
         phi=rcomplex(0,0); 
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="potentials" dimensions="x y" type="real">
    <components>
      trap
    </components>
    <evaluation>
      <![CDATA[
        trap=0.5*eta*eta*(x*x + y*y);
      ]]>
    </evaluation>
  </computed_vector>
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<simulation xmds-version="2">
  <name>brownian_motion</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
  </geometry>

  <driver name="multi-path" paths="1000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 0.2; 
      const double Temperature = 0.4;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="wiener" type="real" method="dsfmt">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="2" steps="1000">
      <samples>200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[
            dpos_dt = vel;
            dvel_dt = -damping/mass*vel + dW;
          ]]>
      </operators>  
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling initial_sample="yes">
        <moments>position velocity</moments>
        <dependencies>variables</dependencies>
        <![CDATA[
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<simulation xmds-version="2">
  <name>brownian_motion</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
  </geometry>

  <driver name="multi-path" paths="1000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 0.2; 
      const double Temperature = 0.4;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="wiener" type="real" method="dsfmt">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="2" steps="1000">
      <samples>200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[
            dpos_dt = vel;
            dvel_dt = -damping/mass*vel + dW;
          ]]>
      </operators>  
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling initial_sample="yes">
        <moments>position velocity</moments>
        <dependencies>variables</dependencies>
        <![CDATA[



COURSE OUTLINE
1) XMDS basics (simple example, XML script, main tags)

2) Exercise one (xmds basics, 1D Gross-Pitaevskii equation)

3) XMDS advanced (advanced examples, parallel code, stochastic DEs, ...)

4) Exercise two (stochastic sims, kink-bearing phi^4 theory)

5) Hacking XMDS

6)  Exercise three (Code your own problem)

LUNCH



DISCLAIMER
Course targets:

Not course targets:
• Enable you to use XML or C or C++ beyond what is needed for XMDS.

• Teach you the numerical propagation algorithms employed by XMDS in 
any detail.

• Teach the physics of all the numerical examples

• Enable you to straightaway start working with XMDS

• Enable you to assess whether XMDS suits your problem

• Provide you with some small bits-and-pieces of: XML, C, numerical 
algorithms, cold-atomic-physics, PDEs to illustrate things.



XMDS BASICS
simple example (exercise zero) 

• Nonlinear Schrödinger 
equation (NLSE)

• Solution 

• Breathing soliton reforms 
precisely after period pi/2 
(for N>1, N=1 stationary) 

ψ(x, t)

ψ(x, t = 0) =
N

coshx

file derived from: examples/sech_soliton.xmds

i
dψ

dt
= −1

2
∂2

∂x2
ψ − |ψ|2ψ



HEADER

• Edit existing XML 
script

• Header of script:      
Name                     
Geometry (PDE or 
ODE ?)

• Steering (features, 
parameters)
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<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>

.....
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      </sampling>
    </group>
  </output>
</simulation>



HEADER

• Edit existing XML 
script

• Header of script:      
Name                     
Geometry (PDE or 
ODE ?)

• Steering (features, 
parameters)
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Printed: 26/12/11 12:55:59 PM Printed For: Sebastian Wuester

<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>

.....
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      </sampling>
    </group>
  </output>
</simulation>

ψ(x, t = 0) =
N

coshx



INITIALISATION

• <vector> tag, defines:

• solution function

•  multi-component 
solution vectors

• parameter type 
functions appearing in 
PDE (e.g. potential)
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<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>

.....

ψ(x, t = 0) =
N

coshx



INITIALISATION

• <vector> tag, defines:

• solution function

•  multi-component 
solution vectors

• parameter type 
functions appearing in 
PDE (e.g. potential)

Page 1 of 2sech_soliton_course.xmds
Printed: 26/12/11 12:55:59 PM Printed For: Sebastian Wuester

<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>

.....

ψ(x, t = 0) =
N

coshx
ψ(x, t = 0) =

N

coshx



SOLVER

• All calculations contained in top-
level <sequence>

• <integrate> is main calculation/ 
DE solver block
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<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>

.....

• <sequence> can contain sub-
sequences, these are then loops.

• Top-level sequence can contain 
also, e.g. <filter>



OUTPUT
• write binary, ascii or hdf5

• export that data to matlab

• sample all or some (for large 
simulations) of accumulated 
data

• do some processing on output 
already at code level (e.g. 
sample Fourier spectrum)

• takes real part only
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        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(512)" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>
      </sampling>
    </group>
  </output>
</simulation>
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<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="512"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);

.....



RUNNING 

xmds2 sech_soliton.xmds• invoke code generator:

• writes and compiles c-code, 

filenames taken from <name>

• run or submit code as usual ./sech_soliton

sech_soliton.cc
sech_soliton



READING OUTPUT 
• After execution we have 

files:

• h5 contains data. xsil 

contains metadata AND 
also includes the XMDS 

script for reference

• generate matlab import 

script for output

• import data into e.g. matlab

xsil2graphics2  sech_soliton.xsil

matlab -nodesktop
sech_soliton

sech_soliton.m

-rw-r--r-- 1 sew654 mks    1895 2011-12-27 22:44 sech_soliton_course.xmds
-rw-r--r-- 1 sew654 mks   66301 2011-12-27 22:44 sech_soliton.cc
-rwxr-xr-x 1 sew654 mks   81886 2011-12-27 22:44 sech_soliton
-rw-r--r-- 1 sew654 mks 1673792 2011-12-27 22:44 sech_soliton.h5
-rw-r--r-- 1 sew654 mks    2853 2011-12-27 22:44 sech_soliton.xsil

-rw-r--r-- 1 sew654 mks     384 2011-12-27 22:44 sech_soliton.m
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  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>

• Multi-dimensional simulations => more transverse dimensions

• Dimension with most grid-points first, case we ever need MPI

• Can also have discrete dimensions (e.g. internal states of atom)

• Example above:

• (More about integer dimensions in advanced part)

i
dψj(x, y, z)

dt
= F [ψk(x, y, z)]



MORE ON VECTORS
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<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>
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  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="potentials" dimensions="x" type="real">
    <components>
      barrier
    </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </computed_vector>

define initial-state
 in Fourier-space

save memory and 
computation time if 

data is real

vector with two 
different components

like, this, compute only 
once at beginning
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  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" dimensions="x" type="real">
    <components> barrier </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </vector>
  
  <computed_vector name="moments" dimensions="" type="real">
    <components> norm meanx </components>
    <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
         norm =  mod2(phi);
         meanx = x*mod2(phi);         
      ]]>
    </evaluation>
  </computed_vector>  
  
    <sequence>
    <integrate algorithm="rk4" interval="300" steps="10000">
      <samples>200 200 200 200 200</samples>
      <operators>
        <operator kind="ex">
          <operator_names>L Gy Gx</operator_names>
          <![CDATA[
           L = rcomplex(0,-kx*kx/2.0 -ky*ky/2.0);
           Gy =rcomplex(0,Omega*ky);
           Gx =rcomplex(0,Omega*kx);
          ]]>
        </operator>
        <integration_vectors> wavefunction </integration_vectors>
        <dependencies> potentials </dependencies>       
        <![CDATA[
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  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" dimensions="x" type="real">
    <components> barrier </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </vector>
  
  <computed_vector name="moments" dimensions="" type="real">
    <components> norm meanx </components>
    <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
         norm =  mod2(phi);
         meanx = x*mod2(phi);         
      ]]>
    </evaluation>
  </computed_vector>  
  
    <sequence>
    <integrate algorithm="rk4" interval="300" steps="10000">
      <samples>200 200 200 200 200</samples>
      <operators>
        <operator kind="ex">
          <operator_names>L Gy Gx</operator_names>
          <![CDATA[
           L = rcomplex(0,-kx*kx/2.0 -ky*ky/2.0);
           Gy =rcomplex(0,Omega*ky);
           Gx =rcomplex(0,Omega*kx);
          ]]>
        </operator>
        <integration_vectors> wavefunction </integration_vectors>
        <dependencies> potentials </dependencies>       
        <![CDATA[
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  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" dimensions="x" type="real">
    <components> barrier </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </vector>
  
  <computed_vector name="moments" dimensions="" type="real">
    <components> norm meanx </components>
    <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
         norm =  mod2(phi);
         meanx = x*mod2(phi);         
      ]]>
    </evaluation>
  </computed_vector>  
  
    <sequence>
    <integrate algorithm="rk4" interval="300" steps="10000">
      <samples>200 200 200 200 200</samples>
      <operators>
        <operator kind="ex">
          <operator_names>L Gy Gx</operator_names>
          <![CDATA[
           L = rcomplex(0,-kx*kx/2.0 -ky*ky/2.0);
           Gy =rcomplex(0,Omega*ky);
           Gx =rcomplex(0,Omega*kx);
          ]]>
        </operator>
        <integration_vectors> wavefunction </integration_vectors>
        <dependencies> potentials </dependencies>       
        <![CDATA[



MORE ON VECTORS II
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<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>
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  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" dimensions="x" type="real">
    <components> barrier </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </vector>
  
  <computed_vector name="moments" dimensions="" type="real">
    <components> norm meanx </components>
    <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
         norm =  mod2(phi);
         meanx = x*mod2(phi);         
      ]]>
    </evaluation>
  </computed_vector>  
  
    <sequence>
    <integrate algorithm="rk4" interval="300" steps="10000">
      <samples>200 200 200 200 200</samples>
      <operators>
        <operator kind="ex">
          <operator_names>L Gy Gx</operator_names>
          <![CDATA[
           L = rcomplex(0,-kx*kx/2.0 -ky*ky/2.0);
           Gy =rcomplex(0,Omega*ky);
           Gx =rcomplex(0,Omega*kx);
          ]]>
        </operator>
        <integration_vectors> wavefunction </integration_vectors>
        <dependencies> potentials </dependencies>       
        <![CDATA[

Computed vector:
- NOT stored,

- only calculated when 
needed

If #dim dependencies> #dim vector    
surplus dimensions are integrated out



MORE ON INTEGRATE
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  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="potentials" dimensions="x" type="real">
    <components>
      barrier
    </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </computed_vector>
  
  
  
    <sequence>
    <integrate algorithm="rk4" interval="300" steps="10000">
      <samples>200 200 200 200 200</samples>
      <operators>
        <operator kind="ex">
          <operator_names>L Gy Gx</operator_names>
          <![CDATA[
           L = rcomplex(0,-kx*kx/2.0 -ky*ky/2.0);
           Gy =rcomplex(0,Omega*ky);
           Gx =rcomplex(0,Omega*kx);
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=phi.re*phi.re + phi.im*phi.im;
                  
         dphi_dt =  L[phi] + x*Gy[phi] -y*Gx[phi]- i*(U*dens + barrier )*phi - i*kappa*psi;        
         dpsi_dt =  L[psi] + x*Gy[psi] -y*Gx[psi]- i*(U*dens)*psi - i*kappa*phi;         
         ]]>
      </operators>
    </integrate>
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<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>

fixed step algorithm

samples for each 
output group

explicit 
derivatives, MUST 
use for products 
of co-ordinates 
and derivatives

use constant vector



MORE ON ALGORITHMS
• available time-stepping algorithms:                           

“ark89” adaptive stepsize, 8th/ 9th order Runge-Kutta, 
“ark45” adaptive stepsize, 4th/ 5th order Runge-Kutta, 
“rk4” fixed stepsize, 4th order Runge-Kutta,                 
“si” semi-implicit algorithm for stochastic problems

∂

∂x
f → F−1[ikF [f ]]

i
dψ

dt
= −1

2
∂2

∂x2
ψ + V (x) + U |ψ|2ψ

ψ(x, t + ∆t) F
−1

← e[− k2∆t
4 ]ψ(k, t)

F←
[ψ(x, t) + (V (x) + U |ψ(x, t)|2ψ(x, t))∆t]

F−1

←

e[− k2∆t
4 ]ψ(k, t) F← ψ(x, t)

• For PDEs, all these come in 

the “ip” (interaction picture)

or “ex” (explicit) version

(split-step, for Runge-Kutta) 

(split-step, for Euler scheme)



ERROR CHECKING
• Numerical solution, always have to check for convergence                         
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  <features>
    <bing />
    <benchmark />
    <fftw plan="patient" />
    <openmp />
    <auto_vectorise />    
    <globals>
      <![CDATA[
       ....
      ]]>
  </globals>

  <features>
    <error_check />
  </features>
  
  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" dimensions="x" type="real">
    <components> barrier </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </vector>
  
  <computed_vector name="moments" dimensions="" type="real">
    <components> norm meanx </components>
    <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
         norm =  mod2(phi);
         meanx = x*mod2(phi);         
      ]]>
    </evaluation>
  </computed_vector>  

.......
Generating output for GPE_1D_course

Maximum step error in moment group 1 was 8.905735e-04
Maximum step error in moment group 2 was 4.287776e-15
Maximum step error in moment group 3 was 3.622347e-11

Time elapsed for simulation is: 0.28 seconds

density_1
fspec_2

atomnumber_3

error_density_1
error_fspec_2

error_atomnumber_3

• Simulation will run once with 
stepsize dt = Tmax/Nsteps 
and once with dt’=dt/2. (or 
for adaptive step-size once 
with tolerance tol, and once 
with tolerance tol/16 (for 
fourth order method).

• Little aside: this is an XML comment:
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  <features>
    <bing />
    <benchmark />
    <fftw plan="patient" />
    <openmp />
    <auto_vectorise />    
    <globals>
      <![CDATA[
       ....
      ]]>
  </globals>
  
  <!-- this line is a comment -->

  <features>
    <error_check />
  </features>
  
  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" dimensions="x" type="real">
    <components> barrier </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </vector>
  
  <computed_vector name="moments" dimensions="" type="real">
    <components> norm meanx </components>
    <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
         norm =  mod2(phi);
         meanx = x*mod2(phi);         
      ]]>



EXERCISE ONE
• 1D Gross-Pitaevskii equation (BEC in harmonic trap)

• Parameters

• Initial state

• Simulated domain and time

m = 1.4432× 10−25
� = 1.05457266× 10−34 U =

4π�2as

m

as = 5.5

N exp [−(x− x0)2/2/σ2]

N =
√

N/(πσ2)1/4

σ =
�

�
mω

N = 100

ω = 10× (2π) ω⊥ = 200× (2π)

U1D = U/(2πσ2
⊥)

Xmax = 30µm

Tmax = 0.4s

i�dψ

dt
=

�
− �2

2m

∂2

∂x2
ψ +

1
2
mω2x2 + U |ψ|2

�
ψ

1D

e-9



EXERCISE ONE

• Edit simulation: add harmonic trap, use SI units

• Run XMDS, run code, import data into matlab

• Plot some output

• Verify normalisation by sampling 

• Determine breathing frequency by sampling 

List of tasks

N =
�

dx|ψ|2

∆x =
�
�x2� − �x�2 =

��
dx x2|Ψ|2/N −

��
dx x|Ψ|2/N

�2



XMDS ADVANCED

• XML-shortcuts, MPI-parallelisation, filter, breakpoints, load from file

• Random noise, multi-paths, averaged output, mpi-multi-paths, SDEs

• Command line parameters, discrete dimensions, basis change, 
convolution

• Exercise II: Kink-bearing phi^4 field theory, stochastic simulation



XML SHORTCUTS
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
      const double x0 = 0.5e-5;
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>phi</components>
    <initialisation>
      <![CDATA[
         const double delx = x - x0;
         phi = normfact*sqrt(Natoms)*exp(-0.5*delx*delx/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
      const double x0 = 0.5e-5;
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>phi</components>
    <initialisation>
      <![CDATA[
         const double delx = x - x0;
         phi = normfact*sqrt(Natoms)*exp(-0.5*delx*delx/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>
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    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(phi);
          expecxx = x*x*mod2(phi);
          expecx = x*mod2(phi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=phi.Re()*phi.Re() + phi.Im()*phi.Im();
                  
         dphi_dt =  L[phi] - i*(U1d*dens + trap )*phi/hbar;       
         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density phire phiim trappotential interaction_term</moments>
        <dependencies>wavefunction potentials</dependencies>
        <![CDATA[
          density = mod2(phi);
          phire = phi.Re();
          phiim = phi.Im();
          trappotential = trap;
          interaction_term = U1d*mod2(phi);
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Npts;)" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(phi);
        ]]>

.....

.....

.....

define XML 
“variables”

this example makes sure we 
always sample full Fourier space

ensure symmetric 
grid

from solution to exercise one: GPE_1D_course.xmds
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  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>

• 2D/3D-multicomponent simulations can benefit from parallelisation

• XMDS parallelises with one line:

• MPI: Slab decomposition along first dimension (that should be the largest)

• Will then need mpi jobscripts (see example)
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<!ENTITY Npts     "64">
<!ENTITY Nsamples    "256">
<!ENTITY L  "60">
<simulation xmds-version="2">
  <name>GPE_2D_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 2D
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" />
      <dimension name="y" lattice="&Npts;"  domain="(-&L;, &L;)" />      
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      
     const double mu=1.3;
     const double U=0.04;
     const double eta=0.04;
     const double Rtf=sqrt(2*mu/eta/eta);
     const double Omega=2;
     const double cmid=sqrt(mu);
     
      ]]>
    </globals>
  </features>

  <driver name="distributed-mpi" />
  
  <vector name="wavefunction" initial_space="x y" type="complex">
    <components>phi</components>
    <initialisation>
      <![CDATA[
        if(sqrt(x*x+y*y)<Rtf)
         phi=sqrt((mu-0.5*eta*eta*(x*x +y*y) )/U);
        else
         phi=rcomplex(0,0); 
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="potentials" dimensions="x y" type="real">
    <components>
      trap
    </components>
    <evaluation>
      <![CDATA[
        trap=0.5*eta*eta*(x*x + y*y);
      ]]>
    </evaluation>
  </computed_vector>

z(1) z(Nz)z(Nz/4) z(Nz/2) z(3Nz/4)

x(1)

x(Nx)

rank (CPU) 0 rank (CPU) 1 rank (CPU) 2 rank (CPU) 3

see also http://xmds2.readthedocs.org/en/latest/
worked_examples.html#wignerarguments

or
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  <features>
    <openmp /> 
    <globals>
      <![CDATA[
      ]]>
  </globals>
  
  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" dimensions="x" type="real">
    <components> barrier </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </vector>
  
  <computed_vector name="moments" dimensions="" type="real">
    <components> norm meanx </components>
    <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
         norm =  mod2(phi);
         meanx = x*mod2(phi);         
      ]]>
    </evaluation>
  </computed_vector>  
  
    <sequence>
    <integrate algorithm="rk4" interval="300" steps="10000">
      <samples>200 200 200 200 200</samples>
      <operators>
          <operator constant ="yes" kind="ex">
          <operator_names>L Gy Gx</operator_names>
          <![CDATA[
           L = rcomplex(0,-kx*kx/2.0 -ky*ky/2.0);



FILTERS

• Find Groundstate of: 1D Gross-Pitaevskii equation using 
imaginary time evolution

�dψ

dτ
= −

�
− �2

2m

∂2

∂x2
ψ +

1
2
mω2x2 + U |ψ|2

�
ψ

• Need to fix norm of  wave function
�

dx|ψ|2 = N

• Seen breathing oscillations 
in first example:

30
20

10
0

10
20

0
0.1

0.2
0.3

0.4

5

10

15

x 106

x[µm]

density

t[s]



FILTERS
Page 2 of 3GPE_1D_groundstate_course.xmds

Printed: 10/01/12 2:53:41 PM Printed For: Sebastian Wuester

    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
     <integrate algorithm="RK4" interval="5.0" steps="1000000">
       <samples>200 200 200</samples>
     <!--  -->
       <filters where="step end">
  !     <filter>
        <dependencies>wavefunction moments</dependencies>
         <![CDATA[
    !   // Correct normalisation of the wavefunction
    !        psi *= sqrt(Natoms/norm);
          ]]>
        </filter>
      </filters>
     <!--  -->
      <operators>
        <operator constant="yes" kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - (U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
     <!--  -->
     <breakpoint filename="groundstate_break" format="hdf5">
      <dependencies basis="x"> wavefunction </dependencies>
    </breakpoint>
      <!--  -->   
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim trappotential interaction_term</moments>
        <dependencies>wavefunction potentials</dependencies>
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    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
     <integrate algorithm="RK4" interval="5.0" steps="1000000">
       <samples>200 200 200</samples>
     <!--  -->
       <filters where="step end">
  !     <filter>
        <dependencies>wavefunction moments</dependencies>
         <![CDATA[
    !   // Correct normalisation of the wavefunction
    !        psi *= sqrt(Natoms/norm);
          ]]>
        </filter>
      </filters>
     <!--  -->
      <operators>
        <operator constant="yes" kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - (U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
     <!--  -->
     <breakpoint filename="groundstate_break" format="hdf5">
      <dependencies basis="x"> wavefunction </dependencies>
    </breakpoint>
      <!--  -->   
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim trappotential interaction_term</moments>
        <dependencies>wavefunction potentials</dependencies>

filters sub-element 
of <integrate>

without filter, 
exponential decay 

to zero

calculate norm 
using computed 

vector 

.....

see: GPE_1D_groundstate_course.xmds

see also http://xmds2.readthedocs.org/en/latest/
worked_examples.html#groundstatebec
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    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
     <integrate algorithm="RK4" interval="5.0" steps="1000000">
       <samples>200 200 200</samples>
     <!--  -->
       <filters where="step end">
  !     <filter>
        <dependencies>wavefunction moments</dependencies>
         <![CDATA[
    !   // Correct normalisation of the wavefunction
    !        psi *= sqrt(Natoms/norm);
          ]]>
        </filter>
      </filters>
     <!--  -->
      <operators>
        <operator constant="yes" kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - (U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
     <!--  -->
     <breakpoint filename="groundstate_break" format="hdf5">
      <dependencies basis="x"> wavefunction </dependencies>
    </breakpoint>
      <!--  -->   
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim trappotential interaction_term</moments>
        <dependencies>wavefunction potentials</dependencies>

.....
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    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
     <integrate algorithm="RK4" interval="5.0" steps="1000000">
       <samples>200 200 200</samples>
     <!--  -->
       <filters where="step end">
  !     <filter>
        <dependencies>wavefunction moments</dependencies>
         <![CDATA[
    !   // Correct normalisation of the wavefunction
    !        psi *= sqrt(Natoms/norm);
          ]]>
        </filter>
      </filters>
     <!--  -->
      <operators>
        <operator constant="yes" kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - (U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
     <!--  -->
     <breakpoint filename="groundstate_break" format="hdf5">
      <dependencies basis="x"> wavefunction </dependencies>
    </breakpoint>
      <!--  -->   
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim trappotential interaction_term</moments>
        <dependencies>wavefunction potentials</dependencies>

Write chosen 
vector to file, for 
continuation of 

simulation

groundstate_break.h5Writes file:
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see also http://xmds2.readthedocs.org/en/latest/
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_stationary_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
  <initialisation kind="hdf5">
    <filename> groundstate_break.h5</filename>
  </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
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• Load into dynamical (real 
time) simulation

• Confirm stationarity

• Can also load data 
generated in other ways 
(matlab, mathematica, text 
editor)

• Formats: ascii, hdf5, xsil

see: GPE_1D_stationary_course.xmds
see: GPE_1D_allinone_course.xmds
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RANDOM NOISE
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        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>

  <noise_vector name="thermalNoise" dimensions="x" kind="Gaussian" 
                 type="complex" method="dsfmt" seed="314 159 276">
    <components>Eta</components>
  </noise_vector>
  
  <sequence>
    <!--  -->
    <filter>
     <dependencies>wavefunction thermalNoise</dependencies>
     <![CDATA[
 !        psi += noiseamp*Eta;
      ]]>
    </filter>
    <!--  -->
    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - i*(U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim trappotential interaction_term</moments>
        <dependencies>wavefunction potentials</dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();
          trappotential = trap;
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        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>

  <noise_vector name="thermalNoise" dimensions="x" kind="Gaussian" 
                 type="complex" method="dsfmt" seed="314 159 276">
    <components>Eta</components>
  </noise_vector>
  
  <sequence>
    <!--  -->
    <filter>
     <dependencies>wavefunction thermalNoise</dependencies>
     <![CDATA[
 !        psi += noiseamp*Eta;
      ]]>
    </filter>
    <!--  -->
    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - i*(U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim trappotential interaction_term</moments>
        <dependencies>wavefunction potentials</dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();
          trappotential = trap;

.....

.....

filter can also be 
sub-element of 
<sequence> 

(only done once)

Dynamic:  Wiener, Jump
Static: Uniform, Gaussian, Poissonian

seed: Reproducible 
stochastic simulations, 
leave empty to have 
seed scrambled at 

compile time

noise generation 
algorithm: mkl, dsfmt, 
posix(default), solirte

see: GPE_1D_noisy_course.xmds
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        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>

  <noise_vector name="thermalNoise" dimensions="x" kind="Gaussian" 
                 type="complex" method="dsfmt" seed="314 159 276">
    <components>Eta</components>
  </noise_vector>
  
  <sequence>
    <!--  -->
    <filter>
     <dependencies>wavefunction thermalNoise</dependencies>
     <![CDATA[
 !        psi += noiseamp*Eta;
      ]]>
    </filter>
    <!--  -->
    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - i*(U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim trappotential interaction_term</moments>
        <dependencies>wavefunction potentials</dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();
          trappotential = trap;
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_noisy_course_MT</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      const double noiseamp = 0.2;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>

  <driver name="multi-path" paths="100" />
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
  <initialisation kind="hdf5">
    <filename> groundstate_break.h5</filename>
  </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>

.....

.....

Run simulation 100 times, automatically 
calculate averages and stderr

Seed now valid only 
initially for all 100 runs

density_1 ==>mean_density_1,  
                    stderr_density_1

Output variables:

Page 1 of 2sech_soliton_course.xmds
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<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="512"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);

.....

variable A

definition: <A>�
�AA� − �A��A�2

Ntrajs

see: GPE_1D_noisy_course_MT.xmds
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_noisy_course_MT</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      const double noiseamp = 0.2;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>

  <driver name="multi-path" paths="100" />
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
  <initialisation kind="hdf5">
    <filename> groundstate_break.h5</filename>
  </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>

.....

.....

Run simulation 100 times, automatically 
calculate averages and stderr

density_1 ==>mean_density_1,  
                    stderr_density_1

Output variables: A <A>

Sqrt[(<AA>-<A> 
<A>)/Npaths]
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "256">
<!ENTITY Nsamples    "256">
<!ENTITY L  "1e2">
]>
<simulation xmds-version="2">
  <name> phi4_fieldtheory_course_MT </name>
  
  <author> Sebastian Wuester </author>
  <description>
    Classical phi^4 fieldtheory with kink and anti-kink solution and stochastic driving.
    See, e.g.    S. Habib and G. Lythe, Phys. Rev. Lett. 84 (2000) 1070.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
        const double eta =1.0;
        const double beta = 7.0;
      
      //dervied quantities
        const double noiseamp =  sqrt(2.0*eta/beta);
        
      //internal  
        double phi0=0.0;
      ]]>
    </globals>
  </features>
 
  <driver name="mpi-multi-path" paths="640" />
 
  <vector name="classical_field" initial_space="x" type="complex">
    <components>phi dtphi</components>
    <initialisation>
      <![CDATA[
         phi = 1.0;
         dtphi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <noise_vector name="drivingNoise" dimensions="x" kind="wiener" type="real" method="dsfmt" seed="314 159 276">
    <components>xi</components>
  </noise_vector>
  
  <sequence>
    <integrate algorithm="ARK89" interval="5e4" tolerance="1e-6">
      <samples> 200 200 </samples>
      <operators>
        <operator constant ="yes" kind="ex">

Only small addition: Go from small sample 
to large sample, parallel processed

Page 1 of 2brownian_motion_course.xmds
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<simulation xmds-version="2">
  <name>brownian_motion</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
  </geometry>

  <driver name="multi-path" paths="1000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 0.2; 
      const double Temperature = 0.4;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="wiener" type="real" method="dsfmt">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="2" steps="1000">
      <samples>200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[
            dpos_dt = vel;
            dvel_dt = -damping/mass*vel + dW;
          ]]>
      </operators>  
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling initial_sample="yes">
        <moments>position velocity</moments>
        <dependencies>variables</dependencies>
        <![CDATA[

Npaths, should be multiple of Ncpus 

Rank[44]: Starting path 109
Rank[46]: Starting path 111
Rank[35]: Starting path 100
Rank[59]: Starting path 124
Rank[36]: Starting path 101
Rank[1]: Starting path 66
Rank[30]: Starting path 95
Rank[50]: Starting path 115
Rank[15]: Starting path 80
Rank[57]: Starting path 122
Rank[45]: Starting path 110
Rank[51]: Starting path 116
Rank[40]: Starting path 105
Rank[23]: Starting path 88

.....

.....



STOCHASTIC DE
• Langevin equation for brownian motion:

m
∂2x

∂t2
= −λ

∂x

∂t
+ η(t)

�η(t)η(t�)� = 2λT δ(t − t�)
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Xmax  "4">
<!ENTITY Vmax  "8">
<!ENTITY NptsBin  "200">
]><simulation xmds-version="2">
  <name>brownian_motion_course_MT</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
! ! <dimension name="xbin" lattice="&NptsBin;" domain="(-&Xmax;,&Xmax;)" />
! ! <dimension name="vbin" lattice="&NptsBin;" domain="(-&Vmax;,&Vmax;)" />
    </transverse_dimensions>    
  </geometry>

  <driver name="multi-path" paths="10000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 1.0; 
      const double Temperature = 1.0;
      
      const double noiseamp = sqrt(2.0*damping*Temperature);
      const double dxbin_halves = (_max_xbin - _min_xbin)/(_lattice_xbin)/2.0;
      const double dvbin_halves = (_max_vbin - _min_vbin)/(_lattice_vbin)/2.0;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="Wiener" type="real" method="dsfmt" seed="23 42 1"  dimensions="">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real" dimensions="">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="3" steps="10000">
      <samples>200 200 200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Xmax  "4">
<!ENTITY Vmax  "8">
<!ENTITY NptsBin  "200">
]><simulation xmds-version="2">
  <name>brownian_motion_course_MT</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
! ! <dimension name="xbin" lattice="&NptsBin;" domain="(-&Xmax;,&Xmax;)" />
! ! <dimension name="vbin" lattice="&NptsBin;" domain="(-&Vmax;,&Vmax;)" />
    </transverse_dimensions>    
  </geometry>

  <driver name="multi-path" paths="10000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 1.0; 
      const double Temperature = 1.0;
      
      const double noiseamp = sqrt(2.0*damping*Temperature);
      const double dxbin_halves = (_max_xbin - _min_xbin)/(_lattice_xbin)/2.0;
      const double dvbin_halves = (_max_vbin - _min_vbin)/(_lattice_vbin)/2.0;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="Wiener" type="real" method="dsfmt" seed="23 42 1"  dimensions="">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real" dimensions="">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="3" steps="10000">
      <samples>200 200 200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Xmax  "4">
<!ENTITY Vmax  "8">
<!ENTITY NptsBin  "200">
]><simulation xmds-version="2">
  <name>brownian_motion_course_MT</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
! ! <dimension name="xbin" lattice="&NptsBin;" domain="(-&Xmax;,&Xmax;)" />
! ! <dimension name="vbin" lattice="&NptsBin;" domain="(-&Vmax;,&Vmax;)" />
    </transverse_dimensions>    
  </geometry>

  <driver name="multi-path" paths="10000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 1.0; 
      const double Temperature = 1.0;
      
      const double noiseamp = sqrt(2.0*damping*Temperature);
      const double dxbin_halves = (_max_xbin - _min_xbin)/(_lattice_xbin)/2.0;
      const double dvbin_halves = (_max_vbin - _min_vbin)/(_lattice_vbin)/2.0;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="Wiener" type="real" method="dsfmt" seed="23 42 1"  dimensions="">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real" dimensions="">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="3" steps="10000">
      <samples>200 200 200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[
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            dpos_dt = vel;
            dvel_dt = -damping/mass*vel + noiseamp/mass*dW;
          ]]>
      </operators>  
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling  basis="" initial_sample="yes">
        <moments>position velocity</moments>
        <dependencies>variables</dependencies>
        <![CDATA[
          position = pos;
          velocity = vel;
        ]]>
      </sampling>
    </group>
    <group>
      <sampling  basis="xbin"  initial_sample="yes">
        <moments> pos_distribution </moments>
        <dependencies>variables</dependencies>
        <![CDATA[
         if(_index_xbin==0 && pos < (xbin+dxbin_halves))
           pos_distribution +=1.0;
         if( pos > (xbin-dxbin_halves) && pos < (xbin+dxbin_halves) )
           pos_distribution +=1.0;
         if(_index_xbin==_lattice_xbin-1 && pos >  (xbin-dxbin_halves) )
           pos_distribution +=1.0;          
        ]]>
      </sampling>
    </group>   
    <group>
      <sampling  basis="vbin"  initial_sample="yes">
        <moments> vel_distribution </moments>
        <dependencies>variables</dependencies>
        <![CDATA[
         if(_index_vbin==0 && vel < (vbin+dvbin_halves))
           vel_distribution +=1.0;
         if( vel > (vbin-dvbin_halves) && vel < (vbin+dvbin_halves) )
           vel_distribution +=1.0;
         if(_index_vbin==_lattice_vbin-1 && vel >  (vbin-dvbin_halves) )
           vel_distribution +=1.0;          
        ]]>
      </sampling>
    </group> 
    </output>
</simulation>

.....

.....

..... Dynamical noise on each 
timestep
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Xmax  "4">
<!ENTITY Vmax  "8">
<!ENTITY NptsBin  "200">
]><simulation xmds-version="2">
  <name>brownian_motion_course_MT</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
! ! <dimension name="xbin" lattice="&NptsBin;" domain="(-&Xmax;,&Xmax;)" />
! ! <dimension name="vbin" lattice="&NptsBin;" domain="(-&Vmax;,&Vmax;)" />
    </transverse_dimensions>    
  </geometry>

  <driver name="multi-path" paths="10000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 1.0; 
      const double Temperature = 1.0;
      
      const double noiseamp = sqrt(2.0*damping*Temperature);
      const double dxbin_halves = (_max_xbin - _min_xbin)/(_lattice_xbin)/2.0;
      const double dvbin_halves = (_max_vbin - _min_vbin)/(_lattice_vbin)/2.0;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="Wiener" type="real" method="dsfmt" seed="23 42 1"  dimensions="">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real" dimensions="">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="3" steps="10000">
      <samples>200 200 200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[

Algorithms converge 
against Stratonovich 

integral, for solving Ito 
SDE have to convert!!!

see: brownian_motion_course.xmds

see also http://xmds2.readthedocs.org/en/latest/
worked_examples.html#kubo



DISTRIBUTION SAMPLING
• Suppose we want to sample the position and velocity distribution 

functions p(x), p(v) [1D functions] of the Langevin equation [0D]: 

m
∂2x

∂t2
= −λ

∂x

∂t
+ η(t) �η(t)η(t�)� = 2λT δ(t − t�)
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Xmax  "4">
<!ENTITY Vmax  "8">
<!ENTITY NptsBin  "200">
]><simulation xmds-version="2">
  <name>brownian_motion_course_MT</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
! ! <dimension name="xbin" lattice="&NptsBin;" domain="(-&Xmax;,&Xmax;)" />
! ! <dimension name="vbin" lattice="&NptsBin;" domain="(-&Vmax;,&Vmax;)" />
    </transverse_dimensions>    
  </geometry>

  <driver name="multi-path" paths="10000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 1.0; 
      const double Temperature = 1.0;
      
      const double noiseamp = sqrt(2.0*damping*Temperature);
      const double dxbin_halves = (_max_xbin - _min_xbin)/(_lattice_xbin)/2.0;
      const double dvbin_halves = (_max_vbin - _min_vbin)/(_lattice_vbin)/2.0;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="Wiener" type="real" method="dsfmt" seed="23 42 1"  dimensions="">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real" dimensions="">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="3" steps="10000">
      <samples>200 200 200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[

.....

.....
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Xmax  "4">
<!ENTITY Vmax  "8">
<!ENTITY NptsBin  "200">
]><simulation xmds-version="2">
  <name>brownian_motion_course_MT</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Brownian motion via Langevin equation
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
! ! <dimension name="xbin" lattice="&NptsBin;" domain="(-&Xmax;,&Xmax;)" />
! ! <dimension name="vbin" lattice="&NptsBin;" domain="(-&Vmax;,&Vmax;)" />
    </transverse_dimensions>    
  </geometry>

  <driver name="multi-path" paths="10000" />
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double mass = 1.0;
      const double damping = 1.0; 
      const double Temperature = 1.0;
      
      const double noiseamp = sqrt(2.0*damping*Temperature);
      const double dxbin_halves = (_max_xbin - _min_xbin)/(_lattice_xbin)/2.0;
      const double dvbin_halves = (_max_vbin - _min_vbin)/(_lattice_vbin)/2.0;
      ]]>
    </globals>
  </features>
  
  <noise_vector name="drivingNoise" kind="Wiener" type="real" method="dsfmt" seed="23 42 1"  dimensions="">
    <components>dW</components>
  </noise_vector>
  
  <vector name="variables" type="real" dimensions="">
    <components> pos  vel </components>
    <initialisation>
      <![CDATA[
        pos = 0.0;
        vel = 0.0;
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="SI" interval="3" steps="10000">
      <samples>200 200 200</samples>
      <operators>
        <integration_vectors>variables </integration_vectors>
        <dependencies>drivingNoise</dependencies>
          <![CDATA[
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            dpos_dt = vel;
            dvel_dt = -damping/mass*vel + noiseamp/mass*dW;
          ]]>
      </operators>  
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling  basis="" initial_sample="yes">
        <moments>position velocity</moments>
        <dependencies>variables</dependencies>
        <![CDATA[
          position = pos;
          velocity = vel;
        ]]>
      </sampling>
    </group>
    <group>
      <sampling  basis="xbin"  initial_sample="yes">
        <moments> pos_distribution </moments>
        <dependencies>variables</dependencies>
        <![CDATA[
         if(_index_xbin==0 && pos < (xbin+dxbin_halves))
           pos_distribution +=1.0;
         if( pos > (xbin-dxbin_halves) && pos < (xbin+dxbin_halves) )
           pos_distribution +=1.0;
         if(_index_xbin==_lattice_xbin-1 && pos >  (xbin-dxbin_halves) )
           pos_distribution +=1.0;          
        ]]>
      </sampling>
    </group>   
    <group>
      <sampling  basis="vbin"  initial_sample="yes">
        <moments> vel_distribution </moments>
        <dependencies>variables</dependencies>
        <![CDATA[
         if(_index_vbin==0 && vel < (vbin+dvbin_halves))
           vel_distribution +=1.0;
         if( vel > (vbin-dvbin_halves) && vel < (vbin+dvbin_halves) )
           vel_distribution +=1.0;
         if(_index_vbin==_lattice_vbin-1 && vel >  (vbin-dvbin_halves) )
           vel_distribution +=1.0;          
        ]]>
      </sampling>
    </group> 
    </output>
</simulation>
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            dpos_dt = vel;
            dvel_dt = -damping/mass*vel + noiseamp/mass*dW;
          ]]>
      </operators>  
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling  basis="" initial_sample="yes">
        <moments>position velocity</moments>
        <dependencies>variables</dependencies>
        <![CDATA[
          position = pos;
          velocity = vel;
        ]]>
      </sampling>
    </group>
    <group>
      <sampling  basis="xbin"  initial_sample="yes">
        <moments> pos_distribution </moments>
        <dependencies>variables</dependencies>
        <![CDATA[
         if(_index_xbin==0 && pos < (xbin+dxbin_halves))
           pos_distribution +=1.0;
         if( pos > (xbin-dxbin_halves) && pos < (xbin+dxbin_halves) )
           pos_distribution +=1.0;
         if(_index_xbin==_lattice_xbin-1 && pos >  (xbin-dxbin_halves) )
           pos_distribution +=1.0;          
        ]]>
      </sampling>
    </group>   
    <group>
      <sampling  basis="vbin"  initial_sample="yes">
        <moments> vel_distribution </moments>
        <dependencies>variables</dependencies>
        <![CDATA[
         if(_index_vbin==0 && vel < (vbin+dvbin_halves))
           vel_distribution +=1.0;
         if( vel > (vbin-dvbin_halves) && vel < (vbin+dvbin_halves) )
           vel_distribution +=1.0;
         if(_index_vbin==_lattice_vbin-1 && vel >  (vbin-dvbin_halves) )
           vel_distribution +=1.0;          
        ]]>
      </sampling>
    </group> 
    </output>
</simulation>

New: tell vectors in which dimensions 
they live (defaults to ALL dimensions) 

Dimensions for sampling only

hacking, see last section

see: brownian_motion_course_MT.xmds



STOCHASTIC DE
• Langevin equation for brownian motion:
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_commandline_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
   
    
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      double omega = 10.0*(2.0*M_PI);! ! ! // to be modified by command line parameters
      const double omega_perp = 200.0*(2.0*M_PI);      
      const double x0 = 0.0e-5;
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);      
      
      double normfact = 0.0;! // get set after command line parameters are known
      double sigma = 0.0; 
      ]]>
    </globals>
    <arguments>
       <argument name="trap_scale"  type="real" default_value="1.0"/>
       <argument name="width_scale" type="real" default_value="1.0"/>
       <![CDATA[
          omega *= sqrt(trap_scale);
          sigma = width_scale*sqrt(hbar/mass/omega);
          normfact = pow(M_PI*sigma*sigma,-0.25);
        ]]>
       </arguments>    
  </features>

  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>

to pass on runtime

actions done AFTER querying 
run time parameters

Globals block evaluated BEFORE 
querying run time parameters

Variables affected by command line 
parameters must be defined modifyable

Execution:  ./GPE_1D_commandline_course -t 15.0 -w 0.5
Execution:  ./GPE_1D_commandline_course -trap_scale 15.0 

see: GPE_1D_commandline_course.xmds

see also http://xmds2.readthedocs.org/en/latest/
worked_examples.html#wignerarguments
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Spinor Bose-Einstein condensates in a double well: Population transfer and Josephson oscillations

B. Juliá-Díaz, M. Melé-Messeguer, M. Guilleumas, and A. Polls
Departament d’Estructura i Constituents de la Matèria, Universitat de Barcelona, 08028 Barcelona, Spain

!Received 17 July 2009; published 26 October 2009"

The dynamics of an F=1 spinor condensate in a two-well potential is studied within the framework of the
Gross-Pitaevskii equation. We derive two-mode equations relating the population imbalances, the phase dif-
ferences among the condensates at each side of the barrier and the time evolution of the different Zeeman
populations for the case of small population imbalances. The case of zero total magnetization is scrutinized in
this limit demonstrating the ability of a two-mode analysis to describe to a large extent the dynamics observed
in the Gross-Pitaevskii equations. It is also demonstrated that the time evolution of the different total popula-
tions fully decouples from the Josephson tunneling phenomena. All the relevant time scales are clearly iden-
tified with microscopic properties of the atom-atom interactions.

DOI: 10.1103/PhysRevA.80.043622 PACS number!s": 03.75.Mn, 03.75.Lm

The recent experimental work on optically trapped spinor
condensates has broadened the frontiers of confined Bose-
Einstein condensates !BECs" #1,2$. There, a transfer of popu-
lation between the different Zeeman components of a spinor
BEC was observed providing a clear signal of the spin-
dependent interatomic interactions. This experiment quickly
connected the field of cold atoms to a large variety of prob-
lems in quantum magnetism, mostly related to magnetic or-
dering and spin dynamics #3$. From a different point of view,
it can be regarded as the first case of ternary mixture of
BECs with population exchange among the three compo-
nents, a nice example of coupled multicomponent quantum
gases.

At the same time, the fast tunneling of atoms through
potential barriers driven by imbalanced populations at each
side of the barrier was shown experimentally, short after it
was observed in optical lattices #4$, providing the first con-
firmation of Josephson tunneling of atoms in BECs #5$. From
the BEC point of view, Josephson tunneling through the po-
tential barrier produces a weak coupling between the BECs
at each side of the trap, presenting a coupled-oscillator be-
havior in the appropriate variables #6$.

Both effects have been considered by several theoretical
groups in quite different contexts, e.g., #6–12$. In this paper
we address both aspects together: the Josephson oscillations
and the transfer of populations. Providing a direct connection
between the different time scales and the microscopic prop-
erties of the interatomic interactions.

To fix the conditions we consider the simplest scenario,
which already contains relevant physics. We restrict our
analysis to the case of small population imbalance of all the
Zeeman sublevels and small initial phase difference between
the same component at both sides of the trap. Our main tool
is the mean-field Gross-Pitaevskii !GP" equations for spinor
BECs #10$. On top of numerical solutions to the GP equa-
tions we illustrate the physics emerging in this fairly com-
plex situation by deriving a two-mode description of the
problem. Within this two-mode description it is easy to show
that for small population imbalances and phase differences
the population transfer dynamics fully decouples from the
tunneling phenomena.

In the mean-field approximation the dynamics of the vec-
tor order parameter != !!−1 ,!0 ,!1" representing the F=1
spinor condensate is given by #10$

ı"!t!#1 = #Hs + c2!n#1 + n0 − n$1"$!#1 + c2!0
2!$1

!

ı"!t!0 = #Hs + c2!n1 + n−1"$!0 + c22!1!0
!!−1, !1"

where, Hs=− "2

2M "2+V+c0n, nm!r! , t"= %!m!r! , t"%2, n!r! , t"
=&mnm!r! , t", and m=0, #1. The population of each hyper-
fine sublevel is Nm!t"='dr!nm!r! , t". Due to the last term in the
r.h.s of Eq. !1", the population of each Zeeman sublevel is
not conserved. The couplings are c0=4%"2!a0+2a2" / !3M"
and c2=4%"2!a2−a0" / !3M", where a0 and a2 are the scatter-
ing lengths describing binary elastic collisions in the chan-
nels of total spin 0 and 2, respectively. Their values for 87Rb
are a0=101.8aB and a2=100.4aB #13$, which yield c2&0,
thus producing a ferromagnetic-like behavior. The total num-
ber of atoms in the system and total magnetization are con-
served quantities, N='dr!n!r! , t" and M ='dr!#n+1!r! , t"
−n−1!r! , t"$.

We consider a setup similar to that described in Ref. #5$
but with two important differences: the total number of at-
oms and the barrier height. In our case the number of atoms
is larger, N=15 000, in order to enhance population transfer
effects. We use the same kind of double-well potential but
with a higher barrier and a tighter confinement in the x di-
rection to ensure a clear Josephson tunneling situation. The
potential then reads as

V!r!" =
M

2
!'x

2x2 + 'y
2y2 + 'z

2z2" + V0 cos2!%x/q0"

with 'x=2%(100 Hz, 'y =2%(66 Hz, 'z=2%(90 Hz,
q0=5.2 )m, V0=3500h Hz, and M is the mass of the atoms.
As in the experiment #5$ we assume that the dynamics takes
place essentially on the x axis. Then, defining '"=('z'y the
coupling constants can be rescaled by a factor 1 / !2%a"

2 ",
with a" the transverse oscillator length #14$, and the dynami-
cal equations transform to one-dimensional ones for a sym-
metric double well.

The numerical simulations of Eqs. !1" are performed in
the following way. First using an imaginary time evolution
method we compute the ground, *GS)*+, and first-excited
state, *1st)*− of a scalar BEC, c2=0, under the same

PHYSICAL REVIEW A 80, 043622 !2009"

1050-2947/2009/80!4"/043622!4" ©2009 The American Physical Society043622-1

• 1D Gross-Pitaevskii equation for spinor BEC (spin-1 atoms)

taken from B. Julia-Diaz et al. 
PRA 80 043622 (2009).

• Wave function has subscript for spin state (mF=-1,0,1)
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_spinor_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
      <dimension name="n" type="integer" lattice="3"  domain="(0,2)" aliases="k"/> 
      <!-- Assignment of components 
             0: mF= -1  
             1: mF=  0  
             2: mF= +1  -->
     </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double a0 = 5.5e-9;
      const double a2 = 5.5e-9/101.8*100.4;      
      
      //dervied quantities
      const double Natoms = 100.0;

      const double Us = 4.0*M_PI*hbar*hbar*(a0 + 2.0*a2)/3.0/mass;
      const double Ua = 4.0*M_PI*hbar*hbar*(a2 - a0)/3.0/mass;      
      
      const double sigmascale = 2.3;
      const double sigma = sigmascale*sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1ds = Us/(2.0*M_PI*sigma_perp*sigma_perp);
      const double U1da = Ua/(2.0*M_PI*sigma_perp*sigma_perp);      
      
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x n" type="complex">
    <components>psi</components>

integer dimension for spin state

XML comment for constructions like:

Ψn =
�

k

CnkΨksee also http://xmds2.readthedocs.org/en/latest/
worked_examples.html#integerdimensionexample
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_spinor_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
      <dimension name="n" type="integer" lattice="3"  domain="(0,2)" aliases="k"/> 
      <!-- Assignment of components 
             0: mF= -1  
             1: mF=  0  
             2: mF= +1  -->
     </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double a0 = 5.5e-9;
      const double a2 = 5.5e-9/101.8*100.4;      
      
      //dervied quantities
      const double Natoms = 100.0;

      const double Us = 4.0*M_PI*hbar*hbar*(a0 + 2.0*a2)/3.0/mass;
      const double Ua = 4.0*M_PI*hbar*hbar*(a2 - a0)/3.0/mass;      
      
      const double sigmascale = 2.3;
      const double sigma = sigmascale*sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1ds = Us/(2.0*M_PI*sigma_perp*sigma_perp);
      const double U1da = Ua/(2.0*M_PI*sigma_perp*sigma_perp);      
      
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x n" type="complex">
    <components>psi</components>
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_spinor_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
      <dimension name="n" type="integer" lattice="3"  domain="(0,2)" aliases="k"/> 
      <!-- Assignment of components 
             0: mF= -1  
             1: mF=  0  
             2: mF= +1  -->
     </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double a0 = 5.5e-9;
      const double a2 = 5.5e-9/101.8*100.4;      
      
      //dervied quantities
      const double Natoms = 100.0;

      const double Us = 4.0*M_PI*hbar*hbar*(a0 + 2.0*a2)/3.0/mass;
      const double Ua = 4.0*M_PI*hbar*hbar*(a2 - a0)/3.0/mass;      
      
      const double sigmascale = 2.3;
      const double sigma = sigmascale*sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1ds = Us/(2.0*M_PI*sigma_perp*sigma_perp);
      const double U1da = Ua/(2.0*M_PI*sigma_perp*sigma_perp);      
      
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x n" type="complex">
    <components>psi</components>

space and spin dependent Psi
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    <initialisation>
      <![CDATA[
         double coeff = 0.0;
         
         if(n == 0)
 ! ! ! coeff = sqrt(0.1);       
         if(n == 1)
 ! ! ! coeff = sqrt(0.8);         
         if(n == 2)         
 ! ! ! coeff = sqrt(0.1); 
 ! ! ! ! ! !
         psi = normfact*coeff*sqrt(Natoms)*exp(-0.5*x*x/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x n" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="auxiliary" dimensions="x" type="real">
    <components> totdens </components>
      <evaluation>
      <dependencies basis="x n"> wavefunction </dependencies> 
      <![CDATA[
          totdens = mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>

  <vector name="coupling" type="real" dimensions="n k">
    <components> F1 </components>
    <initialisation>
      <![CDATA[
          F1 = 0.0;

 ! ! // dpsi(-1)/dt
          if(n==0 && (k==0 || k==1))
            F1 = 1.0;
          if(n==0 && k ==2)
            F1 = -1.0;  

 ! ! // dpsi(0)/dt
          if(n==1 && (k==0 || k==2))
            F1 = 1.0;
 
  ! ! // dpsi(+1)/dt
          if(n==2 && (k==1 || k==2))
            F1 = 1.0;
          if(n==2 && k ==0)
            F1 = -1.0;  
          
      ]]>
    </initialisation>
  </vector>     

.....

see: GPE_1D_spinor_course.xmds

see also http://xmds2.readthedocs.org/en/latest/
worked_examples.html#wignerarguments
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_spinor_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
      <dimension name="n" type="integer" lattice="3"  domain="(0,2)" aliases="k"/> 
      <!-- Assignment of components 
             0: mF= -1  
             1: mF=  0  
             2: mF= +1  -->
     </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double a0 = 5.5e-9;
      const double a2 = 5.5e-9/101.8*100.4;      
      
      //dervied quantities
      const double Natoms = 100.0;

      const double Us = 4.0*M_PI*hbar*hbar*(a0 + 2.0*a2)/3.0/mass;
      const double Ua = 4.0*M_PI*hbar*hbar*(a2 - a0)/3.0/mass;      
      
      const double sigmascale = 2.3;
      const double sigma = sigmascale*sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1ds = Us/(2.0*M_PI*sigma_perp*sigma_perp);
      const double U1da = Ua/(2.0*M_PI*sigma_perp*sigma_perp);      
      
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x n" type="complex">
    <components>psi</components>
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    <initialisation>
      <![CDATA[
         double coeff = 0.0;
         
         if(n == 0)
 ! ! ! coeff = sqrt(0.1);       
         if(n == 1)
 ! ! ! coeff = sqrt(0.8);         
         if(n == 2)         
 ! ! ! coeff = sqrt(0.1); 
 ! ! ! ! ! !
         psi = normfact*coeff*sqrt(Natoms)*exp(-0.5*x*x/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x n" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="auxiliary" dimensions="x" type="real">
    <components> totdens </components>
      <evaluation>
      <dependencies basis="x n"> wavefunction </dependencies> 
      <![CDATA[
          totdens = mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>

  <vector name="coupling" type="real" dimensions="n k">
    <components> F1 </components>
    <initialisation>
      <![CDATA[
          F1 = 0.0;

 ! ! // dpsi(-1)/dt
          if(n==0 && (k==0 || k==1))
            F1 = 1.0;
          if(n==0 && k ==2)
            F1 = -1.0;  

 ! ! // dpsi(0)/dt
          if(n==1 && (k==0 || k==2))
            F1 = 1.0;
 
  ! ! // dpsi(+1)/dt
          if(n==2 && (k==1 || k==2))
            F1 = 1.0;
          if(n==2 && k ==0)
            F1 = -1.0;  
          
      ]]>
    </initialisation>
  </vector>     

.....

again, excess dimensions are 
integrated (here summed) over
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The dynamics of an F=1 spinor condensate in a two-well potential is studied within the framework of the
Gross-Pitaevskii equation. We derive two-mode equations relating the population imbalances, the phase dif-
ferences among the condensates at each side of the barrier and the time evolution of the different Zeeman
populations for the case of small population imbalances. The case of zero total magnetization is scrutinized in
this limit demonstrating the ability of a two-mode analysis to describe to a large extent the dynamics observed
in the Gross-Pitaevskii equations. It is also demonstrated that the time evolution of the different total popula-
tions fully decouples from the Josephson tunneling phenomena. All the relevant time scales are clearly iden-
tified with microscopic properties of the atom-atom interactions.
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The recent experimental work on optically trapped spinor
condensates has broadened the frontiers of confined Bose-
Einstein condensates !BECs" #1,2$. There, a transfer of popu-
lation between the different Zeeman components of a spinor
BEC was observed providing a clear signal of the spin-
dependent interatomic interactions. This experiment quickly
connected the field of cold atoms to a large variety of prob-
lems in quantum magnetism, mostly related to magnetic or-
dering and spin dynamics #3$. From a different point of view,
it can be regarded as the first case of ternary mixture of
BECs with population exchange among the three compo-
nents, a nice example of coupled multicomponent quantum
gases.

At the same time, the fast tunneling of atoms through
potential barriers driven by imbalanced populations at each
side of the barrier was shown experimentally, short after it
was observed in optical lattices #4$, providing the first con-
firmation of Josephson tunneling of atoms in BECs #5$. From
the BEC point of view, Josephson tunneling through the po-
tential barrier produces a weak coupling between the BECs
at each side of the trap, presenting a coupled-oscillator be-
havior in the appropriate variables #6$.

Both effects have been considered by several theoretical
groups in quite different contexts, e.g., #6–12$. In this paper
we address both aspects together: the Josephson oscillations
and the transfer of populations. Providing a direct connection
between the different time scales and the microscopic prop-
erties of the interatomic interactions.

To fix the conditions we consider the simplest scenario,
which already contains relevant physics. We restrict our
analysis to the case of small population imbalance of all the
Zeeman sublevels and small initial phase difference between
the same component at both sides of the trap. Our main tool
is the mean-field Gross-Pitaevskii !GP" equations for spinor
BECs #10$. On top of numerical solutions to the GP equa-
tions we illustrate the physics emerging in this fairly com-
plex situation by deriving a two-mode description of the
problem. Within this two-mode description it is easy to show
that for small population imbalances and phase differences
the population transfer dynamics fully decouples from the
tunneling phenomena.

In the mean-field approximation the dynamics of the vec-
tor order parameter != !!−1 ,!0 ,!1" representing the F=1
spinor condensate is given by #10$

ı"!t!#1 = #Hs + c2!n#1 + n0 − n$1"$!#1 + c2!0
2!$1

!

ı"!t!0 = #Hs + c2!n1 + n−1"$!0 + c22!1!0
!!−1, !1"

where, Hs=− "2

2M "2+V+c0n, nm!r! , t"= %!m!r! , t"%2, n!r! , t"
=&mnm!r! , t", and m=0, #1. The population of each hyper-
fine sublevel is Nm!t"='dr!nm!r! , t". Due to the last term in the
r.h.s of Eq. !1", the population of each Zeeman sublevel is
not conserved. The couplings are c0=4%"2!a0+2a2" / !3M"
and c2=4%"2!a2−a0" / !3M", where a0 and a2 are the scatter-
ing lengths describing binary elastic collisions in the chan-
nels of total spin 0 and 2, respectively. Their values for 87Rb
are a0=101.8aB and a2=100.4aB #13$, which yield c2&0,
thus producing a ferromagnetic-like behavior. The total num-
ber of atoms in the system and total magnetization are con-
served quantities, N='dr!n!r! , t" and M ='dr!#n+1!r! , t"
−n−1!r! , t"$.

We consider a setup similar to that described in Ref. #5$
but with two important differences: the total number of at-
oms and the barrier height. In our case the number of atoms
is larger, N=15 000, in order to enhance population transfer
effects. We use the same kind of double-well potential but
with a higher barrier and a tighter confinement in the x di-
rection to ensure a clear Josephson tunneling situation. The
potential then reads as

V!r!" =
M

2
!'x

2x2 + 'y
2y2 + 'z

2z2" + V0 cos2!%x/q0"

with 'x=2%(100 Hz, 'y =2%(66 Hz, 'z=2%(90 Hz,
q0=5.2 )m, V0=3500h Hz, and M is the mass of the atoms.
As in the experiment #5$ we assume that the dynamics takes
place essentially on the x axis. Then, defining '"=('z'y the
coupling constants can be rescaled by a factor 1 / !2%a"

2 ",
with a" the transverse oscillator length #14$, and the dynami-
cal equations transform to one-dimensional ones for a sym-
metric double well.

The numerical simulations of Eqs. !1" are performed in
the following way. First using an imaginary time evolution
method we compute the ground, *GS)*+, and first-excited
state, *1st)*− of a scalar BEC, c2=0, under the same
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The recent experimental work on optically trapped spinor
condensates has broadened the frontiers of confined Bose-
Einstein condensates !BECs" #1,2$. There, a transfer of popu-
lation between the different Zeeman components of a spinor
BEC was observed providing a clear signal of the spin-
dependent interatomic interactions. This experiment quickly
connected the field of cold atoms to a large variety of prob-
lems in quantum magnetism, mostly related to magnetic or-
dering and spin dynamics #3$. From a different point of view,
it can be regarded as the first case of ternary mixture of
BECs with population exchange among the three compo-
nents, a nice example of coupled multicomponent quantum
gases.

At the same time, the fast tunneling of atoms through
potential barriers driven by imbalanced populations at each
side of the barrier was shown experimentally, short after it
was observed in optical lattices #4$, providing the first con-
firmation of Josephson tunneling of atoms in BECs #5$. From
the BEC point of view, Josephson tunneling through the po-
tential barrier produces a weak coupling between the BECs
at each side of the trap, presenting a coupled-oscillator be-
havior in the appropriate variables #6$.

Both effects have been considered by several theoretical
groups in quite different contexts, e.g., #6–12$. In this paper
we address both aspects together: the Josephson oscillations
and the transfer of populations. Providing a direct connection
between the different time scales and the microscopic prop-
erties of the interatomic interactions.

To fix the conditions we consider the simplest scenario,
which already contains relevant physics. We restrict our
analysis to the case of small population imbalance of all the
Zeeman sublevels and small initial phase difference between
the same component at both sides of the trap. Our main tool
is the mean-field Gross-Pitaevskii !GP" equations for spinor
BECs #10$. On top of numerical solutions to the GP equa-
tions we illustrate the physics emerging in this fairly com-
plex situation by deriving a two-mode description of the
problem. Within this two-mode description it is easy to show
that for small population imbalances and phase differences
the population transfer dynamics fully decouples from the
tunneling phenomena.

In the mean-field approximation the dynamics of the vec-
tor order parameter != !!−1 ,!0 ,!1" representing the F=1
spinor condensate is given by #10$

ı"!t!#1 = #Hs + c2!n#1 + n0 − n$1"$!#1 + c2!0
2!$1

!

ı"!t!0 = #Hs + c2!n1 + n−1"$!0 + c22!1!0
!!−1, !1"

where, Hs=− "2

2M "2+V+c0n, nm!r! , t"= %!m!r! , t"%2, n!r! , t"
=&mnm!r! , t", and m=0, #1. The population of each hyper-
fine sublevel is Nm!t"='dr!nm!r! , t". Due to the last term in the
r.h.s of Eq. !1", the population of each Zeeman sublevel is
not conserved. The couplings are c0=4%"2!a0+2a2" / !3M"
and c2=4%"2!a2−a0" / !3M", where a0 and a2 are the scatter-
ing lengths describing binary elastic collisions in the chan-
nels of total spin 0 and 2, respectively. Their values for 87Rb
are a0=101.8aB and a2=100.4aB #13$, which yield c2&0,
thus producing a ferromagnetic-like behavior. The total num-
ber of atoms in the system and total magnetization are con-
served quantities, N='dr!n!r! , t" and M ='dr!#n+1!r! , t"
−n−1!r! , t"$.

We consider a setup similar to that described in Ref. #5$
but with two important differences: the total number of at-
oms and the barrier height. In our case the number of atoms
is larger, N=15 000, in order to enhance population transfer
effects. We use the same kind of double-well potential but
with a higher barrier and a tighter confinement in the x di-
rection to ensure a clear Josephson tunneling situation. The
potential then reads as

V!r!" =
M

2
!'x

2x2 + 'y
2y2 + 'z

2z2" + V0 cos2!%x/q0"

with 'x=2%(100 Hz, 'y =2%(66 Hz, 'z=2%(90 Hz,
q0=5.2 )m, V0=3500h Hz, and M is the mass of the atoms.
As in the experiment #5$ we assume that the dynamics takes
place essentially on the x axis. Then, defining '"=('z'y the
coupling constants can be rescaled by a factor 1 / !2%a"

2 ",
with a" the transverse oscillator length #14$, and the dynami-
cal equations transform to one-dimensional ones for a sym-
metric double well.

The numerical simulations of Eqs. !1" are performed in
the following way. First using an imaginary time evolution
method we compute the ground, *GS)*+, and first-excited
state, *1st)*− of a scalar BEC, c2=0, under the same
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The recent experimental work on optically trapped spinor
condensates has broadened the frontiers of confined Bose-
Einstein condensates !BECs" #1,2$. There, a transfer of popu-
lation between the different Zeeman components of a spinor
BEC was observed providing a clear signal of the spin-
dependent interatomic interactions. This experiment quickly
connected the field of cold atoms to a large variety of prob-
lems in quantum magnetism, mostly related to magnetic or-
dering and spin dynamics #3$. From a different point of view,
it can be regarded as the first case of ternary mixture of
BECs with population exchange among the three compo-
nents, a nice example of coupled multicomponent quantum
gases.

At the same time, the fast tunneling of atoms through
potential barriers driven by imbalanced populations at each
side of the barrier was shown experimentally, short after it
was observed in optical lattices #4$, providing the first con-
firmation of Josephson tunneling of atoms in BECs #5$. From
the BEC point of view, Josephson tunneling through the po-
tential barrier produces a weak coupling between the BECs
at each side of the trap, presenting a coupled-oscillator be-
havior in the appropriate variables #6$.

Both effects have been considered by several theoretical
groups in quite different contexts, e.g., #6–12$. In this paper
we address both aspects together: the Josephson oscillations
and the transfer of populations. Providing a direct connection
between the different time scales and the microscopic prop-
erties of the interatomic interactions.

To fix the conditions we consider the simplest scenario,
which already contains relevant physics. We restrict our
analysis to the case of small population imbalance of all the
Zeeman sublevels and small initial phase difference between
the same component at both sides of the trap. Our main tool
is the mean-field Gross-Pitaevskii !GP" equations for spinor
BECs #10$. On top of numerical solutions to the GP equa-
tions we illustrate the physics emerging in this fairly com-
plex situation by deriving a two-mode description of the
problem. Within this two-mode description it is easy to show
that for small population imbalances and phase differences
the population transfer dynamics fully decouples from the
tunneling phenomena.

In the mean-field approximation the dynamics of the vec-
tor order parameter != !!−1 ,!0 ,!1" representing the F=1
spinor condensate is given by #10$

ı"!t!#1 = #Hs + c2!n#1 + n0 − n$1"$!#1 + c2!0
2!$1

!

ı"!t!0 = #Hs + c2!n1 + n−1"$!0 + c22!1!0
!!−1, !1"

where, Hs=− "2

2M "2+V+c0n, nm!r! , t"= %!m!r! , t"%2, n!r! , t"
=&mnm!r! , t", and m=0, #1. The population of each hyper-
fine sublevel is Nm!t"='dr!nm!r! , t". Due to the last term in the
r.h.s of Eq. !1", the population of each Zeeman sublevel is
not conserved. The couplings are c0=4%"2!a0+2a2" / !3M"
and c2=4%"2!a2−a0" / !3M", where a0 and a2 are the scatter-
ing lengths describing binary elastic collisions in the chan-
nels of total spin 0 and 2, respectively. Their values for 87Rb
are a0=101.8aB and a2=100.4aB #13$, which yield c2&0,
thus producing a ferromagnetic-like behavior. The total num-
ber of atoms in the system and total magnetization are con-
served quantities, N='dr!n!r! , t" and M ='dr!#n+1!r! , t"
−n−1!r! , t"$.

We consider a setup similar to that described in Ref. #5$
but with two important differences: the total number of at-
oms and the barrier height. In our case the number of atoms
is larger, N=15 000, in order to enhance population transfer
effects. We use the same kind of double-well potential but
with a higher barrier and a tighter confinement in the x di-
rection to ensure a clear Josephson tunneling situation. The
potential then reads as

V!r!" =
M

2
!'x

2x2 + 'y
2y2 + 'z

2z2" + V0 cos2!%x/q0"

with 'x=2%(100 Hz, 'y =2%(66 Hz, 'z=2%(90 Hz,
q0=5.2 )m, V0=3500h Hz, and M is the mass of the atoms.
As in the experiment #5$ we assume that the dynamics takes
place essentially on the x axis. Then, defining '"=('z'y the
coupling constants can be rescaled by a factor 1 / !2%a"

2 ",
with a" the transverse oscillator length #14$, and the dynami-
cal equations transform to one-dimensional ones for a sym-
metric double well.

The numerical simulations of Eqs. !1" are performed in
the following way. First using an imaginary time evolution
method we compute the ground, *GS)*+, and first-excited
state, *1st)*− of a scalar BEC, c2=0, under the same
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_spinor_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
      <dimension name="n" type="integer" lattice="3"  domain="(0,2)" aliases="k"/> 
      <!-- Assignment of components 
             0: mF= -1  
             1: mF=  0  
             2: mF= +1  -->
     </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double a0 = 5.5e-9;
      const double a2 = 5.5e-9/101.8*100.4;      
      
      //dervied quantities
      const double Natoms = 100.0;

      const double Us = 4.0*M_PI*hbar*hbar*(a0 + 2.0*a2)/3.0/mass;
      const double Ua = 4.0*M_PI*hbar*hbar*(a2 - a0)/3.0/mass;      
      
      const double sigmascale = 2.3;
      const double sigma = sigmascale*sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1ds = Us/(2.0*M_PI*sigma_perp*sigma_perp);
      const double U1da = Ua/(2.0*M_PI*sigma_perp*sigma_perp);      
      
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x n" type="complex">
    <components>psi</components>

• calculation of:
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    <initialisation>
      <![CDATA[
         double coeff = 0.0;
         
         if(n == 0)
 ! ! ! coeff = sqrt(0.1);       
         if(n == 1)
 ! ! ! coeff = sqrt(0.8);         
         if(n == 2)         
 ! ! ! coeff = sqrt(0.1); 
 ! ! ! ! ! !
         psi = normfact*coeff*sqrt(Natoms)*exp(-0.5*x*x/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x n" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="auxiliary" dimensions="x" type="real">
    <components> totdens </components>
      <evaluation>
      <dependencies basis="x n"> wavefunction </dependencies> 
      <![CDATA[
          totdens = mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>

  <vector name="coupling" type="real" dimensions="n k">
    <components> F1 </components>
    <initialisation>
      <![CDATA[
          F1 = 0.0;

 ! ! // dpsi(-1)/dt
          if(n==0 && (k==0 || k==1))
            F1 = 1.0;
          if(n==0 && k ==2)
            F1 = -1.0;  

 ! ! // dpsi(0)/dt
          if(n==1 && (k==0 || k==2))
            F1 = 1.0;
 
  ! ! // dpsi(+1)/dt
          if(n==2 && (k==1 || k==2))
            F1 = 1.0;
          if(n==2 && k ==0)
            F1 = -1.0;  
          
      ]]>
    </initialisation>
  </vector>     
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  <computed_vector name="auxiliary2" dimensions="x n" type="real">
    <components> asymmdens </components>
      <evaluation>
      <dependencies basis="x n k"> wavefunction coupling</dependencies> 
      <![CDATA[
          asymmdens = F1*mod2(psi( n=>k ));
      ]]>
    </evaluation>
  </computed_vector>

 
  <sequence>
    <integrate algorithm="ARK89" interval="4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials auxiliary auxiliary2</dependencies>       
        <![CDATA[
         complex conversion = 0.0;
         
         if(n == 0)
            conversion = conj(psi(n=>2))*psi(n=>1)*psi(n=>1);
         if(n == 1)
         ! conversion = 2.0*conj(psi)*psi(n=>n+1)*psi(n=>n-1);
         if(n == 2)         
            conversion = conj(psi(n=>0))*psi(n=>1)*psi(n=>1);
            
         dpsi_dt =  L[psi] - i*( (U1ds*totdens + trap )*psi + U1da*(asymmdens*psi  + conversion)   )/hbar;     

         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;) n" initial_sample="yes">
        <moments>density psire psiim  </moments>
        <dependencies>wavefunction </dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Npts;) n" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>
      </sampling>
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The recent experimental work on optically trapped spinor
condensates has broadened the frontiers of confined Bose-
Einstein condensates !BECs" #1,2$. There, a transfer of popu-
lation between the different Zeeman components of a spinor
BEC was observed providing a clear signal of the spin-
dependent interatomic interactions. This experiment quickly
connected the field of cold atoms to a large variety of prob-
lems in quantum magnetism, mostly related to magnetic or-
dering and spin dynamics #3$. From a different point of view,
it can be regarded as the first case of ternary mixture of
BECs with population exchange among the three compo-
nents, a nice example of coupled multicomponent quantum
gases.

At the same time, the fast tunneling of atoms through
potential barriers driven by imbalanced populations at each
side of the barrier was shown experimentally, short after it
was observed in optical lattices #4$, providing the first con-
firmation of Josephson tunneling of atoms in BECs #5$. From
the BEC point of view, Josephson tunneling through the po-
tential barrier produces a weak coupling between the BECs
at each side of the trap, presenting a coupled-oscillator be-
havior in the appropriate variables #6$.

Both effects have been considered by several theoretical
groups in quite different contexts, e.g., #6–12$. In this paper
we address both aspects together: the Josephson oscillations
and the transfer of populations. Providing a direct connection
between the different time scales and the microscopic prop-
erties of the interatomic interactions.

To fix the conditions we consider the simplest scenario,
which already contains relevant physics. We restrict our
analysis to the case of small population imbalance of all the
Zeeman sublevels and small initial phase difference between
the same component at both sides of the trap. Our main tool
is the mean-field Gross-Pitaevskii !GP" equations for spinor
BECs #10$. On top of numerical solutions to the GP equa-
tions we illustrate the physics emerging in this fairly com-
plex situation by deriving a two-mode description of the
problem. Within this two-mode description it is easy to show
that for small population imbalances and phase differences
the population transfer dynamics fully decouples from the
tunneling phenomena.

In the mean-field approximation the dynamics of the vec-
tor order parameter != !!−1 ,!0 ,!1" representing the F=1
spinor condensate is given by #10$

ı"!t!#1 = #Hs + c2!n#1 + n0 − n$1"$!#1 + c2!0
2!$1

!

ı"!t!0 = #Hs + c2!n1 + n−1"$!0 + c22!1!0
!!−1, !1"

where, Hs=− "2

2M "2+V+c0n, nm!r! , t"= %!m!r! , t"%2, n!r! , t"
=&mnm!r! , t", and m=0, #1. The population of each hyper-
fine sublevel is Nm!t"='dr!nm!r! , t". Due to the last term in the
r.h.s of Eq. !1", the population of each Zeeman sublevel is
not conserved. The couplings are c0=4%"2!a0+2a2" / !3M"
and c2=4%"2!a2−a0" / !3M", where a0 and a2 are the scatter-
ing lengths describing binary elastic collisions in the chan-
nels of total spin 0 and 2, respectively. Their values for 87Rb
are a0=101.8aB and a2=100.4aB #13$, which yield c2&0,
thus producing a ferromagnetic-like behavior. The total num-
ber of atoms in the system and total magnetization are con-
served quantities, N='dr!n!r! , t" and M ='dr!#n+1!r! , t"
−n−1!r! , t"$.

We consider a setup similar to that described in Ref. #5$
but with two important differences: the total number of at-
oms and the barrier height. In our case the number of atoms
is larger, N=15 000, in order to enhance population transfer
effects. We use the same kind of double-well potential but
with a higher barrier and a tighter confinement in the x di-
rection to ensure a clear Josephson tunneling situation. The
potential then reads as

V!r!" =
M

2
!'x

2x2 + 'y
2y2 + 'z

2z2" + V0 cos2!%x/q0"

with 'x=2%(100 Hz, 'y =2%(66 Hz, 'z=2%(90 Hz,
q0=5.2 )m, V0=3500h Hz, and M is the mass of the atoms.
As in the experiment #5$ we assume that the dynamics takes
place essentially on the x axis. Then, defining '"=('z'y the
coupling constants can be rescaled by a factor 1 / !2%a"

2 ",
with a" the transverse oscillator length #14$, and the dynami-
cal equations transform to one-dimensional ones for a sym-
metric double well.

The numerical simulations of Eqs. !1" are performed in
the following way. First using an imaginary time evolution
method we compute the ground, *GS)*+, and first-excited
state, *1st)*− of a scalar BEC, c2=0, under the same
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The recent experimental work on optically trapped spinor
condensates has broadened the frontiers of confined Bose-
Einstein condensates !BECs" #1,2$. There, a transfer of popu-
lation between the different Zeeman components of a spinor
BEC was observed providing a clear signal of the spin-
dependent interatomic interactions. This experiment quickly
connected the field of cold atoms to a large variety of prob-
lems in quantum magnetism, mostly related to magnetic or-
dering and spin dynamics #3$. From a different point of view,
it can be regarded as the first case of ternary mixture of
BECs with population exchange among the three compo-
nents, a nice example of coupled multicomponent quantum
gases.

At the same time, the fast tunneling of atoms through
potential barriers driven by imbalanced populations at each
side of the barrier was shown experimentally, short after it
was observed in optical lattices #4$, providing the first con-
firmation of Josephson tunneling of atoms in BECs #5$. From
the BEC point of view, Josephson tunneling through the po-
tential barrier produces a weak coupling between the BECs
at each side of the trap, presenting a coupled-oscillator be-
havior in the appropriate variables #6$.

Both effects have been considered by several theoretical
groups in quite different contexts, e.g., #6–12$. In this paper
we address both aspects together: the Josephson oscillations
and the transfer of populations. Providing a direct connection
between the different time scales and the microscopic prop-
erties of the interatomic interactions.

To fix the conditions we consider the simplest scenario,
which already contains relevant physics. We restrict our
analysis to the case of small population imbalance of all the
Zeeman sublevels and small initial phase difference between
the same component at both sides of the trap. Our main tool
is the mean-field Gross-Pitaevskii !GP" equations for spinor
BECs #10$. On top of numerical solutions to the GP equa-
tions we illustrate the physics emerging in this fairly com-
plex situation by deriving a two-mode description of the
problem. Within this two-mode description it is easy to show
that for small population imbalances and phase differences
the population transfer dynamics fully decouples from the
tunneling phenomena.

In the mean-field approximation the dynamics of the vec-
tor order parameter != !!−1 ,!0 ,!1" representing the F=1
spinor condensate is given by #10$

ı"!t!#1 = #Hs + c2!n#1 + n0 − n$1"$!#1 + c2!0
2!$1

!

ı"!t!0 = #Hs + c2!n1 + n−1"$!0 + c22!1!0
!!−1, !1"

where, Hs=− "2

2M "2+V+c0n, nm!r! , t"= %!m!r! , t"%2, n!r! , t"
=&mnm!r! , t", and m=0, #1. The population of each hyper-
fine sublevel is Nm!t"='dr!nm!r! , t". Due to the last term in the
r.h.s of Eq. !1", the population of each Zeeman sublevel is
not conserved. The couplings are c0=4%"2!a0+2a2" / !3M"
and c2=4%"2!a2−a0" / !3M", where a0 and a2 are the scatter-
ing lengths describing binary elastic collisions in the chan-
nels of total spin 0 and 2, respectively. Their values for 87Rb
are a0=101.8aB and a2=100.4aB #13$, which yield c2&0,
thus producing a ferromagnetic-like behavior. The total num-
ber of atoms in the system and total magnetization are con-
served quantities, N='dr!n!r! , t" and M ='dr!#n+1!r! , t"
−n−1!r! , t"$.

We consider a setup similar to that described in Ref. #5$
but with two important differences: the total number of at-
oms and the barrier height. In our case the number of atoms
is larger, N=15 000, in order to enhance population transfer
effects. We use the same kind of double-well potential but
with a higher barrier and a tighter confinement in the x di-
rection to ensure a clear Josephson tunneling situation. The
potential then reads as

V!r!" =
M

2
!'x

2x2 + 'y
2y2 + 'z

2z2" + V0 cos2!%x/q0"

with 'x=2%(100 Hz, 'y =2%(66 Hz, 'z=2%(90 Hz,
q0=5.2 )m, V0=3500h Hz, and M is the mass of the atoms.
As in the experiment #5$ we assume that the dynamics takes
place essentially on the x axis. Then, defining '"=('z'y the
coupling constants can be rescaled by a factor 1 / !2%a"

2 ",
with a" the transverse oscillator length #14$, and the dynami-
cal equations transform to one-dimensional ones for a sym-
metric double well.

The numerical simulations of Eqs. !1" are performed in
the following way. First using an imaginary time evolution
method we compute the ground, *GS)*+, and first-excited
state, *1st)*− of a scalar BEC, c2=0, under the same
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The recent experimental work on optically trapped spinor
condensates has broadened the frontiers of confined Bose-
Einstein condensates !BECs" #1,2$. There, a transfer of popu-
lation between the different Zeeman components of a spinor
BEC was observed providing a clear signal of the spin-
dependent interatomic interactions. This experiment quickly
connected the field of cold atoms to a large variety of prob-
lems in quantum magnetism, mostly related to magnetic or-
dering and spin dynamics #3$. From a different point of view,
it can be regarded as the first case of ternary mixture of
BECs with population exchange among the three compo-
nents, a nice example of coupled multicomponent quantum
gases.

At the same time, the fast tunneling of atoms through
potential barriers driven by imbalanced populations at each
side of the barrier was shown experimentally, short after it
was observed in optical lattices #4$, providing the first con-
firmation of Josephson tunneling of atoms in BECs #5$. From
the BEC point of view, Josephson tunneling through the po-
tential barrier produces a weak coupling between the BECs
at each side of the trap, presenting a coupled-oscillator be-
havior in the appropriate variables #6$.

Both effects have been considered by several theoretical
groups in quite different contexts, e.g., #6–12$. In this paper
we address both aspects together: the Josephson oscillations
and the transfer of populations. Providing a direct connection
between the different time scales and the microscopic prop-
erties of the interatomic interactions.

To fix the conditions we consider the simplest scenario,
which already contains relevant physics. We restrict our
analysis to the case of small population imbalance of all the
Zeeman sublevels and small initial phase difference between
the same component at both sides of the trap. Our main tool
is the mean-field Gross-Pitaevskii !GP" equations for spinor
BECs #10$. On top of numerical solutions to the GP equa-
tions we illustrate the physics emerging in this fairly com-
plex situation by deriving a two-mode description of the
problem. Within this two-mode description it is easy to show
that for small population imbalances and phase differences
the population transfer dynamics fully decouples from the
tunneling phenomena.

In the mean-field approximation the dynamics of the vec-
tor order parameter != !!−1 ,!0 ,!1" representing the F=1
spinor condensate is given by #10$

ı"!t!#1 = #Hs + c2!n#1 + n0 − n$1"$!#1 + c2!0
2!$1

!

ı"!t!0 = #Hs + c2!n1 + n−1"$!0 + c22!1!0
!!−1, !1"

where, Hs=− "2

2M "2+V+c0n, nm!r! , t"= %!m!r! , t"%2, n!r! , t"
=&mnm!r! , t", and m=0, #1. The population of each hyper-
fine sublevel is Nm!t"='dr!nm!r! , t". Due to the last term in the
r.h.s of Eq. !1", the population of each Zeeman sublevel is
not conserved. The couplings are c0=4%"2!a0+2a2" / !3M"
and c2=4%"2!a2−a0" / !3M", where a0 and a2 are the scatter-
ing lengths describing binary elastic collisions in the chan-
nels of total spin 0 and 2, respectively. Their values for 87Rb
are a0=101.8aB and a2=100.4aB #13$, which yield c2&0,
thus producing a ferromagnetic-like behavior. The total num-
ber of atoms in the system and total magnetization are con-
served quantities, N='dr!n!r! , t" and M ='dr!#n+1!r! , t"
−n−1!r! , t"$.

We consider a setup similar to that described in Ref. #5$
but with two important differences: the total number of at-
oms and the barrier height. In our case the number of atoms
is larger, N=15 000, in order to enhance population transfer
effects. We use the same kind of double-well potential but
with a higher barrier and a tighter confinement in the x di-
rection to ensure a clear Josephson tunneling situation. The
potential then reads as

V!r!" =
M

2
!'x

2x2 + 'y
2y2 + 'z

2z2" + V0 cos2!%x/q0"

with 'x=2%(100 Hz, 'y =2%(66 Hz, 'z=2%(90 Hz,
q0=5.2 )m, V0=3500h Hz, and M is the mass of the atoms.
As in the experiment #5$ we assume that the dynamics takes
place essentially on the x axis. Then, defining '"=('z'y the
coupling constants can be rescaled by a factor 1 / !2%a"

2 ",
with a" the transverse oscillator length #14$, and the dynami-
cal equations transform to one-dimensional ones for a sym-
metric double well.

The numerical simulations of Eqs. !1" are performed in
the following way. First using an imaginary time evolution
method we compute the ground, *GS)*+, and first-excited
state, *1st)*− of a scalar BEC, c2=0, under the same
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The recent experimental work on optically trapped spinor
condensates has broadened the frontiers of confined Bose-
Einstein condensates !BECs" #1,2$. There, a transfer of popu-
lation between the different Zeeman components of a spinor
BEC was observed providing a clear signal of the spin-
dependent interatomic interactions. This experiment quickly
connected the field of cold atoms to a large variety of prob-
lems in quantum magnetism, mostly related to magnetic or-
dering and spin dynamics #3$. From a different point of view,
it can be regarded as the first case of ternary mixture of
BECs with population exchange among the three compo-
nents, a nice example of coupled multicomponent quantum
gases.

At the same time, the fast tunneling of atoms through
potential barriers driven by imbalanced populations at each
side of the barrier was shown experimentally, short after it
was observed in optical lattices #4$, providing the first con-
firmation of Josephson tunneling of atoms in BECs #5$. From
the BEC point of view, Josephson tunneling through the po-
tential barrier produces a weak coupling between the BECs
at each side of the trap, presenting a coupled-oscillator be-
havior in the appropriate variables #6$.

Both effects have been considered by several theoretical
groups in quite different contexts, e.g., #6–12$. In this paper
we address both aspects together: the Josephson oscillations
and the transfer of populations. Providing a direct connection
between the different time scales and the microscopic prop-
erties of the interatomic interactions.

To fix the conditions we consider the simplest scenario,
which already contains relevant physics. We restrict our
analysis to the case of small population imbalance of all the
Zeeman sublevels and small initial phase difference between
the same component at both sides of the trap. Our main tool
is the mean-field Gross-Pitaevskii !GP" equations for spinor
BECs #10$. On top of numerical solutions to the GP equa-
tions we illustrate the physics emerging in this fairly com-
plex situation by deriving a two-mode description of the
problem. Within this two-mode description it is easy to show
that for small population imbalances and phase differences
the population transfer dynamics fully decouples from the
tunneling phenomena.

In the mean-field approximation the dynamics of the vec-
tor order parameter != !!−1 ,!0 ,!1" representing the F=1
spinor condensate is given by #10$

ı"!t!#1 = #Hs + c2!n#1 + n0 − n$1"$!#1 + c2!0
2!$1

!

ı"!t!0 = #Hs + c2!n1 + n−1"$!0 + c22!1!0
!!−1, !1"

where, Hs=− "2

2M "2+V+c0n, nm!r! , t"= %!m!r! , t"%2, n!r! , t"
=&mnm!r! , t", and m=0, #1. The population of each hyper-
fine sublevel is Nm!t"='dr!nm!r! , t". Due to the last term in the
r.h.s of Eq. !1", the population of each Zeeman sublevel is
not conserved. The couplings are c0=4%"2!a0+2a2" / !3M"
and c2=4%"2!a2−a0" / !3M", where a0 and a2 are the scatter-
ing lengths describing binary elastic collisions in the chan-
nels of total spin 0 and 2, respectively. Their values for 87Rb
are a0=101.8aB and a2=100.4aB #13$, which yield c2&0,
thus producing a ferromagnetic-like behavior. The total num-
ber of atoms in the system and total magnetization are con-
served quantities, N='dr!n!r! , t" and M ='dr!#n+1!r! , t"
−n−1!r! , t"$.

We consider a setup similar to that described in Ref. #5$
but with two important differences: the total number of at-
oms and the barrier height. In our case the number of atoms
is larger, N=15 000, in order to enhance population transfer
effects. We use the same kind of double-well potential but
with a higher barrier and a tighter confinement in the x di-
rection to ensure a clear Josephson tunneling situation. The
potential then reads as

V!r!" =
M

2
!'x

2x2 + 'y
2y2 + 'z

2z2" + V0 cos2!%x/q0"

with 'x=2%(100 Hz, 'y =2%(66 Hz, 'z=2%(90 Hz,
q0=5.2 )m, V0=3500h Hz, and M is the mass of the atoms.
As in the experiment #5$ we assume that the dynamics takes
place essentially on the x axis. Then, defining '"=('z'y the
coupling constants can be rescaled by a factor 1 / !2%a"

2 ",
with a" the transverse oscillator length #14$, and the dynami-
cal equations transform to one-dimensional ones for a sym-
metric double well.

The numerical simulations of Eqs. !1" are performed in
the following way. First using an imaginary time evolution
method we compute the ground, *GS)*+, and first-excited
state, *1st)*− of a scalar BEC, c2=0, under the same
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DISCRETE DIMENSIONS

Page 1 of 4GPE_1D_spinor_course.xmds
Printed: 12/01/12 12:37:53 PM Printed For: Sebastian Wuester

<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_spinor_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
      <dimension name="n" type="integer" lattice="3"  domain="(0,2)" aliases="k"/> 
      <!-- Assignment of components 
             0: mF= -1  
             1: mF=  0  
             2: mF= +1  -->
     </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double a0 = 5.5e-9;
      const double a2 = 5.5e-9/101.8*100.4;      
      
      //dervied quantities
      const double Natoms = 100.0;

      const double Us = 4.0*M_PI*hbar*hbar*(a0 + 2.0*a2)/3.0/mass;
      const double Ua = 4.0*M_PI*hbar*hbar*(a2 - a0)/3.0/mass;      
      
      const double sigmascale = 2.3;
      const double sigma = sigmascale*sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1ds = Us/(2.0*M_PI*sigma_perp*sigma_perp);
      const double U1da = Ua/(2.0*M_PI*sigma_perp*sigma_perp);      
      
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x n" type="complex">
    <components>psi</components>

Page 3 of 4GPE_1D_spinor_course.xmds
Printed: 12/01/12 1:01:00 PM Printed For: Sebastian Wuester

  <computed_vector name="auxiliary2" dimensions="x n" type="real">
    <components> asymmdens </components>
      <evaluation>
      <dependencies basis="x n k"> wavefunction coupling</dependencies> 
      <![CDATA[
          asymmdens = F1*mod2(psi( n=>k ));
      ]]>
    </evaluation>
  </computed_vector>

 
  <sequence>
    <integrate algorithm="ARK89" interval="4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials auxiliary auxiliary2</dependencies>       
        <![CDATA[
         complex conversion = 0.0;
         
         if(n == 0)
            conversion = conj(psi(n=>2))*psi(n=>1)*psi(n=>1);
         if(n == 1)
         ! conversion = 2.0*conj(psi)*psi(n=>n+1)*psi(n=>n-1);
         if(n == 2)         
            conversion = conj(psi(n=>0))*psi(n=>1)*psi(n=>1);
            
         dpsi_dt =  L[psi] - i*( (U1ds*totdens + trap )*psi 
         ! ! ! + U1da*(asymmdens*psi  + conversion)   )/hbar;     

         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;) n" initial_sample="yes">
        <moments>density psire psiim  </moments>
        <dependencies>wavefunction </dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Npts;) n" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>

Final assembly

Non local addressing, 
would have been clearer for this 
example, but not for cases with 

LARGE number of n



DISCRETE DIMENSIONS
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_spinor_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
      <dimension name="n" type="integer" lattice="3"  domain="(0,2)" aliases="k"/> 
      <!-- Assignment of components 
             0: mF= -1  
             1: mF=  0  
             2: mF= +1  -->
     </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double a0 = 5.5e-9;
      const double a2 = 5.5e-9/101.8*100.4;      
      
      //dervied quantities
      const double Natoms = 100.0;

      const double Us = 4.0*M_PI*hbar*hbar*(a0 + 2.0*a2)/3.0/mass;
      const double Ua = 4.0*M_PI*hbar*hbar*(a2 - a0)/3.0/mass;      
      
      const double sigmascale = 2.3;
      const double sigma = sigmascale*sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1ds = Us/(2.0*M_PI*sigma_perp*sigma_perp);
      const double U1da = Ua/(2.0*M_PI*sigma_perp*sigma_perp);      
      
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x n" type="complex">
    <components>psi</components>
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  <computed_vector name="auxiliary2" dimensions="x n" type="real">
    <components> asymmdens </components>
      <evaluation>
      <dependencies basis="x n k"> wavefunction coupling</dependencies> 
      <![CDATA[
          asymmdens = F1*mod2(psi( n=>k ));
      ]]>
    </evaluation>
  </computed_vector>

 
  <sequence>
    <integrate algorithm="ARK89" interval="4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials auxiliary auxiliary2</dependencies>       
        <![CDATA[
         complex conversion = 0.0;
         
         if(n == 0)
            conversion = conj(psi(n=>2))*psi(n=>1)*psi(n=>1);
         if(n == 1)
         ! conversion = 2.0*conj(psi)*psi(n=>n+1)*psi(n=>n-1);
         if(n == 2)         
            conversion = conj(psi(n=>0))*psi(n=>1)*psi(n=>1);
            
         dpsi_dt =  L[psi] - i*( (U1ds*totdens + trap )*psi 
         ! ! ! + U1da*(asymmdens*psi  + conversion)   )/hbar;     

         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;) n" initial_sample="yes">
        <moments>density psire psiim  </moments>
        <dependencies>wavefunction </dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Npts;) n" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>

Output now samples separately 
each spin component

 Name                Size               Bytes  Class    

  density_1         201x64x3            308736  double     
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OSCILLATOR BASIS
• Harmonic oscillator Schroedinger equation, spectral solution
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• TDSE in oscillator basis



OSCILLATOR BASIS
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• GPE in oscillator basis/ pos basis, split step

i�dψ

dt
=

�
− �2

2m

∂2

∂x2
ψ +

1
2
mω2x2 + U |ψ|2

�
ψ

U |ψ(x)|2ψ(x)

Page 1 of 3GPE_1D_hermites_course.xmds
Printed: 12/01/12 2:16:57 PM Printed For: Sebastian Wuester

<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Nmodes     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hermites_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Nmodes;"  
      length_scale="sqrt(hbar/(mass*omega))" transform="hermite-gauss" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <validation kind="run-time" />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="nx" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         psi = 0.0;
         if(nx==0)
         psi = sqrt(Natoms);
      ]]>
    </initialisation>
  </vector>
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Nmodes     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hermites_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Nmodes;"  
      length_scale="sqrt(hbar/(mass*omega))" transform="hermite-gauss" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <validation kind="run-time" />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="nx" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         psi = 0.0;
         if(nx==0)
         psi = sqrt(Natoms);
      ]]>
    </initialisation>
  </vector>

.....
we explicitly give transform tag, 

would default to “fourier”

Length scale: to get to 
dimensionless hermites

Need this to use variables in 
definition of length scale

see: GPE_1D_hermites_course.xmds

see also http://xmds2.readthedocs.org/en/latest/
worked_examples.html#hermitegaussgroundstatebec



OSCILLATOR BASIS
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Nmodes     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hermites_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Nmodes;"  
      length_scale="sqrt(hbar/(mass*omega))" transform="hermite-gauss" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <validation kind="run-time" />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="nx" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         psi = 0.0;
         if(nx==0)
         psi = sqrt(Natoms);
      ]]>
    </initialisation>
  </vector>
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Nmodes     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hermites_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Nmodes;"  
      length_scale="sqrt(hbar/(mass*omega))" transform="hermite-gauss" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <validation kind="run-time" />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="nx" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         psi = 0.0;
         if(nx==0)
         psi = sqrt(Natoms);
      ]]>
    </initialisation>
  </vector>
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
      const double x0 = 0.5e-5;
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>phi</components>
    <initialisation>
      <![CDATA[
         const double delx = x - x0;
         phi = normfact*sqrt(Natoms)*exp(-0.5*delx*delx/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>

Now we can initialise in the 
energy basis. These two are 

equivalent for x0=0. 

.....



OSCILLATOR BASIS
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Nmodes     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hermites_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Nmodes;"  
      length_scale="sqrt(hbar/(mass*omega))" transform="hermite-gauss" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <validation kind="run-time" />
    <fftw />
    <globals>
      <![CDATA[
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
     
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="nx" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         psi = 0.0;
         if(nx==0)
         psi = sqrt(Natoms);
      ]]>
    </initialisation>
  </vector>
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  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
      <samples>200 200 200 200</samples>
      <operators>
        <operator kind="ip" constant="yes">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*(nx + 0.5)*omega;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>      
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - i*U1d*dens*psi/hbar; 
         
         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim </moments>
        <dependencies>wavefunction </dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Nsamples;)" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="nx(&Nmodes;)" initial_sample="yes">
        <moments>energyspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          energyspec = mod2(psi);
        ]]>

Transform for application of IP 
operator is hermite-gauss

Nonlinear term evaluated in pos-
space, in energy space would be 

nasty triple sum

.....
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  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
      <samples>200 200 200 200</samples>
      <operators>
        <operator kind="ip" constant="yes">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*(nx + 0.5)*omega;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>      
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - i*U1d*dens*psi/hbar; 
         
         ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim </moments>
        <dependencies>wavefunction </dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Nsamples;)" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="nx(&Nmodes;)" initial_sample="yes">
        <moments>energyspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          energyspec = mod2(psi);
        ]]>
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      </sampling>
    </group>
    <group>
      <sampling basis="" initial_sample="yes">
        <moments> atomnumber meanpos deltapos </moments>
        <dependencies> moments </dependencies>
        <![CDATA[
          atomnumber = norm;
          meanpos = expecx/norm;
          deltapos = sqrt(expecxx/norm - (expecx/norm)*(expecx/norm));
        ]]>
      </sampling>
    </group>  
  </output>
</simulation>

• Can sample in oscillator basis

• Compare breathing in oscillator and 
position basises 
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  <features>
    <bing />
    <benchmark />
    <fftw plan="patient" />
    <openmp />
    <auto_vectorise />    
    <globals>
      <![CDATA[
       ....
      ]]>
  </globals>
  
  <geometry>
      <propagation_dimension> t </propagation_dimension>
      <transverse_dimensions>
          <dimension name="z" lattice="1024"  domain="(-100,100)" />        
          <dimension name="y" lattice="256"  domain="(-10,10)" />
          <dimension name="x" lattice="256"  domain="(-10,10)" />      
          <dimension name="j" type="integer" lattice="8" domain="(0,7)" aliases="k"/>
      </transverse_dimensions>
   </geometry>
   
   
   
    <vector name="wavefunction" initial_space="kx" type="complex">
    <components>phi psi</components>
    <initialisation>
      <![CDATA[
         const double delkx = kx - kx0;
         phi = norm*exp(-0.5*delkx*delkx/sigmak/sigmak);
         
         psi = 0.0;
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" dimensions="x" type="real">
    <components> barrier </components>
    <evaluation>
      <![CDATA[
        barrier = 0.0;        
        if( (x>0)&&(x<1) )
           barrier = V0;
      ]]>
    </evaluation>
  </vector>
  
  <computed_vector name="moments" dimensions="" type="real">
    <components> norm meanx </components>
    <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
         norm =  mod2(phi);
         meanx = x*mod2(phi);         
      ]]>
    </evaluation>
  </computed_vector>  
  
    <sequence>
    <integrate algorithm="rk4" interval="300" steps="10000">
      <samples>200 200 200 200 200</samples>

Make bing noise upon completion of run 

Determine and output run-time

Steering of FFTW plan creation (see 
docs)

Steering of C compiler 

    <diagnostics /> <!-- This will make sure that all nonlocal 
accesses of dimensions are safe -->



ASSORTED WARNINGS
• If a tag has a non-existent name, it is just 

ignored. If in doubt, verify C code for existence 
of functionality.

• Fourier transforms have non-standard phases, 
see doc: http://xmds2.readthedocs.org/en/latest/
advanced_topics.html#convolutions

• ...



EXERCISE TWO

http://www1.maths.leeds.ac.uk/~grant/research.html

• Kink bearing phi^4 classical field theory with noise

• taken from: S. Habib and G. Lythe, Phys. Rev. Lett. 84 1070 (2000)

• Equation of motion

• Simulation parameters:
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(Received 3 May 1999)
We investigate the nucleation, annihilation, and dynamics of kinks in a classical !1 1 1"-dimensional

f4 field theory at finite temperature. From large scale Langevin simulations, we establish that the nuclea-
tion rate is proportional to the square of the equilibrium density of kinks. We identify two annihilation
time scales: one due to kink-antikink pair recombination after nucleation, the other from nonrecombinant
annihilation. We introduce a mesoscopic model of diffusing kinks based on “paired” and “survivor” kinks
and antikinks. Analytical predictions for the dynamical time scales, as well as the corresponding length
scales, are in good agreement with the simulations.

PACS numbers: 05.20.–y, 11.10.–z, 63.70.+h, 64.60.Cn

Many extended systems have localized coherent struc-
tures that maintain their identity as they move, interact, and
are buffeted by local fluctuations. The statistical mechan-
ics of these objects has diverse applications, e.g., in con-
densed matter physics [1], biology [2], and particle physics
[3]. The model to be studied here is a kink-bearingf4 field
theory in !1 1 1" dimensions, popular because its proper-
ties are representative of those found in many applications.
Static equilibrium quantities of this theory, such as the kink
density and spatial correlation functions, are now well un-
derstood and recent work has shown that theory and simu-
lations are in good agreement [4–6]. However, dynamical
processes, both close to and far out of equilibrium, are
much less well understood. Questions include: What is
the nucleation rate of kink-antikink pairs? How is an equi-
librium population maintained? How do these dynamical
processes depend on the temperature and damping? These
questions, among others, are the subject of this Letter.
We introduce and analyze below a simple model of kink

diffusion and annihilation that predicts the nucleation rate
and provides a picture of the physical situation, including
the existence of multiple time and length scales. We also
carry out high resolution numerical simulations. As one
consequence of our work, we are able to settle a recent
controversy as to whether the nucleation rate of kinks in
an overdamped system is proportional to exp!22Ekb" [7]
or exp!23Ekb" [8] in favor of the first result (Ek is the
kink energy and b ! 1#kBT).
We consider the dynamics of the f4 field obeying the

following dimensionless Langevin equation [4]:
≠2

ttf ! ≠2
xxf 1 f!1 2 f2" 2 h≠tf 1 j!x, t" , (1)

with the fluctuation-dissipation relation enforced by
$j!x, t"j!x0, t0"% ! 2hb21d!x 2 x0"d!t 2 t0". We per-
form simulations on lattices typically of 106 sites, using
a finite difference algorithm that has second-order con-
vergence to the continuum [6]. Typical values of the grid
spacing and time step are Dx ! 0.4 and Dt ! 0.01.
At zero temperature, the static kink solution centered at

x ! x0 is fk!x" ! k!x 2 x0" where k!x" ! tanh!x#
p

2 ";

the corresponding antikink solution is fa!x" ! 2k!x 2
x0". Because there are only two potential minima, kinks
alternate with antikinks on the spatial lattice. Imposing pe-
riodic boundary conditions constrains the number of kinks
and antikinks to be equal. During the time evolution, we
identify kinks and antikinks individually and follow the
“lifeline” of each kink or antikink (Fig. 1).
Equilibrium properties of one-dimensional systems,

such as the free energy density and the correlation
function $f!0"f!x"%, can be calculated using the transfer
integral method [9]. The calculation is exact, although
one typically must evaluate eigenvalues of the resulting
Schrödinger equation numerically. When the on-site
potential has the double-well form, as is the case here,
one part of the free energy density at low temperature
can be interpreted as due to kinks, forming a dilute gas
with density [9]: rk ~

p
Ekb exp!2Ekb". This WKB

approximation is consistent with recent simulations at
b . 6, where unambiguous identification of kinks is
possible [4].

FIG. 1. Time lines of kinks and antikinks: A small space-time
portion of one numerical solution is shown. Many recombinant
nucleation-annihilation events are barely visible, forming small
closed loops. b ! 7, h ! 1.
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tures that maintain their identity as they move, interact, and
are buffeted by local fluctuations. The statistical mechan-
ics of these objects has diverse applications, e.g., in con-
densed matter physics [1], biology [2], and particle physics
[3]. The model to be studied here is a kink-bearingf4 field
theory in !1 1 1" dimensions, popular because its proper-
ties are representative of those found in many applications.
Static equilibrium quantities of this theory, such as the kink
density and spatial correlation functions, are now well un-
derstood and recent work has shown that theory and simu-
lations are in good agreement [4–6]. However, dynamical
processes, both close to and far out of equilibrium, are
much less well understood. Questions include: What is
the nucleation rate of kink-antikink pairs? How is an equi-
librium population maintained? How do these dynamical
processes depend on the temperature and damping? These
questions, among others, are the subject of this Letter.
We introduce and analyze below a simple model of kink

diffusion and annihilation that predicts the nucleation rate
and provides a picture of the physical situation, including
the existence of multiple time and length scales. We also
carry out high resolution numerical simulations. As one
consequence of our work, we are able to settle a recent
controversy as to whether the nucleation rate of kinks in
an overdamped system is proportional to exp!22Ekb" [7]
or exp!23Ekb" [8] in favor of the first result (Ek is the
kink energy and b ! 1#kBT).
We consider the dynamics of the f4 field obeying the

following dimensionless Langevin equation [4]:
≠2

ttf ! ≠2
xxf 1 f!1 2 f2" 2 h≠tf 1 j!x, t" , (1)

with the fluctuation-dissipation relation enforced by
$j!x, t"j!x0, t0"% ! 2hb21d!x 2 x0"d!t 2 t0". We per-
form simulations on lattices typically of 106 sites, using
a finite difference algorithm that has second-order con-
vergence to the continuum [6]. Typical values of the grid
spacing and time step are Dx ! 0.4 and Dt ! 0.01.
At zero temperature, the static kink solution centered at

x ! x0 is fk!x" ! k!x 2 x0" where k!x" ! tanh!x#
p

2 ";

the corresponding antikink solution is fa!x" ! 2k!x 2
x0". Because there are only two potential minima, kinks
alternate with antikinks on the spatial lattice. Imposing pe-
riodic boundary conditions constrains the number of kinks
and antikinks to be equal. During the time evolution, we
identify kinks and antikinks individually and follow the
“lifeline” of each kink or antikink (Fig. 1).
Equilibrium properties of one-dimensional systems,

such as the free energy density and the correlation
function $f!0"f!x"%, can be calculated using the transfer
integral method [9]. The calculation is exact, although
one typically must evaluate eigenvalues of the resulting
Schrödinger equation numerically. When the on-site
potential has the double-well form, as is the case here,
one part of the free energy density at low temperature
can be interpreted as due to kinks, forming a dilute gas
with density [9]: rk ~

p
Ekb exp!2Ekb". This WKB

approximation is consistent with recent simulations at
b . 6, where unambiguous identification of kinks is
possible [4].

FIG. 1. Time lines of kinks and antikinks: A small space-time
portion of one numerical solution is shown. Many recombinant
nucleation-annihilation events are barely visible, forming small
closed loops. b ! 7, h ! 1.
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Kink solitons

Eta = 1, beta=7, Npts =256, Xmax=100, Tmax = 5e4. 



XMDS HACKS

• Useful internal variables:
_max_x=4,

 _min_x=-4, 

_lattice_x=4096

Page 1 of 2sech_soliton_course.xmds
Printed: 26/12/11 12:55:59 PM Printed For: Sebastian Wuester

<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>

Page 1 of 2sech_soliton_course.xmds
Printed: 26/12/11 12:55:59 PM Printed For: Sebastian Wuester

<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="4096"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="binary">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);
        ]]>

_index_x

_x_wavefunction_ncomponents

_active_x_wavefunction[_lattice_x]

• If you know SOME C, don’t hesitate to look at the 
written .cc file. Search for your xmds CDATA text....

_mg0_output_lattice_t

_mg0_output_index_t

Page 1 of 2sech_soliton_course.xmds
Printed: 27/12/11 7:10:06 PM Printed For: Sebastian Wuester

<simulation xmds-version="2">
  <name>sech_soliton</name>
  
  <author>Sebastian Wuester / Graham Dennis</author>
  <description>
    Nonlinear Schrodinger equation with attractive interactions.
    This equation has an analytic solution of the form of a breathing soliton.
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="512"  domain="(-4.0, 4.0)" />
    </transverse_dimensions>
  </geometry>
  
  <features>
    <auto_vectorise />
    <fftw />
    <benchmark />
    <globals>
      <![CDATA[
      const double N = 3.0;
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
        psi = N/cosh(x);
      ]]>
    </initialisation>
  </vector>
  
  <sequence>
    <integrate algorithm="ARK45" interval="1.570796327" tolerance="1e-6">
      <samples>200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
            L = -0.5*i*kx*kx;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <![CDATA[
          dpsi_dt = L[psi] + i*mod2(psi)*psi;
        ]]>
      </operators>
    </integrate>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(512)" initial_sample="yes">
        <moments>density</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          density = mod2(psi);



XMDS HACKS

• Knowing the internal structure of the .cc code, we can add 
most things we would want to our XMDS code:

Page 1 of 4GPE_1D_hacks_course.xmds
Printed: 12/01/12 3:52:11 PM Printed For: Sebastian Wuester

<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hacks_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
!   #include "gsl_sf_hyperg.h"
      
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
      const double x0 = 0.5e-5;
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
      
      //%%%%%%%%%%%%%%%
      //% output
      unsigned long counter=0;
      double hypergeos[_mg0_output_lattice_t];
      
      const char *outfilename="GPE_1D_hacks_course_additional_output.data";
      fstream outfile;      

      //%%%%%%%%%%%%%%%
      // FUNCTION LIBRARY
      
      void calculate_useless_hypergeometric_functions(){
      
          gsl_sf_result result;    

.....
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hacks_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
!   #include "gsl_sf_hyperg.h"
      
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
      const double x0 = 0.5e-5;
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
      
      //%%%%%%%%%%%%%%%
      //% output
      unsigned long counter=0;
      double hypergeos[_mg0_output_lattice_t];
      
      const char *outfilename="GPE_1D_hacks_course_additional_output.data";
      fstream outfile;      

      //%%%%%%%%%%%%%%%
      // FUNCTION LIBRARY
      
      void calculate_useless_hypergeometric_functions(){
      
          gsl_sf_result result;    

Page 2 of 4GPE_1D_hacks_course.xmds
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          int status=gsl_sf_hyperg_1F1_e(t,1.5,0.3,&result);  
          
          hypergeos[counter] = result.val;
          counter++;
      
      }
      
      //%%%%%%%%%

      void display_useless_hypergeometric_functions(){
      
          for(int nn=0;nn<_mg0_output_lattice_t;nn++)
             printf("Hyper[%i] = %e\n",nn,hypergeos[nn]);      
      
      }
      
      //%%%%%%%%%
      
      void write_extra_output(){
          printf("Writing additional output to: %s \n",outfilename);
          outfile.open(outfilename,ios::out|ios::binary);     
          outfile.write((char*)hypergeos,sizeof(double)*_mg0_output_lattice_t); 
      
          if(outfile.bad()){
             printf("Error writing MGs to file, wrote %i bytes.\n",outfile.gcount());
             exit(42);
          }
             
          outfile.close();        
      
      }      
      
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         const double delx = x - x0;
         psi = normfact*sqrt(Natoms)*exp(-0.5*delx*delx/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);

Page 2 of 4GPE_1D_hacks_course.xmds
Printed: 12/01/12 3:52:11 PM Printed For: Sebastian Wuester

          int status=gsl_sf_hyperg_1F1_e(t,1.5,0.3,&result);  
          
          hypergeos[counter] = result.val;
          counter++;
      
      }
      
      //%%%%%%%%%

      void display_useless_hypergeometric_functions(){
      
          for(int nn=0;nn<_mg0_output_lattice_t;nn++)
             printf("Hyper[%i] = %e\n",nn,hypergeos[nn]);      
      
      }
      
      //%%%%%%%%%
      
      void write_extra_output(){
          printf("Writing additional output to: %s \n",outfilename);
          outfile.open(outfilename,ios::out|ios::binary);     
          outfile.write((char*)hypergeos,sizeof(double)*_mg0_output_lattice_t); 
      
          if(outfile.bad()){
             printf("Error writing MGs to file, wrote %i bytes.\n",outfile.gcount());
             exit(42);
          }
             
          outfile.close();        
      
      }      
      
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         const double delx = x - x0;
         psi = normfact*sqrt(Natoms)*exp(-0.5*delx*delx/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);
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          int status=gsl_sf_hyperg_1F1_e(t,1.5,0.3,&result);  
          
          hypergeos[counter] = result.val;
          counter++;
      
      }
      
      //%%%%%%%%%

      void display_useless_hypergeometric_functions(){
      
          for(int nn=0;nn<_mg0_output_lattice_t;nn++)
             printf("Hyper[%i] = %e\n",nn,hypergeos[nn]);      
      
      }
      
      //%%%%%%%%%
      
      void write_extra_output(){
          printf("Writing additional output to: %s \n",outfilename);
          outfile.open(outfilename,ios::out|ios::binary);     
          outfile.write((char*)hypergeos,sizeof(double)*_mg0_output_lattice_t); 
      
          if(outfile.bad()){
             printf("Error writing MGs to file, wrote %i bytes.\n",outfile.gcount());
             exit(42);
          }
             
          outfile.close();        
      
      }      
      
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         const double delx = x - x0;
         psi = normfact*sqrt(Natoms)*exp(-0.5*delx*delx/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);

Bind in extra libraries

 xmds2 --configure --include-path $GSL_HOME/
include/gsl --lib-path $GSL_HOME/lib 

see: GPE_1D_hacks_course.xmds

 xmds2 GPE_1D_hacks_course.xmds -g

debug switch, outputs compiler 
statement



XMDS HACKS
• Knowing the internal structure of the .cc code, we can add 

most things we would want to our XMDS code:
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          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - i*(U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
    <filter>
       <![CDATA[
  !        display_useless_hypergeometric_functions();
  !        write_extra_output();
        ]]>
   </filter>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim </moments>
        <dependencies>wavefunction </dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();

! !   if(_index_x==0)
! !      calculate_useless_hypergeometric_functions();
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Npts;)" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="" initial_sample="yes">
        <moments> atomnumber meanpos deltapos </moments>
        <dependencies> moments </dependencies>

.....
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          expecxx = x*x*mod2(psi);
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    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
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          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - i*(U1d*dens + trap )*psi/hbar;       
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    </integrate>
    <filter>
       <![CDATA[
  !        display_useless_hypergeometric_functions();
  !        write_extra_output();
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   </filter>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
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        <dependencies>wavefunction </dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
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      </sampling>
    </group>
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      <sampling basis="kx(&Npts;)" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="" initial_sample="yes">
        <moments> atomnumber meanpos deltapos </moments>
        <dependencies> moments </dependencies>
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          expecxx = x*x*mod2(psi);
          expecx = x*mod2(psi);
      ]]>
    </evaluation>
  </computed_vector>
  
  <sequence>
    <integrate algorithm="ARK89" interval="0.4" tolerance="1e-8">
      <samples>200 200 200</samples>
      <operators>
        <operator kind="ip">
          <operator_names>L</operator_names>
          <![CDATA[
           L = -i*0.5*hbar*kx*kx/mass;
          ]]>
        </operator>
        <integration_vectors>wavefunction</integration_vectors>
        <dependencies>potentials</dependencies>       
        <![CDATA[
         double dens=psi.Re()*psi.Re() + psi.Im()*psi.Im();
                  
         dpsi_dt =  L[psi] - i*(U1d*dens + trap )*psi/hbar;       
         ]]>
      </operators>
    </integrate>
    <filter>
       <![CDATA[
  !        display_useless_hypergeometric_functions();
  !        write_extra_output();
        ]]>
   </filter>
  </sequence>
  
  <output format="hdf5">
    <group>
      <sampling basis="x(&Nsamples;)" initial_sample="yes">
        <moments>density psire psiim </moments>
        <dependencies>wavefunction </dependencies>
        <![CDATA[
          density = mod2(psi);
          psire = psi.Re();
          psiim = psi.Im();

! !   if(_index_x==0)
! !      calculate_useless_hypergeometric_functions();
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="kx(&Npts;)" initial_sample="yes">
        <moments>fspec</moments>
        <dependencies>wavefunction</dependencies>
        <![CDATA[
          fspec = mod2(psi);
        ]]>
      </sampling>
    </group>
    <group>
      <sampling basis="" initial_sample="yes">
        <moments> atomnumber meanpos deltapos </moments>
        <dependencies> moments </dependencies>

Write non-standard 
sampling at end

Sample whenever 
we sample _mg0

.....
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hacks_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
!   #include "gsl_sf_hyperg.h"
      
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
      const double x0 = 0.5e-5;
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
      
      //%%%%%%%%%%%%%%%
      //% output
      unsigned long counter=0;
      double hypergeos[_mg0_output_lattice_t];
      
      const char *outfilename="GPE_1D_hacks_course_additional_output.data";
      fstream outfile;      

      //%%%%%%%%%%%%%%%
      // FUNCTION LIBRARY
      
      void calculate_useless_hypergeometric_functions(){
      
          gsl_sf_result result;    
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<?xml version="1.0" encoding="UTF-8"?>
<!DOCTYPE simulation [
<!ENTITY Npts     "64">
<!ENTITY Nsamples    "64">
<!ENTITY L  "3e-5">
]>
<simulation xmds-version="2">
  <name>GPE_1D_hacks_course</name>
  
  <author> Sebastian Wuester </author>
  <description>
    Gross-Pitaevskii-equation in 1D, SI units
  </description>
  
  <geometry>
    <propagation_dimension> t </propagation_dimension>
    <transverse_dimensions>
      <dimension name="x" lattice="&Npts;"  domain="(-&L;, &L;)" /> 
    </transverse_dimensions>
  </geometry>
  
  <features>
    <benchmark />
    <auto_vectorise />
    <fftw />
    <globals>
      <![CDATA[
!   #include "gsl_sf_hyperg.h"
      
      const double hbar = 1.05457266e-34;
      const double omega = 10.0*(2.0*M_PI);
      const double omega_perp = 200.0*(2.0*M_PI);      
      const double x0 = 0.5e-5;
    
      // Rb 87       
      const double mass = 1.4432e-25;       
      const double as = 5.5e-9;
      
      //dervied quantities
      const double Natoms = 100.0;

      const double U = 4.0*M_PI*hbar*hbar*as/mass;
      const double sigma = sqrt(hbar/mass/omega);
      const double sigma_perp = sqrt(hbar/mass/omega_perp);  
      const double U1d = U/(2.0*M_PI*sigma_perp*sigma_perp);
      const double normfact = pow(M_PI*sigma*sigma,-0.25);
      
      //%%%%%%%%%%%%%%%
      //% output
      unsigned long counter=0;
      double hypergeos[_mg0_output_lattice_t];
      
      const char *outfilename="GPE_1D_hacks_course_additional_output.data";
      fstream outfile;      

      //%%%%%%%%%%%%%%%
      // FUNCTION LIBRARY
      
      void calculate_useless_hypergeometric_functions(){
      
          gsl_sf_result result;    
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          int status=gsl_sf_hyperg_1F1_e(t,1.5,0.3,&result);  
          
          hypergeos[counter] = result.val;
          counter++;
      
      }
      
      //%%%%%%%%%

      void display_useless_hypergeometric_functions(){
      
          for(int nn=0;nn<_mg0_output_lattice_t;nn++)
             printf("Hyper[%i] = %e\n",nn,hypergeos[nn]);      
      
      }
      
      //%%%%%%%%%
      
      void write_extra_output(){
          printf("Writing additional output to: %s \n",outfilename);
          outfile.open(outfilename,ios::out|ios::binary);     
          outfile.write((char*)hypergeos,sizeof(double)*_mg0_output_lattice_t); 
      
          if(outfile.bad()){
             printf("Error writing MGs to file, wrote %i bytes.\n",outfile.gcount());
             exit(42);
          }
             
          outfile.close();        
      
      }      
      
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         const double delx = x - x0;
         psi = normfact*sqrt(Natoms)*exp(-0.5*delx*delx/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);

.....

.....

.....
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          int status=gsl_sf_hyperg_1F1_e(t,1.5,0.3,&result);  
          
          hypergeos[counter] = result.val;
          counter++;
      
      }
      
      //%%%%%%%%%

      void display_useless_hypergeometric_functions(){
      
          for(int nn=0;nn<_mg0_output_lattice_t;nn++)
             printf("Hyper[%i] = %e\n",nn,hypergeos[nn]);      
      
      }
      
      //%%%%%%%%%
      
      void write_extra_output(){
          printf("Writing additional output to: %s \n",outfilename);
          outfile.open(outfilename,ios::out|ios::binary);     
          outfile.write((char*)hypergeos,sizeof(double)*_mg0_output_lattice_t); 
      
          if(outfile.bad()){
             printf("Error writing MGs to file, wrote %i bytes.\n",outfile.gcount());
             exit(42);
          }
             
          outfile.close();        
      
      }      
      
      ]]>
    </globals>
  </features>
  
  <vector name="wavefunction" initial_space="x" type="complex">
    <components>psi</components>
    <initialisation>
      <![CDATA[
         const double delx = x - x0;
         psi = normfact*sqrt(Natoms)*exp(-0.5*delx*delx/sigma/sigma);
      ]]>
    </initialisation>
  </vector>

  <vector name="potentials" initial_space="x" type="real">
    <components>trap</components>
    <initialisation>
      <![CDATA[
        trap=0.5*mass*omega*omega*x*x;
      ]]>
    </initialisation>
  </vector>

  <computed_vector name="moments" dimensions="" type="real">
    <components> norm expecxx expecx  </components>
      <evaluation>
      <dependencies  basis="x"> wavefunction </dependencies> 
      <![CDATA[
          norm = mod2(psi);

Perform file I/O 
as in usual C



ACKNOWLEDGE XMDS

IMPROVE XMDS

• If you publish something done mainly with XMDS, please place 
a reference:

• Maybe at some point submit your code as example to the 
XMDS webpage

• If you need a new feature (basis, sampling etc.) consider adding 
it to XMDS itself, sign up at:

http://sourceforge.net/projects/xmds/

on Integrable Theories, Solitons and Duality !2002".
#28$ The RK4IP method is described in the Ph.D. thesis of

B. M. Caradoc-Davies which is online at http://
www.physics.otago.ac.nz/bec2/bmcd/. This is a pseudo-
spectral method with a Runge-Kutta time step.

#29$ Online at www.xmds.org.
#30$ M. Theis, G. Thalhammer, K. Winkler, M. Hellwig, G. Ruff,

R. Grimm, and J. H. Denschlag, Phys. Rev. Lett. 93, 123001
!2004".

#31$ M. Erhard, H. Schmaljohann, J. Kronjager, K. Bongs, and K.
Sengstock, Phys. Rev. A 69, 032705 !2004".

#32$ A. A. Svidzinsky and A. L. Fetter, Phys. Rev. Lett. 84, 5919
!2000".

#33$ C. Raman, J. R. Abo-Shaeer, J. M. Vogels, K. Xu, and W.

Ketterle, Phys. Rev. Lett. 87, 210402 !2001".
#34$ A. E. Siegman, Lasers !Sausalito California University Sci-

ence Books, California, 1986".
#35$ P. Ao and S. T. Chui, Phys. Rev. A 58, 4836 !1998".
#36$ G. K. Woodgate, Elementary Atomic Structure !Oxford Sci-

ence, New York, 1980".
#37$ E. Arimondo, M. Inguscio, and P. Violino, Rev. Mod. Phys.

49, 31 !1977".
#38$ C. Salomon, Y. Sortais, S. Bize, M. Abgrall, S. Zhang, C.

Nicolas, C. Mandache, P. Lemonde, P. Laurent, G. Santarelli,
A. Clairon, N. Dimarcq, P. Petit, A. Mann, A. Luiten, and
S. Chang, in Proceedings of the 17th International Conference
on Atomic Physics !ICAP 2000", American Institute of Phys-
ics, p. 23.

WÜSTER, ARGUE, AND SAVAGE PHYSICAL REVIEW A 72, 043616 !2005"

043616-8

lower order method was faster. Typical imaginary time steps
were !"=10−5 s. The simulations were done with the aid of
the high level programming language XMDS !29".

III. STABILITY AGAINST CYLINDRICALLY SYMMETRIC
PERTURBATIONS

A. Atom numbers

Previous work had suggested that stable skyrmions re-
quire total atom numbers of the order of 107 !12". A major
motivation for the work reported in this paper was to find
stable skyrmions with fewer atoms. We analyze stability in
two stages. In the first stage, reported in this section, we
consider stability against cylindrically symmetric perturba-
tions. In particular, against collapse of the ring vortex, or
deconfinement of the line component. In the latter case, the
density of the line component drops off more slowly than the
ring component at the edge of the condensate. Consequently
the phase variation associated with the line vortex extends to
infinity and the wave function there cannot be identified with
a single point in SU#2$. Thus the topological classification of
wave functions into classes with integer winding number
fails. Numerically this is indicated by the calculated winding
number not being an integer. In the second stage we consider
stability against noncylindrically symmetric perturbations, in
particular, against drift of the line vortex singularity out of
the trap.

The results of our survey of stability against cylindrically
symmetric perturbations are summarized in Fig. 2. Points on
the plots indicate whether a skyrmion with the corresponding
Nr ,Ntot values is stable ##$ or not #!$. The two panels show
the results for the two different sets of scattering length in-
troduced in Sec. II. As expected from the discussion in that
section, the revised scattering lengths require slightly more
atoms for stability with given Nr. The unstable cases with
slightly too few atoms have imaginary time evolution for
which the ring singularity #compare with Fig. 3$ moves in-
wards until it reaches the skyrmion core #defined as the vol-
ume with ring component flow through the line vortex core$,
and the flow velocity through the core increases. Eventually,
the flow velocity exceeds the local two component speed of
sound !see Eq. #6$" and the ring vortex collapses, destroying
the ring circulation.

The filling of the vortex-ring by the line component can
hinder the collapse of the ring vortex, and indeed we find
stable skyrmions with smaller Ntot if the relative fraction of
the filling Nr is increased, as shown in Fig. 2. However, this
works only up to Nr%0.65. For higher Nr the line component
escapes confinement by the ring component. Its phase varia-
tion means that the topological equivalence of R3 and S3

breaks down, and with it the integer valuedness of the wind-
ing number W.

In summary, Fig. 2 shows a region with stability bounded
toward lower Ntot by ring vortex collapse, and toward higher
Nr by breakdown of the global topological structure. The
lowest skyrmion atom number allowed by these two con-
straints is Ntot%3$106 for the revised scattering lengths.

The increase in central flow speed associated with the
collapse of the ring vortex, in imaginary time evolution, led

us to consider configurations in which this velocity was re-
duced. The flow speed is high through the core because it is
narrow, its width being determined by the healing length,
Fig. 3. The return flow speed of the ring component through
the outer shell of the skyrmion is typically orders of magni-
tude slower because it occurs through a correspondingly
greater cross-sectional area.

The quantization of the circulation for a charge one ring
vortex requires the velocity v1 to satisfy

FIG. 2. #Color online$ Skyrmion stability diagram against cylin-
drically symmetric perturbations, in a spherical trap: ## blue$
stable, #! red$ unstable. The axes are the total atom number Ntot
=N1+N2 and relative line component fraction Nr=N2 /Ntot. #a$ āij
set of scattering lengths. For Nr%0.6 all tested cases were unstable.
#b$ aij set of scattering lengths. For Nr%0.65 all tested cases were
unstable.

FIG. 3. #Color online$ Mach number of ring component in the
y-z plane for a case near the stability boundary with Ntot=5$106

and Nr=0.5. The superimposed colormap shows the ring component
density #blue, lowest density; red, highest density$. The peaks are at
the location of the ring singularity. Scattering lengths āij.
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